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Did you know?
...There are countless real life uses of differentiation,
some of which you will start to discover in this chapter.
For example if you want to manufacture tins of paint to
hold 2.5 litres, it seems sensible that you minimise their
surface area to enable you to reduce costs

Section 9.3 will give you answers as to how to do this.
Why do ye
these dims 2
Try to make a cardboard copy of the tins with the
minimum surface area.

manufacturers don't make tins to
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The LiveText software gives you additional resources:
Solutionbank and Exam café. Simply turn the pages of the
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Solutionbank

* Hints and solutions to every
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Hint
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After completing this chapter you should be able to
1 simplify algebraic fractions by dividing

2 divide a polynomial f(x) by (x £ p)

3 factorise a polynomial by using the factor theorem

4 use the remainder theorem to find the remainder when
a polynomial f(x) is divided by (ax — b).

You will use the above techniques to help you sketch the
graphs of polynomial functions. Once you have factorised
a polynomial you can find its roots and therefore where it
crosses the x-axis.

Did you know?

...that the graph of a cubic function must cross the x-axis once and therefore
must have at least one root and factor

YA YA YA

K

~ e, e
| TR

A cubic graph A cubic graph A cubic graph
showing one root showing two roots showing three roots

R

Can you explain why a quartic graph could have 0, 1, 2, 3 or 4 roots?
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CHAPTER 1

1,1 You can simplify algebraic fractions by division.

Simplify these fractions:
7x%—2x3 + 6X

- + Divide each term on top of the fraction by x.

Simplify the individual fractions when
possible, 5o that:

Vs X
S =7x =
® X X
=7 X x*!

= 7x°
2x2 x°
= —ox =
@ X X
_2><x5—1

= 2x2

ox X
® X X
=05 X x!

= 6x°

Remember x° = 1.

7x* — 2x3 + 6x
= 7x3 — 2x2 + 6.




Algebra and functions

.

g bx?> — 6
2x
2
= gx_ — ﬁ Divide each term on top of the fraction by
2x  2x 2x.

2x 2 X
— i X x2—1
2
_ Ex Remember x' = x
2 5 5
and Ex =
© &
@ 2x x
- bx2—6 bx 2
O————=—"——
2x 2 X
2x° — 4x?
c
—3x
2x°  4x?
— Divide each term on top of the fraction by

Simplify the fractions, so that:
Bx° 3 _x°
@ 2 <X

—3x -3  «x
= —1 X x5
— 4
—4x*  —4  x*
@ —=-xX
—-25x -5 X
— i X x2—1
5 Minus divided by minus equals plus.
4
==X
3
2x° — 4x? L A 4  4x
So = —x"+—. X ="
—ox 3 3 3




Simplify these fractions by factorising:
x+7)(2x—-1) x*+7x+ 12
(2 = 1) (x+3)

(x+7)(2x—1) ,
(2x —1)
=x+7

X%+ 7x +12

(x +3)
_(x+3)(x+ 4)
 (x+3)

QR S

=x+t 4.

X2+ 6x+5
c
x2+ 3x — 10
_ (x+5)(x+1)

d Factorise 2x% + 11x + 12:
2X +12=+24
and (+3) X (+8)= +24
(+3) + (+8) = +11
S0 2x2+1Mx +12=2x2+ 2x + &x + 12
=x(2x +3) + 4(2x + 3)
=(2x + 3)(x + 4).

2x2 + 1x + 12
(x+3)(x+4)
_(2x+3)(x + 4)
C (x+3)(x +4)

x2+6x+5
¢ Y ¥3x-10

2x2+ 11x + 12
x+3)x+4)

Simplify by dividing the top and the bottom
of the fraction by (2x — 1).

Factorise x2+ 7x + 12:

(+3) X (+4) = +12
(+3) + (+4) = +7
Sox2+7x+12=(x+ 3)(x+ 4).

Divide top and bottom by (x + 3).

Factorise x2 + 6x + 5:
(+5) X (+1) = +5
(+5) + (+1) = +6
Sox2+6x+5=((x+5x+1).

Factorise x2+ 3x — 10:
(+5) X (=2)= 10

(+5) +(-2) = +3
Sox?+3x—10=(x + 5)(x — 2).

Divide top and bottom by (x + 5).

Divide top and bottom by (x + 4).



1 Simplity these fractions:

4x* + 5x2 — 7x
a
X
-2x3+x
c — =
X
7x>—x3—4
e
X
Ox2 — 12x3 — 3x
8 3x
L 7t -xt -2
i
Sx
K —x%+9x*+ 6
—-2x

2 Simplify these fractions as far as possible:
x+3)(x—2)
(x—2)

(x + 3)?
(x+3)

x2+9x + 20
(x+4)

x2+x—20
8 »2io-15

x2+x-12
x2—9x + 18

2x2+9x — 18
x+6)x+1)

2x2+3x+1
x2—x-2

2x2—5x—3
22 -9 +9

Algebra and functions

7x8 — 5x5 + 9x3 + x2
X

—x*+ 4x> + 6
x

8x* — 4x3 + 61
2x

8x° — 2x3
4x
—4x% + 6x* — 2x
—-2x

—Ox% — 6x*t—2
—3x

x+4)3Bx—-1)
B3x—1)

xZ+ 10x + 21
(x+3)

x2+x—12
(x—=3)

x2+3x+2
x2+5x +4

2x2+7x + 6
x—=5x+2)

3xz—T7x+2
Bx—1x+2)

x2+6x+8

n 3x2+7x+ 2

1

| Ll
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CHAPTER 1

1,2 You can divide a polynomial by (x = p).

Divide x3 + 2x% — 17x + 6 by (x — 3).

®
xZ.
x— 32+ 2x2—17x + 6
x° — Bx?°
By’ — 17x
Lo
@
X2+ Bx e
X — 3>+ 2x2—17x + 6
x° — Bx?
Bx? — 17x
Bx? — 15x «
—2X +$
®
X% + Bx — 2e
x— 32+ 2x2—17x + 6
x° — Bx°?
Bx? — 17x
Bx—N5x
—2x+ 06
—2xX+ O
O

So x°+2x*—=17x+ 6+ (x — 3)

X2+ Bx — 2.

— Start by dividing the first term of the

polynomial by x, so that x3 + x = x2.

Next multiply (x — 3) by x?, so that
x2 X (x — 3) = x3 — 3x2.

Now subtract, so that
(3 + 2x2) — (x3 — 3x?) = 5x2.

Finally copy —17x.

Repeat the method. Divide 5x2 by x, so that
5x% +x = 5x.

Multiply (x — 3) by 5x, so that 5x X (x — 3)
= 5x% — 15x.

—— Subtract, so that (5x2 — 17x) — (5x% — 15%)

= —2X.

— Copy 6.

Repeat the method. Divide —2x by x, so
that —2x +x = —2.

Multiply (x — 3) by —2, so that
—2X((x—-3)=-2x+6.

Subtract, so that (—=2x + 6) — (—2x + 6) = 0.

No numbers left to copy, so you have
finished.

This is called the quotient.




Divide 6x3 + 28x2 — 7x + 15 by (x + 5).

@
ox?
x + 5)6x® + 26x2 — 7x + 15
ox° + 30x2
—2x%' = 7x
L
@
ox? — 2x
x + 5)6x3 + 28x2 — 7x + 15
6x3 + 30x2
—2x% — 7x
—2x% —10x
2%+ 15 F
®
Ox>—2x+ 3
x + 5)ox® + 28x2 — 7x + 15
6x3 + 30x°
—2x% — 7x
—2x% — 10x
2x + 15 o
2x + 15

o)

So x>+ 28x2—7x+ 15+ (x+5)=
o6x? — 2x + 3.

Algebra and functions

Start by dividing the first term of the
polynomial by x, so that 6x3 + x = 6x2.

Next multiply (x + 5) by 6x?, so that
6x2 X (x + 5) = 6x3 + 30x2.

Now subtract, so that
(6x3 + 28x2) — (6x3 + 30x2) = —2x2.

Finally copy —7x.

Repeat the method. Divide —2x? by x, so
that —2x2 + x = —2x.

Multiply (x + 5) by —2x, so that
—2x X (x + 5) = —2x% — 10x.

Subtract, so that
(—2x? — 7x) — (—2x? — 10x) = 3x.

Copy 15.

Repeat the method. Divide 3x by x, so that
3x +x=3.

Multiply (x + 5) by 3, so that
3X (x+5)=3x+15.

Subtract, so that (3x + 15) — 3x + 15) = 0.

1

| Ll
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CHAPTER 1

Divide —3x* + 8x% — 8x2 + 13x — 10 by (x — 2).

BEIRNG
— BB L
x — 2)—3x* + 8x® — &x2 + 13x — 10
—3x% + 6x>
2x% — Bx2e [
@
—3x3 + 2x2+ L
x — 2)=3x* + 8x® — &x2 + 1%x — 10
—3x* + ox® —
2x% — 8x?
2x° — 4x? —
Sa 1By
®
—3x2 + 2x% — 4x» L
x — 2)—3x* + 8x® — &x2 + 13x — 10
—3x* + 6x°
2x° — 8x? —
2x° — 4x?
—4x% 4+ 12x
—4x% + &x (
BY—10—F—

@

—2x°+2x* —4x + 5+
x — 2)—2x*+ 8x2 — 8x2 + 13x — 10

—3x* + 6x®
2x° — 8x?
2x° — 4x?
—4x% + 13x
—4x% + 8x 1
- Bx—10

5x — 10
x—oJ

So —3x*+ 8x° — 8x% +12x — 10 +~ (x — 2)
=—3x°+ 2x* — 4x + 5.

Start by dividing the first term of the
polynomial by x, so that —3x* + x = —3x3.

Next multiply (x — 2) by —3x3, so that
—3x3 X (x — 2) = —3x*+ 6x3.

Now subtract, so that
(—3x* 4 8x3) — (—3x* + 6x3) = 2x3.

Copy —8x2.

Repeat the method. Divide 2x3 by x, so that
2x3 + x = 2x2.

Multiply (x — 2) by 2x2, so that
2x2 X (x — 2) = 2x3 — 4x2.

Subtract, so that
(2x3 — 8x2) — (2x3 — 4x?) = —4x2.

Copy 13x.

Repeat the method. Divide —4x? by x, so
that —4x2 + x = —4x.

Multiply (x — 2) by —4x, so that
—4x X (x — 2) = —4x? + 8x.

Subtract, so that
(—4x? 4+ 13x) — (—4x2 + 8x) = 5x.

Copy —10.

Repeat the method. Divide 5x by x, so that
S5x +x=>5.

Multiply (x — 2) by 5 so that
5X(x—2)=>5x-10.

Subtract, so that (5x — 10) — (5x — 10) = 0.
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Algebra and functions

1 Divide:
ax3+6x2+8x+3by(x+1) b x3 + 10x? + 25x + 4 by (x + 4)
c x3+7x2-3x—-54by (x +6) d x3+9x%2+ 18x — 10 by (x + 5)
e x}—x2+x+ 14 by (x +2) f x3+x2—7x—15by (x — 3)
g x3—-5x2+8x—-4by (x - 2) h x3-3x2+8x-6by (x—1)
i x3-8x2+13x+10by (x - 5) j x3—-5x2-6x—-56by (x—7)
2 Divide:
a 6x3+27x>+ 14x + 8 by (x + 4) b 4x3+9x2—-3x - 10 by (x + 2)
¢ 3x3—10x>— 10x + 8 by (x — 4) d 3x3 - 5x%—4x — 24 by (x — 3)
e 2x3+4x2-9x -9 by (x + 3) f 2x3— 1552+ 14x + 24 by (x — 6)
g 3x*+2x2-2x—-7byx+1) h —2x3+5x%2+ 17x — 20 by (x — 4)
i —5x%—27x2+23x+30 by (x + 6) j —4x3+9x2-3x+2by (x - 2)
3 Divide:

a x*+5x3+2x2-7x+2by (x +2)

b x*+ 11x3 + 25x2 — 29x — 20 by (x + 5)

c 4x*+ 14x® + 3x2 — 14x — 15 by (x + 3)
3x*—7x3 - 23x% 4+ 14x — 8 by (x — 4)

—3x*+9x3 — 10x2 +x + 14 by (x — 2)

3x° + 17x% + 243 — 38x2 + 5x — 25 by (x + 35)

6x° — 19x* + x3 + x2 4+ 13x + 6 by (x — 3)

—5x5 + 7x* 4+ 2x3 - 7x2+ 10x — 7 by (x — 1)

2x6 — 11x° + 14x* — 16x3 + 36x2 — 10x — 24 by (x — 4)
—x6+ 4x5 — 4x* + 4x3 - 5x%2+ 7x — 3 by (x — 3)

Divide x* — 3x — 2 by (x — 2).

‘-l 0 : oq * ﬂ &

X%+ 2x +1
x—2)x3+ Ox% — 3x — 2
B — Dx2 Use 0x? so that the sum is laid out correctly.
—hx? Subtract, so that
2x° — 2x (3 + 0x2) — (x3 — 2x2) = 2x2.
2x% — 4x
x—2
x—2
The number remaining after a division is
O called the remainder. In this case the
remainder = 0, so (x — 2) is a factor of
x3—3x-2.

So xX°—=2x—2+(x—2)=

[ x*+2x+1is called the quotient.
X2+ 2x + 10




Divide 3x3 — 3x2 — 4x + 4 by (x — 1).

Divide —4x by x, so that —4x + x = —4.

[ Subtract, so that
(Bx3—-3x) - Bx3-3x)=0.

—— Copy —4x and 4.

3x? —4
x — 1)3x5 — 3x2 — 4x + 4
2x° — Bx?
O 4x + 4+
—4x + 4

0

3x% — 4.,

2x° + 3x — 4
x — 4)2x® — Bx% — 16x + 10
2x° — &x?
2x? — 1ox
3x% — 12x
—4x + 10

—4x + 16
-0

50 the remainder is — 0.

1 Divide:
ax3+x+10by (x +2)
b 2x3-17x +3 by (x + 3)
¢ —3x%+50x — 8 by (x — 4)

2 Divide:
a x*+x>-36Dby (x—3)
b 2x3+9x>+ 25 by (x + 5)
¢ —3x3+11x2-20 by (x — 2)

So X° =3 —4x+4+(x—1)=

Find the remainder when 2x3 — 5x2 — 16x + 10 is divided by (x — 4).

(x — 4) is not a factor of 2x3 — 5x2— 16x + 10
as the remainder # 0.

Hint for question 2:
Use Ox.



Algebra and functions

b

3 | Divide:
ax3+2x2-5—-10by (x +2)
b 2x3 - 6x2+ 7x — 21 by (x — 3)
¢ —3x3+21x>—4x+28 by (x —7)

4  Find the remainder when:
a x3+ 4x% — 3x + 2 is divided by (x + 5)
b 3x% - 20x2+ 10x + 5 is divided by (x — 6)
¢ —2x3+ 3x%+ 12x + 20 is divided by (x — 4)

5 | Show that when 3x® — 2x% + 4 is divided by (x — 1) the remainder is 5.
6 Show that when 3x* — 8x3 + 10x2 — 3x — 25 is divided by (x + 1) the remainder is —1.

7  Show that (x + 4) is a factor of 5x° — 73x + 28.
Hint for question 8:

3x3—-8x—8 Divide 3x3 — 8x — 8 by
P (x —2).

8  Simplify

9 Divide x* - 1 by (x — 1). Hint for question 9:
Use 0x2 and Ox.

10 Divide x* — 16 by (x + 2).

1,3 You can factorise a polynomial by using the factor theorem:
If f(x) is a polynomial and f(p) =0, then x — p is a factor of f(x).

Example [E}

Show that (x — 2) is a factor of x® + x2 — 4x — 4 by:
a algebraic division
b the factor theorem

a x> +3x+2 . Divide x3 4+ x? — 4x — 4 by (x — 2).
X—2)X°+x2—4x— 4
x> — 2x?

3x% — 4x

2x% — ox
2x — 4
2x — 4

O The remainder = 0, so (x — 2) is a factor of

3 2 _
So (x — 2) is a factor of x° + x* — 4x — 4. x3 4+ x2— 4x — 4.




b fx)=x>+x>—4x—4"* Write the polynomial as a function.
f(2)= (22 + (2> —4(2) — 4+ Substitute x = 2 into the polynomial.
=8 4+4—8—4 Use the factor theorem:
=0 If f(p) = 0, then x — p is a factor of f(x).

Here p = 2, so (x — 2) is a factor of
X+ x2—4x — 4.
So (x — 2) is a factor of x° + x? — 4x — 4.

Factorise 2x3 +x%2 — 18x — 9.

f(x) = 2x° + x* —18x — 9 Write the polynomial as a function.
f(=N=2(=1°+(=1)2—=18(-1—-9=8
f(1) = 2(1)2 + (1)2 — 18(1) — 9 = —24

(1) =2(1) () &) —9 ——— Tryvaluesof x, e.g. —1, 1, 2, 3, ... until you
f2)=2(2)°+ (2)* - 186(2) —9= —25 find f(p) = 0.
f(3) = 2(3)°+ (32 —18(3) —9=0

f(p) = 0.

50 (x - 5) 16 a faCtOl” O'F 2x5 + X2 - 18.’)6 - 9..—— Use the factor theorem:
If f(p) = 0, then x — p is a factor of f(x).

Here p = 3.
2x2+T7x + 3+
x—3)2x>+ x> —18x — 9
)2 5_ o2 — Divide 2x3 + x2 - 18x — 9 by (x — 3).
X- — oOX
7x? — 18x
7x? — 21x
i — & — You can check your division here:
Zy — O (x — 3) is a factor of 2x3+ x2—18x — 9, so
the remainder must = 0.
O °

2x° + x2 —18x — 9= (x — 3)(2x* + 7x + 3)
=(x—-3)2x+N)(x+3)

2x2+ 7x + 3 can also be factorised.




Algebra and functions

Given that (x + 1) is a factor of 4x* — 3x2 + g, find the value of a.

f(x) = 4x* — 2x* + a Write the polynomial as a function.
Use the factor theorem the other way
H—1) =0 around:
(== ‘— x — pis a factor of f(x), so f(p) =0
Here p= —1.
AH—N*=3(—1)2+a=0 — Substitute x = —1 and solve the equation
for a.
Remember (—=1)* =1
4—-35+a=0

a= —1

Example [H] 4

Show that if (x — p) is a factor of f(x) then f(p) = 0. -

If (x = p) is a factor of f(x) then

f(x)=(x — p) X g(x)* g(x) is a polynomial expression.
S0 f(p) = (p— p) X a(p)
i.e. f(p) = O X g(p)
So f(p) = O as required.

Substitute x = p.

p—p=0

Remember 0 X anything = 0.

]
1 Use the factor theorem to show that: :
a (x—1)isafactor of 4x3 —3x%2 -1 -
b (x + 3) is a factor of 5x* — 45x% — 6x — 18
Cc (x —4)is a factor of —3x%+ 13x%2—-6x+ 8
2 Show that (x — 1) is a factor of x> + 6x% + 5x — 12 and hence factorise the expression
completely.
3 Show that (x + 1) is a factor of x* + 3x> — 33x — 35 and hence factorise the expression
completely.
J—

4  Show that (x — 5) is a factor of x3 — 7x2 + 2x + 40 and hence factorise the expression
completely.
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5 Show that (x — 2) is a factor of 2x3 + 3x2 — 18x + 8 and hence factorise the expression
completely.

6 FEach of these expressions has a factor (x + p). Find a value of p and hence factorise the
expression completely.

a x3—10x%2+ 19x + 30 b x3+x2—4x—4 c x3—4x2-11x+ 30

7  Factorise:
a 2x3+5x2—-4x-3 b 2x3 - 17x%>+ 38x — 15
c 3x3+8x2+3x-2 d 6x3+11x2—-3x -2
e 4x3—12x%—7x + 30

8 | Given that (x — 1) is a factor of 5x3 — 9x2 + 2x + a find the value of a.
9 Given that (x + 3) is a factor of 6x* — bx2 + 18 find the value of b.

10 Given that (x — 1) and (x + 1) are factors of px® + gx> — 3x — 7

find the value of p and q. AL TR e

Solve simultaneous
equations.

1,4 You can find the remainder when a polynomial is divided by (ax — b) by using the
remainder theorem: b
If a polynomial f(x) is divided by (ax — b) then the remainder is f( )

a

Find the remainder when x3 — 20x + 3 is divided by (x — 4) using:
a algebraic division b the remainder theorem

a X2+ 4x — 4.

[

X —4)x3+0x2—20x + 3 Divide x3 — 20x + 3 by (x — 4).
ekl
¥3 — 4y2 Remember to use 0x2.
4x2 — 20x
4x2 — 16x
—4x + 3
—4x + 16
—1%

The remainder is —13.




b f(x)=x>—20x+3"
f(4) = (4)°> — 20(4) + 3
=64—80+3
=—13 |

The remainder is —12.

Example m
When 8x* —

f(x) = &x* — 4x° + ax2 — 1

f(-2) =3
M=z’ ta(—gf —1=3——T

8(=2)" -

Bli) ~4(~p) +alx) —1=3
%+%+%a—1=5

%,325 —
a=12

1 Find the remainder when:
a 4x3 - 5x?+ 7x + 1 is divided by (x — 2)
b 2x° — 32x% +x — 10 is divided by (x — 4)
¢ —2x3+ 6x%+ Sx — 3 is divided by (x + 1)
d 7x3+ 6x>— 45x + 1 is divided by (x + 3)
e 4x*— 4x? + 8x — 1 is divided by (2x — 1)
f 243x* - 27x3 — 3x + 7 is divided by 3x — 1)
g 64x3 +32x% — 16x + 9 is divided by (4x + 1)
h 81x3 — 81x% + 9x + 6 is divided by (3x — 2)
i 243x%— 780x2 + 6 is divided by (3x + 4)
j 125x* + 5x3 — 9x is divided by (5x + 3)

Exercise

4x3 + ax? — 1 is divided by (2x + 1) the remainder is 3. Find the value of a.

Algebra and functions

Write the polynomial as a function.
Use the remainder theorem: If f(x) is d|V|ded

by (ax — b), then the remainder |sf

Compare (x — 4) to (ax — b), so a= 1 b 4
and the remainder is f(T)’ i.e. f(4).

Substitute x = 4.

Use the remainder theorem: If f(x) is divided
by (ax — b), then the remainder is f(9>

Compare (2x + 1) to (ax — b), so a=2,
b= —1 and the remainder is f(—3).

Using the fact that the remainder is 3,
substitute x = — and solve the equation
for a.

L

1

T8 B




When 2x3 — 3x% — 2x + a is divided by (x — 1) the remainder is —4. Find the value of a.
When —3x3 + 4x2 + bx + 6 is divided by (x + 2) the remainder is 10. Find the value of b.
When 16x® — 32x2 + cx — 8 is divided by (2x — 1) the remainder is 1. Find the value of c.
Show that (x — 3) is a factor of x® — 36x3 + 243.

Show that (2x — 1) is a factor of 2x3 + 17x2 + 31x — 20.

Hint for question 7:
f(x) = x? + 3x + q. Given f(2) = 3, find f(—2). First find q.

g(x) = x3 + ax? + 3x + 6. Given g(—1) = 2, find the remainder when g(x) is divided by
(3x — 2).

The expression 2x3 — x2 + ax + b gives a remainder 14 when divided by (x — 2) and a
remainder —86 when divided by (x + 3). Find the value of a and b.

Hint for question 10:

. 3 2 _ . . . . _
The expression 3x° + 2x* — px + q is divisible by (x — 1) but Solve simultaneows

leaves a remainder of 10 when divided by (x + 1).

equations.
Find the value of a and b.
Simplify these fractions as far as possible:
3x - 21x x2—2x — 24 22+ 7x — 4
Y X2-7x+6 € m2iox+4

Divide 3x3 + 12x2 + Sx + 20 by (x + 4).

2x3+3x+5
x+1

Simplity

Show that (x — 3) is a factor of 2x3 — 2x? — 17x + 15. Hence express 2x3 — 2x? — 17x + 15 in
the form (x — 3)(Ax? + Bx + C), where the values A, B and C are to be found.

Show that (x — 2) is a factor of x* + 4x2 — 3x — 18. Hence express x* + 4x? — 3x — 18 in the
form (x — 2)(px + q)?, where the values p and q are to be found.

Factorise completely 2x3 + 3x% — 18x + 8.

Find the value of k if (x — 2) is a factor of x3 — 3x> + kx — 10.



Algebra and functions

8 Find the remainder when 16x° — 20x* + 8 is divided by (2x — 1).
9  f(x) =2x%+ px + q. Given that f(—3) = 0, and f(4) = 21:
a find the value of p and ¢
b factorise f(x)
10 h(x) =x3+ 4x2+ rx + 5. Given h(—1) = 0, and h(2) = 30:
a find the value of r and s
b find the remainder when h(x) is divided by (3x — 1)
11 g(x) = 2x% + 9x% — 6x — 5.
a Factorise g(x)
b Solve g(x) =0
12 The remainder obtained when x® — 5x2 + px + 6 is divided by (x + 2) is equal to the
remainder obtained when the same expression is divided by (x — 3). 1
o

Find the value of p.

13 The remainder obtained when x3 + dx? — Sx + 6 is divided by (x — 1) is twice the remainder
obtained when the same expression is divided by (x + 1).
Find the value of d.

14 a Show that (x — 2) is a factor of f(x) = x% + x2 — 5x — 2.
b Hence, or otherwise, find the exact solutions of the equation f(x) = 0. 9

15 Given that —1 is a root of the equation 2x3 — 5x2 — 4x + 3, find the two
positive roots. 9

L

Summary of key points

1 If f(x) is a polynomial and f(a) = 0, then (x — a) is a factor of f(x).

LA

2 If f(x) is a polynomial and f(g) =0, then (ax — b) is a factor of f(x).

3 If a polynomial f(x) is divided by (ax — b) then the remainder is f(g).

Y- 1:}




After completing this chapter you should be able to
1 use the sine rule to find a missing side

2 use the sine rule to find a missing angle

3 use the cosine rule to find a missing side

4 use the cosine rule to find a missing angle

5 solve problems using combinations of the above
and possibly Pythagoras’ Theorem

6 find the area of a triangle using an appropriate

formula.

The sine and cosine

- | s - g ——
N7 - TR o T ‘ " - .

Did you know?

...structural engineers use
the sine and cosine rules
to calculate the size of the
trusses in bespoke pieces
of engineering.

You can calculate a using
the cosine rule and b°
using the sine rule.




The sine and cosine rule

2.1 The sine rule is: B
a b ¢ e
sinA  sinB sinC
¢ C
sinA sinB sinC
or = = 1

a b c

You can use the sine rule to find an unknown
length when you know two angles and one of

the opposite sides. Hint: Note that side a is
opposite angle A.
* When you are finding the length of a side use:

or 9 o€
sinA  sinC
b _ ¢

sinB_ sinC

or

In AABC, AB=8cm, £BAC = 30° and ~BCA = 40°. Find BC.

Always draw a diagram and carefully add
the data. Here ¢ = 8 (cm), C=40°, A= 30°,
a=x(cm)

In a triangle, the larger a side is, the larger
the opposite angle is. Here, as C> A, then
c> a, so you know that 8 > x.

x 8 ] . a c
oin 30" oin 40° Using the sine rule, A = SnC
& sin 30°
S0 x = in 40" Multiply throughout by sin 30°.

=0.22 Give answer to 3 significant figures.
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8.5cm @
P

Q
x &5
sin100°  sin ©0O°
8.5 sin 100:
So = :
sin ©0°
x = 9.07

Prove the sine rule for a general triangle ABC.

C

m\
e B

< C >

h
sinB=—=h=asinB
a

h
and 5inA=;:>h=l75imA

SoasinB="bsin A
a b

S0 — = — .

sin A sinB
In a similar way, by drawing the
perpendicular from B to the side AC, you
can show that:

4 &
sin A sinC

a b @
So

einAzeinﬁzeinC

In APQR, QR = 8.5 cm, QPR = 60° and 2PQR = 20°. Find PQ.

Here p=8.5, P=60°, Q= 20°, r=x.

To work out PQ you need ZR.

R=180° — (60° + 20°) = 100°. (Angles in a
triangle )

As 100° > 60°, you know that x > 8.5.

. . r
Using the sine rule, —— = P

SinR_ sinP’

Multiply throughout by sin 100°.

In a general triangle ABC, draw the
perpendicular from C to AB.

It meets AB at X.
The length of CX is h.

Use the sine ratio in triangle CBX.

Use the sine ratio in triangle CAX.

Divide throughout by sin Asin B.

This is the sine rule and is true for all
triangles.



Exercise m (Give answers to 3 significant figures.)

1

The sine and cosine rule

In each of parts a to d, given values refer to the general triangle: B
a Given that a=8cm, A =30° B=72° find b. a
b Given that a=24cm, A=110°, C=22°, find c. c C

¢ Given that b=14.7cm, A = 30°, C=95°, find a.

d Given that c=9.8cm, B= 68.4°, C = 83.7°, find a. A

In each of the following triangles calculate the values of x and y.

In APQR, QR = V3 cm, 2 PQR = 45° and ~ QPR = 60°. Find a PR and b PQ.

Town B is 6 km, on a bearing of 020°, from town A. Town C is located on a bearing of 055°
from town A and on a bearing of 120° from town B. Work out the distance of town C from
a town A and b town B.

In the diagram AD = DB = 5cm, LABC = 43° A
and LACB = 72°.
Calculate a AB and b CD.
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2,2 You can use the sine rule to find an unknown angle B
in a triangle when you know two sides and one of a
their opposite angles.
When you are finding an angle use:
sinA sinB sinA sinC sinB sinC b
= or = or =
a b a c b c A

In AABC, AB=4cm, AC=12cm and 2ZABC = 64°. Find ZACB.

4cm

12cm
B @

C Here b=12cm, c=4cm, B= 64°.

. . c As you need to find angle C, use the sine
61HC= sin 64" sinC sinB

4 12 rule —C—_T

_ 4sino4’
12

C=174 C—sin”(ﬂ] 64°>.

- 12
NI 5 |

In AABC, AB=3.8cm, BC=5.2cm and £ZBAC = 35°. Find £ABC.

S0 sin As 4 <12, you know that C < 64°.

Here a=5.2cm, c=3.8cm and A= 35°.
You first need to find angle C.

Qif’lc:@il’l55° . I ﬂ\_C_sinA
3.8 5.2 T T Ta
5 i C= 3.5 sin 55°
° ene= 5.2 " You know that C < 35°.
C =24.8°
So B =120° B=180° — (24.8° + 35°) = 120.2°, which

rounds to 120° to 3 significant figures.



(Note: Give answers to 3 significant figures, unless they are exact.)

1

5

The sine and cosine rule

In each of the following sets of data for a triangle ABC, B
tind the value of x: a

a AB=6cm, BC=9cm, Z/BAC=117°, LACB = x".

b AC=11cm, BC=10cm, LABC = 40°, ZCAB = x°.

¢ AB=6cm, BC=8cm, ZBAC = 60°, LACB = x°. b
d AB=8.7cm, AC=10.8cm, ZLABC = 28°, ZBAC = x°. A

In each of the diagrams shown below, work out the value of x:

d B e B f B
10cm @ 12.4cm
8cm 7.9 cm
A ﬂ a ’ ﬂ
C ﬁ ¢ 4 A
10.4cm 9.7cm

A

In APQR, PQ=15cm, QR =12 cm and 2PRQ = 75°. Find the two remaining angles.

In each of the following diagrams work out the values of x and y:

A D Scm C

In AABC, AB=xcm, BC = (4 —x) cm, ZBAC =y° and £BCA = 30°.

Given that siny°® = %, show that x = 4(V2 - 1).
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2.3 You can sometimes find two solutions for a missing angle.

¢ When the angle you are finding is larger than the given angle, there are two
possible results. This is because you can draw two possible triangles with the
data.

* In general, sin (180 — x)° = sinx°. For example sin 30° = sin 150°.

In AABC, AB=4cm, AC =3 cm and LABC = 44°. Work out the two possible values
of LACB.

Here L ACB> £ ABC, as AB> AC, and so
there will be two possible results. The
diagram shows why.

With £ABC = 44° and AB= 4 cm drawn,
imagine putting a pair of compasses at A,
then drawing an arc with centre A and
radius 3 cm. This will intersect BC at C; and
C, showing that there are two triangles ABC;

B ¢ and ABC, where b=3cm, c=4cm and
B=44°.
sinC sin44° (This would not happen if AC>4cm.)
4 3
SinC = @ 44 Use sin € — B, where b= 3, c=4, B=44°.
ne=-4 c b
20 &= Erao This is the value your calculator will give to
Or C=12°"(3sf)" 3 s.f., which corresponds to AABGC,.

— Assin (180 —x)° = sin x°,
C=180 - 67.9°=112.1° is another possible
answer. This corresponds to AABC;.

Exercise

(Give answers to 3 significant figures.)

1 In AABC, BC=6cm, AC=4.5cm and ZABC = 45°:
a Calculate the two possible values of ZBAC.
b Draw a diagram to illustrate your answers.

2 In each of the diagrams shown below, calculate the possible values of x and the
corresponding values of y:

b B C B
42 cm

a

12cm A

ycm




The sine and cosine rule

3 In each of the following cases AABC has ZABC = 30° and AB = 10 cm:
a Calculate the least possible length that AC could be.
b Given that AC = 12 cm, calculate ~ACB.
¢ Given instead that AC = 7 cm, calculate the two possible values of ZACB.

4 Triangle ABC is such that AB =4 cm, BC = 6 cm and £ACB = 36°. Show that one of the
possible values of ZABC is 25.8° (to 3 s.f.). Using this value, calculate the length of AC.

5 Two triangles ABC are such that AB =4.5cm, BC = 6.8 cm and £ZACB = 30°. Work out the
value of the largest angle in each of the triangles.

2,4 The cosine rule is: B
b2+ ¢ — a@?
2bc
You can use the cosine rule to find an unknown side in

a triangle when you know the lengths of two sides and
the size of the angle between the sides.

a’?=b%*+ c2— 2bccos A or cosA =

A

e In a question use a? = b? + ¢? — 2bccos A to find a, given b, c and A.
or b? = a? + ¢? — 2ac cos B to find b, given a, c and B.
or 2 =a?+ b? - 2ab cos C to find ¢, given a, b and C.

Calculate the length of the side AB of the triangle ABC in which AC = 6.5 cm, BC = 8.7 cm and
£ ACB=100°.

A You have been given g, b and angle C, so
use the cosine rule:

2=a’+ b?— 2abcos C

to find c.
6.5cm

100°
B

8.7cm
Carefully set out this line of working before
= BT2+ 65— 2X 8T X 65 X cos100'e]  Uing your calculator.
=75.69 + 42.25 + 19.64
= 13756
So c¢=11729... Find the square root.

So AB=1.7cm (3sf)

This line may be omitted.
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Coastguard station B is 8 km, on a bearing of 060°, from coastguard station A. A ship C is 4.8 km,
on a bearing of 018°, away from A.
Calculate how far C is from B.

Carefully transfer the given data to a
diagram.
In AABC, £ CAB= 60° — 18° = 42°.

A You now have b =4.8km, ¢c= 8 km and

A=42°
Use the cosine rule a2 = b? + ¢2 — 2bccos A.
=482+ 82—-2X46X 86X 00642"‘—J—

a =547
Cis 5.47 km away from coastguard B.

In AABC, AB=xcm, BC= (x + 2)cm, AC =5cm and £LABC = 60°.
Find the value of x.

A
xcm Scm .
The given data here are
a=x+2),c=x,b=5,B=60°
60° ,
B x + 2)cm C The sine rule cannot be used, but you can

use b2 = ag? + 2 — 2accos B.

52 = (x + 2)7 + x*
— 2x(x + 2)cos 60°

So 25 =2x°+4x +4 — X —2x e (x+22=x2+4x + 4; cos 60° = 1.
Sox?*+2x—21=0 |
—2xXVé686 Rearrange to the form ax? + bx + ¢ = 0.
X=——7"
2

——— Use the quadratic equation formula, where
= 3.69 b2 — 4ac= 22— 4(1)(—21) = 4 + 84 = 88.

— As AB=xcm, x cannot be negative.



The sine and cosine rule

Prove the cosine rule for a general triangle ABC.

The perpendicular from C to side AB is
drawn and it meets AB at X.

The length of CXis h.
The length of AXis x, so BX=c— x.

— Use Pythagoras’ theorem in ACAX.

h* + x* = b*

Use Pythagoras’ theorem in ACBX.

and h?+ (c—x)>=2°»
So x2—(c—x)?=Vt —24°

| Subtract the two equations.

So it =gt = 5 = ¢ (c—x)2=c— 2cx + x2.
Z=P+c—2cx @O Sox2—(c—xP=x2—+ 2cx — x2.
but X = bcos A 2)+—
— Rearrange.
So ¢ =V + ¢ — 2bccos A e 7
—— Use the cosine ratio cos A= — in ACAX.
b
Combine (1) and (2) . This is the cosine rule.

Exercise m

(Note: Give answers to 3 significant figures, where appropriate.)

1 In each of the following triangles calculate the length of the third side:

a B b B c A
2cm
6.5cm
4.5cm
N A&
¢ B
1
A 8.4cm o C 5.5cm
d B e B f B
5 fio\
“ 10cm 10cm 6.5cm
108°
450 .
A G C A A 5.6cm ¢
cm C

2 From a point A a boat sails due north for 7 km to B. The boat leaves B and moves on a
bearing of 100° for 10 km until it reaches C. Calculate the distance of C from A.




3 The distance from the tee, T, to the flag, F, on a particular hole on a golf course is 494
yards. A golfer’s tee shot travels 220 yards and lands at the point S, where £STF = 22°.
Calculate how far the ball is from the flag.

4 In AABC,AB=(x—-3)cm, BC=(x +3)cm, AC=8cm and ZBAC = 60°.
Use the cosine rule to find the value of x.

5 In AABC,AB=xcm, BC=(x —4)cm, AC=10cm and 2BAC = 60°.
Calculate the value of x.

6 In AABC, AB=(5—-x)cm, BC=(4+x)cm, LABC = 120° and AC = y cm.
a Show that y2=x2—x + 61.

b Use the method of completing the square to find the

minimum value of y?, and give the value of x for ALLUAG FER (0

) ) Completing the square is
which this occurs. in Book C1, Chapter 2.

2,5 You can use the cosine rule to find an unknown angle in
a triangle if you know the lengths of all three sides.

B You can find an unknown angle using a rearranged

form of the cosine rule: B
b2+ 22— a?
cos A= a4
2bc
C
a+c2— b /
or cosB =
2ac b
a’+ b2 — ¢ A
or cosC =
2ab

Rearrange the equation a? = b?> + ¢ — 2bccos A in the form cosA = ...

a° =b°+ ¢ — 2bccos A

So 2bccos A =2+ ¢ — g°

PP+ 2 — 42
2bc

So cos A = Divide throughout by 2bc.



The sine and cosine rule

In APQR, PQ=15.9cm, QR =8.2cm and PR = 10.6 cm.
Calculate the size of ZPQR.

10.6 cm 5.9cm

8.2
R o Here p=8.2cm, r=5.9cm, g=10.6 cm,

and you have to find angle Q.

2 2 _ 2 2.4 2 2
—— 82°+59 1067, Use the cosine rule cos Q = pPrr-gq
2X 82X 59 2pr
= —0.1065...
A= 906.1° Q=cos ' (—0.1065...)
/ZPQR = 96.1°

Example [H

Find the size of the smallest angle in a triangle whose sides have lengths 3 cm, 5 cm
and 6 cm.

C Label the triangle ABC.

A The smallest angle is opposite the smallest
side so angle Cis required.
6cm
Scm
A 3cm B
62+52_52 A+ p2-—722
cos C = Use the cosine rule cos C=
2X0oX5 2ab
C=29.9

The size of the smallest angle is 29.9°.
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Exercise E

(Give answers to 3 significant figures.)

In the following triangles calculate the size of the angle marked *:

a B b B
4cm 8cm 7cm
25cm
A
10cm ¢ ¢
24 cm
A
C B d B
2.5cm
3.5cm 8cm 7 cm
A
4cm A *
¢ 10cm ¢
e A f 3.8cm
A B
6cm 14cm
6.2cm 6.2cm
¢ 9cm B
C

A helicopter flies on a bearing of 080° from A to B, where AB = 50 km.
It then flies for 60 km to a point C.
Given that C is 80 km from A, calculate the bearing of C from A.

In AABC, AB=5cm, BC=6cm and AC = 10 cm.
Calculate the value of the smallest angle.

In AABC, AB=9.3cm, BC=6.2cm and AC = 12.7 cm.
Calculate the value of the largest angle.

The lengths of the sides of a triangle are in the ratio 2: 3 : 4.
Calculate the value of the largest angle.

In AABC, AB=xcm, BC=5cm and AC = (10 — x) cm:
4x — 15
a Show that cos ZABC = —2—.
X

b Given that cos ~ABC = —3, work out the value of x.



The sine and cosine rule

2,6 You need to be able to use the sine rule, the cosine rule, the trigonometric ratios
sin, cos and tan, and Pythagoras’ theorem to solve problems.

In triangle work involving trigonometric calculations, the following strategy might help you.

e When the triangle is right-angled or isosceles it is better to use sine, cosine, tangent or
Pythagoras’ theorem.

a
sin A=— C
b The line of symmetry
A= < produces two
cosa=9 b a right-angled triangles.
a
tan A = ; A : B B - - C
a?+ c2=p? 2 >
¢ Use the cosine rule when you are B B
given either two sides and the angle
between them or three sides. A v, /
A / —- C A e c

¢ For other combinations of given data, use the sine rule.
¢ When you have used the cosine rule once, it is generally better not to use it again, as the
cosine rule involves more calculations and so may introduce more rounding errors.

In AABC, AB=5.2cm, BC=6.4cm and AC = 3.6 cm.
Calculate the angles of the triangle.

A
It is always better to work out the largest
52cm 3 6em angle first, if you have a choice.
Here that is angle A, so use the cosine rule
CosA= prc-a
B =
6.4cm ¢ 2bc
362+ 522 — 542 Negative sign indicates an obtuse angle:
cos A = /BAC=91.5°
2X30Xb2
_ 10.02564 Store the calculator value for A.

2o A =915 (3 of) Tp find a second angle it is better'to use the

sine rule rather than a second cosine rule.
5.2 sin A : :
o r = . C A
sin C = Use =L &, and use the stored value
0.4 C a
S0 C=54% for A
and B =23%4.2°
—— LACB=54.3".

—— LABC=180°—(91.5 + 54.3)°.




Exercise E

(Note: Try to use the neatest method, and give answers to 3 significant figures.)

1 In each triangle below find the values of x, y and z.
b B

zCm

6cm 12cm

8cm

Calculate the size of the remaining angles and the length of the third side in the following

triangles:
a B b A
8.5cm
10.2cm 4.9cm
A AL B
C 6.8cm

A hiker walks due north from A and after 8 km reaches B. She then walks a further 8 km
on a bearing of 120° to C. Work out a the distance from A to C and b the bearing of C
from A.

A helicopter flies on a bearing of 200° from A to B, where AB = 70 km. It then flies on
a bearing of 150° from B to C, where C is due south of A. Work out the distance of C
from A.

Two radar stations A and B are 16 km apart and A is due north of B. A ship is known to be
on a bearing of 150° from A and 10 km from B. Show that this information gives two
positions for the ship, and calculate the distance between these two positions.



The sine and cosine rule

6 Find x in each of the following diagrams:

B b B
8cm & 4
Scm
X Ccm
D,
xcm D 5cm c 6 cm/
e
A 10cm ¢
7 In AABC, shown right, AB=4cm, BC = (x + 2) cm and AC = 7 cm. B
a Explain how you know that 1 <x <9. 4cm (& + Z)em
b Work out the value of x for the cases when ¢
i LABC = 60° and A 7cm
ii L ABC = 45°, giving your answers to 3 significant figures.
8 In the triangle shown right, cos ZABC = 3. C
Calculate the value of x.
6cm
(x + 1)cm
B A

2cm

9 In AABC, AB=V2cm, BC = V3 cm and 2BAC = 60°. Show that ~ACB = 45° and find AC.

10 In AABC, AB=(2—-x)cm, BC=(x +1)cm and ZABC = 120°:
a Show that AC2=x2—-x+7.
b Find the value of x for which AC has a minimum value.

V5
11 Triangle ABC is such that BC = 5V2cm, 2ZABC = 30° and £ BAC = 6, where sin 6 = e
Work out the length of AC, giving your answer in the form aVb, where a and b

are integers.

12 The perimeter of AABC = 15 cm. Given that AB= 7 cm and £BAC = 60°, find the lengths of
AC and BC.

2.1 You can calculate the area of a triangle using B
the formula:

Area of a triangle = Jab sin C or Jacsin B or 3bcsin A.

A

You can use this formula when you know the lengths of two sides and the size of the angle
between them.




Show that the area of this triangle is 3ab sin C.

The perpendicular from A to BC is drawn
and it meets BC at X. The length of AX = h.

B
Area of AABC = }ah ) Area of triangle = 3 X base X height.
But h=bsinC @ Use the sine ratio sin C = % in AAXC.
So Area = 3ab sin C Substitute 2 into 1 .

Work out the area of the triangle shown below.

4.2cm

75°
A
6.9cm ¢

Area of AABC =3 X 6.9 X 4.2 X 5in 75" ct? e Here b= 6.9 cm, ¢ = 4.2 cm and angle

=14.0 cm? (3 &.f) A= 75°1, SO use:
Area = 3bcsin A.

Example

In AABC, AB=5cm, BC=6cm and ZABC = x°. Given that the area of AABC is 12 cm? and that
AC is the longest side, find the value of x.

B
5cm 6cm
Here a = 6 cm, c= 5cm and angle B = x°,
SO use:
A ¢ Area = acsin B.
J— 1_ B o 2
Area NAABC =3 X5 X 6 X sinx’cm Area of AABC is 12 cm2.
So 12 =2XBX6Xsinx’ F
S0 sinx’ =0.5 -+ Sinx° = {2,
x =126.9

—

There are two values of x for which

=127 (35 a.f) sinx° = 0.8, 53.1 and 126.9, but here you
know B is the largest angle because AC is the
largest side.
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1 Calculate the area of the following triangles:
a B b A

8.6cm C 3.5cm

fo

2.5cm

A

2 Work out the possible values of x in the following triangles:

3 A fenced triangular plot of ground has area 1200 m?. The fences along the two smaller sides
are 60 m and 80 m respectively and the angle between them is 6°. Show that
6 =150, and work out the total length of fencing.

4 In triangle ABC, shown right, A
BC=(x+2)cm, AC=xcm and
/BCA = 150°.
Given that the area of the triangle xcm
is 5 cm?, work out the value of x, B 1502
giving your answer to 3 significant figures. (x +2)cm

n

In APQR, PQ = (x + 2)cm, PR = (5 —x) cm and ZQPR = 30°.
The area of the triangle is A cm?:
a Show that A = §(10 + 3x — x2).

b Use the method of completing the square, or otherwise, to find the maximum value of A,
and give the corresponding value of x.

6 In AABC, AB=xcm, AC=(5+x)cm and £BAC = 150°. Given that the area of the triangle
is 32 cm?2:
a Show that x satisfies the equation x2 + 5x — 15 = 0.

b Calculate the value of x, giving your answer to 3 significant figures.




Mixed exercise m

(Give non-exact answers to 3 significant figures.)

The area of a triangle is 10 cm?. The angle between two of the sides, of length 6 cm and 8
cm respectively, is obtuse. Work out:

a The size of this angle.
b The length of the third side.

In each triangle below, find the value of x and the area of the triangle:

3cm

The sides of a triangle are 3 cm, 5 cm and 7 cm respectively. Show that the largest angle is
120°, and find the area of the triangle.

In each of the figures below calculate the total area:

10.4cm
100°
8.2cm 3.9cm 4.8cm
30.6°

A D<—2. 4cm—>

a

In AABC, AB=10cm, BC = aV3 cm, AC = 5V13 cm and ZABC = 150°. Calculate:
a The value of a.
b The exact area of AABC.

In a triangle, the largest side has length 2 cm and one of the other sides has length
V2 cm. Given that the area of the triangle is 1 cm2, show that the triangle is
right-angled and isosceles.

The three points A, B and C, with coordinates A(0, 1), B(3, 4) and C(1, 3) respectively, are
joined to form a triangle:

a Show that cos ZACB = —4.
b Calculate the area of AABC.

The longest side of a triangle has length (2x — 1) cm. The other sides have lengths
(x —1)cm and (x + 1) cm. Given that the largest angle is 120°, work out:

a the value of x and b the area of the triangle.



The sine and cosine rule

(]
Summary of key points
1 The sine rule is B
a b ¢ ; sinA _sinB _sinC
sinA sinB sinC 0 a b a
¢ C

2 You can use the sine rule to find an
unknown side in a triangle if you know two A
angles and the length of one of their
opposite sides.

3 You can use the sine rule to find an unknown
angle in a triangle if you know the lengths of
two sides and one of their opposite angles.

4 The cosine rule is

a?=b%>+c2—2bccosA or b*=a*+ c*— 2accosB or c*=a*+ b*— 2abcosC

5 You can use the cosine rule to find an unknown
side in a triangle if you know the lengths of two sides
and the angle between them.

6 You can use the cosine rule to find an unknown angle if
you know the lengths of all three sides.

7 You can find an unknown angle using a rearranged
form of the cosine rule:

b? + 2 - a? s a?+ c2 — p? c a?+ b2 — 2
or cosB= or cosC =
2bc 2ac 2ab

COSA =

8 You can find the area of a triangle using the formula
area = yab sin C

if you know the length of two sides (a and b) and the
value of the angle C between them.




After completing this chapter you should be able to
know the shape of the graph of y = a*

write an expression in logarithmic form

use the laws of logarithms

solve equations of the form a* = b

i & WIN=

change the base of a logarithm

You will use the above in C2 whilst studying geometric
sequences and series. The ability to solve equations of the

_
! form a* = b has many practical uses.

Did you know?

...for example, if you buy a £20 000 car which depreciates
at a rate of 12% a year it is worth £(20 000 X 0.88") after
n years. If you wish to know when it will be worth just
£5000 you can find out by solving the equation

20000 X (0.88)" = 5000
which simplifies to (0.88)" = 0.25

See if you can produce the answer 11 years (10.84 to be
exact) after completing this chapter.



Exponentials and logarithms

3,1 You need to be familiar with the function y = a* (a> 0) and to know the shape
of its graph.

As an example, look at a table of values for y = 2*:

Hint: In an expression such as 2%, the
x can be called a power, or an index,

X 3] -2]-1]0 1 2 3 or an exponent. You will see in
1 1 1 Section 3.2 that it can also be
Y 8 4 2 1 2 4 8 thought of as a logarithm.
A function that involves a variable
power such as x is called an
Note that exponential function.

29 =1 (in fact a° = 1 always if a > 0)

1 1 .
and 273 = — = — (a negative index implies the Hint: See Book C1, Chapter 1 for
2> 8 the rules of indices.

‘reciprocal’ of a positive index)

The graph of y = 2% looks like this:

77 Hint: The x-axis
6 is an asymptote
5 to the curve.

(-
w
(-
\S)
[
—_
=)
—
N
wo
KY

Other graphs of the type y = a* are of a similar shape, always passing through (0, 1).




3

a On the same axes sketch the graphs of y = 3%, y = 2* and y = 1.5".
b On another set of axes sketch the graphs of y = (3)* and y = 2%,

a For all three graphs, y = 1whenx = 0. * a®=1
When x > 0, 3% > 2¥ > 1.5%+——
When x < 0, 3¥ < 2% < 15%——

[
\S}
[
—
=
—
N+
w 4
RY

Work out the relative positions of the
three graphs.

1\x
Soy= (E) is the same as y = (27" =27* (@™ = agmn
1\x
So the graph of y = (E) is a reflection in the y-axis of

the graph of y = 2%,

y=r




Exponentials and logarithms

Exercise m

1 a Draw an accurate graph of y = (1.7)%, for -4 <x <4.
b Use your graph to solve the equation (1.7)* = 4.

2 a Draw an accurate graph of y = (0.6)*, for —4 <x <4.
b Use your graph to solve the equation (0.6)* = 2

3 Sketch the graph of y = 1*.

3.2 You need to know how to write an expression as a logarithm.

B log,n=x means that a* = n, where a is called the base of the logarithm.

Write as a logarithm 25 = 32.

I I = = =
05 — 3D Herea=2,x=5, n=32.
S0log, 22 =5—" -~ Base.
— Logarithm.
In words you would say ‘the logarithm In words, you would say ‘2 to the power
of 32, to base 2, is 5’. 5 equals 32'.
Example [F]
Rewrite as a logarithm:
a 10 =1000
b 54=625
c 210=1024
a log,, 1000 =3
b logs 625 = 4
¢ log,1024 =10
B log,1=0 (a>0) Because a® = 1.

B log,a=1(a>0) Because a' = a.




3

Find the value of
a log; 81

b log,0.25 c log,s4 d log, (a@°)

Because 34 = 81.

a logz61=4
b log,0.25 = —1

L Because 41 = 1=0.25.

c loghs4=—2¢ L

d log. (2°) =5

Because 0.52=(3)2=22=4.

Because a° = @°!

Exercise m

1 Rewrite as a logarithm:

a 44=256 b 32=5 ¢ 10°= 1000000
d11'=11 e (0.2)3=0.008
2 Rewrite using a power:
a log, 16 =4 b log;25=2 c log,3=73
d log;0.2= -1 e log,, 100000 =5

'j Find the value of:
a log, 8 b logs25
¢ log;, 10000 000 d log,, 12
e log,; 729 f log,, V10
g log,(0.25) h logg,s 16
i log,(a) j 108(%)(%)
Find the value of x for which:
a logsx =4 b log, 81=2
c log;x=1 d log, (2x) =

3.3 You need to be able to calculate logarithms to the base 10 using your calculator.

Example B
Find the value of x for which 10* = 500.

10°= 500 — Since 102=100 and 103 = 1000, x must
So log,, 500 = x be somewhere between 2 and 3.
x = log,, OO

=2.70 (to 55.f). The log (or Ig) button on your calculator

gives values of logs to base 10.
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Exercise

Find from your calculator the value to 3s.f. of:

1 logn20 2 logn4

3 log,;, 7000 4 log,,0.786
5 log,11 6 logn35.3
7 log;,0.3 8 log,;999

3,4 You need to know the laws of logarithms.

Suppose that log,x = b and log,y = ¢

Rewriting with powers: a’=x and a‘=y

Multiplying: xy = a’ X a° = ab*< (see Book C1, Chapter 1)
Xy = ab+c

Rewriting as a logarithm: log,xy =b + ¢
B log,xy =log,x + log,y (the multiplication law)

It can also be shown that:

x a
u |090(—> =log,x — log,y (the division law) Remember: e ab +a“=ab¢
Yy

B log,(x)*= klog,x (the power law) Remember: (a?) = ab*
Note: You need to learn and remember the above three laws of logarithms.

1 1
Since —=x"!, the power rule shows that log, (—) =log, (x~ 1) = —log,x.
X b

| Ioga(£> = —log,x

Example 3

Write as a single logarithm:
a log; 6 +1og; 7 b log, 15 —log, 3
¢ 2logs3 + 3logs 2 d log,o3 — 41og;, (3)

a logz (6 X7)
= logs 42 Use the multiplication law.

b log, (15 + 3)

= log,5* Use the division law.




First apply the power law to both parts
¢ 2logs 3 = logs (37) = logs 9 }—J olf theF:eF:(gressign. P
3logs 2 = logs (2°) = logs & —— Then use the multiplication law.

logs 9 + logs & = logs 72

1 T\4 1
d 4logy (E) = logo (‘) = logyo (_> ~———— Use the power law first.

2 16
1 1 — Then use the division law.
logip 3 — logyo (%) = logio (5 - %)
= logy, 45

Write in terms of log, x, log,y and log, z

X x\/§ x
273 b log,(— log, [— d log,(—
a log, (x’yz%) oga<y3> c oga( . ) Oga(a4>

a log, (x*yz°)
= log, (x) + log, y + log, (2°)
=2log,x +log,y + 3log,z

b lo (x>
9a| T3
y5
= log,x — log, (¥°)
=log,x — 3log,y
c Ioga(£;/£>

= log, (X\@) —log,z

=log,x + loga\@ —log, z

1
= Mgl 3 Sl = et 2 Use the power law (\y = 7).

X
d log, (;)

= log, x — log, (a")
=log,x —4log,a
=log,x — 4 log,a=1.
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1 Write as a single logarithm:
a log,7 +1og,3
b log, 36 — log, 4
¢ 3logs2 + logs 10
d 2logs8 — 4logs3
e 10g;,5 +10g)6 — 1080 ()

2 Write as a single logarithm, then simplify your answer:
a log,40 —log, 5
b logs4 +10g9
c 2log,3 +4log;,2
d logg 25 + logg 10 — 310gg S
e 210g020 — (108195 +10g;( 8)

3 Write in terms of log,x, log,y and log, z:

xS
a log, (x*y*z) b log, (37
c log, (a%x?) d log, (x—l)
z
e log,Vax

3,5 You need to be able to solve equations of the form a* = b.

Solve the equation 3* = 20, giving your answer to 3 significant figures.

Since there is no base 3 logarithm

o =20 button on your calculator, any working
l0gi (3%) = logy, 20 must be done using base 10.
xlogip d = logyo 20 t
° ° Take logs to base 10 on each side.
x = 1081020
logp & —— Use the power law.
_ (1.3010...
Y=\oa771 Divide by log;, 3.
=273

Use your calculator (logs to base 10).




Solve the equation 7**! = 3**2, giving your answer to 4 decimal places.

7x+1 — 5x+2
(x +Nlog7 = (x+ 2)log 3 Use the power law.
Xlog7 +log7 =xlogd + 2log de———— .
Multiply out.
Xlog7 —xlogd = 2log3 —log7
e 7 =leg 2 =2 o2 =log7 —— Collect x terms on left and ‘'number’
21log 3 — log 7 terms on right.
a log7 — log 3 '
x = 02966 —— Factorise.

Divide by (log 7 — log 3).

Solve the equation 5% + 7(5%) — 30 = 0, giving your answer to 2 decimal places:

.--w# Let y = 5

y:+7y—30 =0- 52 = (5%)2 = 12
So(y+10)y—3) =0
S0 y=—-10ory =3
Ify=—10,5"= =10+
fy=35=23
logip (5%) = logip 3
x login 5 = logyp 2

No solution. 5* cannot be negative.

_ |O_@1£ Solve as in Example 8.
login ©

Xx=068 (2dp)

1 Solve, giving your answer to 3 significant figures:

a2t=735 b 3*=10

c 55=2 d 4% =100

e 9 =350 f 72°1=23

g 3x—1 — 8x+l h 22x+3 — 33x+2

i 83*36 =10 i 34*336 — 4x+5



Exponentials and logarithms

2 Solve, giving your answer to 3 significant figures: Hint for question 2d:

a2®-62+5=0 b 3% -15(3%)+44=0 Note that

¢ 5% -6(5-7=0 d 3% +37%1-10=0 3l =3x31=3(3)
e 7% +12= 7% f 2% +3029)-4=0

g 3%1-26(3)-9=0 h 4(3%1) + 17(3%) — 7=0

3.6 To evaluate a logarithm using your calculator, you sometimes need to change the
base of the logarithm.

Working in base a, suppose that: log,x =m

Writing this as a power: a" =x

Taking logs to a different base b: log, (a™) =log,x

Using the power law: mlog,a =log,x
Writing m as log, x: log,x =log,x X log,a

This can be written as:
Hint: This is the

B log,x = log,¥ change of base rule
¢ log, a for logarithms.
. . o . log, b
Using this rule, notice in particular that log, b = Eg_a' but log, b =1, so:
b
B log,b= L
945= log, a

Find, to 3 significant figures, the value of logg 11:

loda 11 = logio 11 One method is to use the change of
e logip & base rule to change to base 10.
=115
& =11 Another method is to solve 8* = 11.

logyp (8%) = logip 11

X 10g1, & = log,y 1 Take logs to base 10 of each side.

= g 1 ~ Use the power law.
login &

x=115 . Divide by logy, 8.
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Solve the equation logsx + 61og, 5 = 5:

5]

10g5 % Use change of base rule (special case).
Let logs x =y
+ © =5
/ Yy
y?+6 =5y Multiply by y.
y¥-5y+6 =0

y—-3)y-2) =0

Soy=>3ory=2
logs x = 3 orlogs x =2

x =5%orx =52 Write as powers.
x=1250rx =25

Exercise m

1 Find, to 3 decimal places:
a log; 120 b log; 45 c log, 19
d 10g11 3 € 10g64

2 Solve, giving your answer to 3 significant figures:
a 8=14 b 9°=99 c 12*=6

3 Solve, giving your answer to 3 significant figures:
a log,x=8+9log, 2
b log,x +2log,4+3=0
c log,x +log,x =2

Mixed exercise m

1 Find the possible values of x for which 22**1 = 3(2*) — 1. e

2 a Express log, (p?q) in terms of log, p and log, g.
b Given that log, (pq) = 5 and log, (p?q) = 9, find the values of log, p and log, q. 9

3 Given that p = log, 16, express in terms of p,
a log,2,

b log, (89). e
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4 a Given that log;x = 2, determine the value of x.

b Calculate the value of y for which 21log;y — logs (y + 4) = 2.
¢ Calculate the values of z for which log; z = 4 log, 3. e

5 a Using the substitution u = 2%, show that the equation 4* — 2¢*1 — 15 = 0 can
be written in the form u? — 2u— 15 =0.

b Hence solve the equation 4* — 2¢*D — 15 = 0, giving your answer to 2 decimal
places.

6 Solve, giving your answers as exact fractions, the simultaneous equations:

8 = 42x+3
log,y =log,x + 4.

7 Find the values of x for which log;x — 2log, 3 = 1.

8 Solve the equation

log; (2 — 3x) = log, (6x> — 19x + 2).
9 Ifxy=64andlog,y +log,x = % find x and y.

10 Prove that if a* = bY = (ab)¥, thenx +y = 1.

11 a Show that log, 3 = log, V3.
b Hence or otherwise solve the simultaneous equations:

2log,y =log,3 + log,x,
3¥ =97
given that x and y are positive.

12 a Given that 3 + 2log,x = log,y, show that y = 8x2.

b Hence, or otherwise, find the roots « and B, where a < 8, of the equation
3 + 2log,x = log, (14x — 3).

¢ Show that log, a = —2.

d Calculate log, B, giving your answer to 3 significant figures.



Summary of key points

1 A function y = a*, or f(x) = a*, where a is a constant, is called an exponential
function.

log, n = x means that a* = n, where a is called the base of the logarithm.

log,1=0
log,a=1

log,ox is sometimes written as logx.

The laws of logarithms are
log,xy = log,x + log,y (the multiplication law)
log, (5) =log,x —log,y (the division law)
log, (X)X = klog,x (the power law)

From the power law,
lo LA —log,x
o (1) tos
You can solve an equation such as a* = b by first taking logarithms (to base 10) of
each side.

log,x

The change of base rule for logarithms can be written as log,x = 1
o8, d

1
From the change of base rule, log, b = ——
log,a



After completing this chapter you should be able to

1

2
3
4

Coordinate geometry

find the mid-point of a line
find the distance between a pair of points
know how to find the equation of a circle

use the properties of a circle to solve geometric
problems.

in the (X, y) plane

A circle is a conic section — a curve formed by intersecting a |
cone with a plane. The ellipse, parabola and hyperbola are
also conic sections; they were named by Apollonius of Perga

who studied them at length in about 200 BC.

Circle II |!

{

(“ll Parabola |
I

Hyperbola



CHAPTER 4

4,1 You can find the mid-point of the line joining (x4, y,) ,,

xX1t+x; ¥ +y2) (2, ¥2)

and (x,, y,) by using the formula ( 5 3

X1 X Y1ty
2

(1, y1)

Find the mid-point of the line joining these pairs of points:
a (2,3),(6,9)

b (2a, —4b), (7a, 8b)

c (4,V2),(-4,3V2)

\ A diagram might help you work this out.

The y-coordinate is half way between 3 and

(21 3) (61 3) +
\ \ 9, so use ﬁzﬁ with y; =3 and y, = 9.
0 x

(6, 3) has the same x-coordinate as (6, 9)
and the same y-coordinate as (2, 3).

, , 2+6 5+9 ) )
The mid-point is o T o The x-coordinate is half way between 2 and
X, + X
6, so use ———2 with X, =2andx,=6.
& 12 S 2
=7 == |I° mpliry.
2’ o plity

= (4. 6)




2a+7a —4b+ &b
2 7 2

b The mid-point is (

¢ The mid-point is ( >

4+ (—4) V2+3V2

(4;4’ 4\2/5)_

= (0, 2V2)

Coordinate geometry in the (x, y) plane

2 ' 2
Here (x4, ¥1) = (2a, —4b) and (x,, ;) = (7a, 8b).
Simplify.

) Use <x1 +X, Y "’yz).

2 ' 2
Here (x1/ }/1) = (4’ \/E) and (x2/ yZ) = (_4' 3\/5)
Simplify.

Use <x1 +X Y +]/2>.

The line AB is a diameter of a circle, where A and B are (—3, 8) and (5, 4) respectively. Find the

coordinates of the centre of the circle.

A(-3,8)

(1,6)

B(5, 4)

0 X

The centre of the circle is (

_jz 2
(2’2

= (1, 6)

2 2

~%+5 8+4>

Draw a sketch.
Remember the centre of a circle is the

mid-point of a diameter.

Use <x1 +X i t }/2>.

2 ' 2

Here (xq, 1) = (=3, 8) and (x,, ¥,) = (5, 4).

i
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The line PQ is a diameter of the circle centre (2, —2). Given P is (8, —5), find the coordinates of Q.

Q(a, b) . Draw a sketch.

0 / (2, —2) is the mid-point of (g, b) and (8, —5).
(2, =2)

P(8, —5)

Let Q have coordinates (a, b).

&+a —H5+b X+ X, Yi+Y,
= —2)e U ; .
(2’2>(2’2) (50057
&+ a Here (x1/ ]/1) = (8I _5) and (x2/ }/2) = (G, b)
So —— =720
2
&+ a=4-
4= —4. Compare the x-coordinates.
Rearrange the equation to find a.
-5+b . Multiply each side by 2 to clear the fraction.
and o =2 Subtract 8 from each side.
—5+b=—4.
b=1 Compare the y-coordinates.
So, Qis (—4, 1). Rearrange the equation to find b.

Multiply each side by 2 to clear the fraction.
Add 5 to each side.

1 Find the mid-point of the line joining these pairs of points:

a (4,2), 6 8) b (0, 6), (12, 2) c (2,2), (-4, 6)
d (-6, 4), (6, —4) e (-5,3),(7,5) f (7, -4), (-3, 6)

g (-5, -5), (11, 8) h (6a, 4b), (2a, —4b) i (2p, —q), (4p, 59)

j (=2s, =70, (55, 1) Kk (—4u, 0), 3u, —2v) 1 (a+b,2a—-b), 3a—b, —b)
m (4V2, 1), (2V2, 7) n (—V3, 3V5), (5V3, 2V5)

o (V2-V3, 3V2 +4V3), 3V2 + V3, —V2 + 2V3)

2 The line PQ is a diameter of a circle, where P and Q are (—4, 6) and (7, 8) respectively. Find
the coordinates of the centre of the circle.




Coordinate geometry in the (x, y) plane

4 3b 2a Sb
3 The line RS is a diameter of a circle, where R and § are (%, _Z> and (—SE, Z) respectively.
Find the coordinates of the centre of the circle.

4 The line AB is a diameter of a circle, where A and B are (-3, —4) and (6, 10) respectively.
Show that the centre of the circle lies on the line y = 2x.

5 The line JK is a diameter of a circle, where J and K are (3, 3) and (-3, 2) respectively. Show
that the centre of the circle lies on the line y = 8x + 3.

6 The line AB is a diameter of a circle, where A and B are (0, —2) and (6, —5) respectively.
Show that the centre of the circle lies on the line x — 2y — 10 = 0.

7 The line FG is a diameter of the circle centre (6, 1). Given F is (2, —3), find the coordinates
of G.

8 The line CD is a diameter of the circle centre (—2a, 5a). Given D has coordinates (3a, —7a),
find the coordinates of C.

9 The points M(3, p) and N(g, 4) lie on the circle centre (5, 6). The line MN is a diameter of
the circle. Find the value of p and q.

10 The points V(—4, 2a) and W(3b, —4) lie on the circle centre (b, 2a). The line VW is a
diameter of the circle. Find the value of a and b.

PEIEN 4
The line AB is a diameter of the circle centre C, where A and B are (—1, 4) and (5, 2) respectively.

The line I passes through C and is perpendicular to AB. Find the equation of /.

Draw a sketch.
A(—1, 4)

B(5, 2)

=
R

—1+5 4+2
The centre of the circle is ( S ) Use (x1 tX Nt ]/2).

2 2 2
4 o Here (x1l ]/1) = (_11 4) and (x21 }/2) = (51 2)
-(53)
=(2,3)
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2—4 _Y-W y1
The gradient of the line AB is 5—_(_—1) Use m = - - Here (x;, y1)=(-1,4)
_2 and (xZI yz) (5/ 2)

- _6_ T Simplify the fraction so divide by 2.

_—1 is the same as —l
3 3

5
So, the gradient of the line perpendicular
to ABis 3. * Remember the product of the gradients of two
perpendicular lines = —1, so —15 X3=-1.
The equation of the p@rpendicular line [ is
y—3=23(x— The perpendicular line / passes through the

point (2, 3) and has gradient 3, so use

y—5—5x— Y — Yy = m(x — x;) with m= 3 and
So y=3x— G, 1) = (2, 3).
Rearrange the equation into the form
y=mx+c

Expand the brackets.
Add 3 to each side.

The line PQ is a chord of the circle centre (-3, 5), where P and Q are (5, 4) and (1, 12)

respectively. The line / is perpendicular to PQ and bisects it. Show that I passes through the
centre of the circle.

Q(1, 12)
A chord is a line that joins any two points on
(=3,5) the circumference of a circle.
P(S 4) ‘7 The line / bisects PQ, so it passes through

the mid-point of PQ.

\/0/ First find the equation of /.

Ky

+1 4+12
The mid-point of PR is ( — —2—> —F  Use <x1 erle Yi erllz).
= (3, &) Here (xq, ¥1) = (5, 4) and (x,, y,) = (1, 12).
The gradient of the chord PQ is -2
e gradient of the chor 5 ——
: 1=5 Use m=22=4
— _8_ X3 =X
_4' Here (xh ]/1) = (51 4) and (xz, ]/2) = (1, 12)

= -2




Coordinate geometry in the (x, y) plane

So, the gradient of the line perpendicular ~———— Use the product of the gradients of two
1 perpendicular lines= —1, so —2 X T=-1.
to FQ is o

The equation of the perpendicular line is

] The perpendicular line passes through the
y—-8&= E(x —3) point (3, 8) and has gradient 3, so use
Y —y; = m(x — x;) with m =} and
(-xh ]/1) = (3' 8)

Expand the brackets.

[

2 o Rearrange the equation into the form
3 16 Yy = mx + ¢ by adding 8 to each side.
2

o Simplify.
3

Substitute x = — 3. * See if (—3, 5) satisfies the equation of /, so
1 1% substitute the x-coordinate into y = xS

- 2 2 Simplify.

_ + This is the y-coordinate, so (—3, 5) is on the

2 2 line.

_—3+13

2

_o

2

So | passes through (=3, D).

So | passes through the centre of the

circle.

The above example is a particular instance of this circle theorem:

B The perpendicular from the centre of a circle to a chord
bisects the chord.

the perpendicular

o A line that is perpendicular to a given line and bisects it is bisector of AB
called the perpendicular bisector. B
X

X
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PETIN 6 |

The lines AB and CD are chords of a circle. The line y = 3x — 11 is the perpendicular bisector of
AB. The line y = —x — 1 is the perpendicular bisector of CD. Find the coordinates of the centre of
the circle.

Draw a sketch.

The perpendicular bisectors meet at the

C
centre of the circle.
A
Find where the perpendicular bisectors
meet, so solve the equations simultaneously.
So Substitute ¥y = 3x — 11 intoy = —x — 1.

Add x to each side.
Add 11 to each side.
Divide each side by 4.

Simplify the fraction so divide by 2.

4
é Substitute the x-coordinate into one of the
2 / equations to find the y-coordinate.
e 5 Here y =3x —11and x =3.
y = 5(—) =1

5
The centre of the circle is [ —, ——|.
2 2




Coordinate geometry in the (x, y) plane

1

10

The line FG is a diameter of the circle centre C, where F and G are (-2, 5) and (2, 9)
respectively. The line / passes through C and is perpendicular to FG.
Find the equation of I.

The line JK is a diameter of the circle centre P, where J and K are (0, —3) and (4, —5)
respectively. The line I passes through P and is perpendicular to JK. Find the equation of 1.
Write your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

The line AB is a diameter of the circle centre (4, —2). The line / passes through B and is
perpendicular to AB. Given that A is (-2, 6),

a find the coordinates of B.

b Hence, find the equation of .

The line PQ is a diameter of the circle centre (—4, —2). The line I passes through P and is
perpendicular to PQ. Given that Q is (10, 4), find the equation of I.

The line RS is a chord of the circle centre (5, —2), where R and § are (2, 3) and (10, 1)
respectively. The line / is perpendicular to RS and bisects it. Show that / passes through the
centre of the circle.

The line MN is a chord of the circle centre (1, —3), where M and N are (-5, —5) and (7, 4)
respectively. The line [ is perpendicular to MN and bisects it. Find the equation of I. Write

your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

The lines AB and CD are chords of a circle. The line y = 2x + 8 is the perpendicular bisector
of AB. The line y = —2x — 4 is the perpendicular bisector of CD.
Find the coordinates of the centre of the circle.

The lines EF and GH are chords of a circle. The line y = 3x — 24 is the perpendicular bisector
of EF. Given G and H are (—2, 4) and (4, 10) respectively, find the coordinates of the centre
of the circle.

The points P(3, 16), Q(11, 12) and R(—7, 6) lie on the circumference of a circle.
a Find the equation of the perpendicular bisector of

i PQ

ii PR.
b Hence, find the coordinates of the centre of the circle.

The points A(—3, 19), B(9, 11) and C(—15, 1) lie on the circumference of a circle.
Find the coordinates of the centre of the circle.
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(3, y,) by using the formula
d=V[(x,—x1)*+ (y2— 1)

4,2 You can find the distance d between (x,, ¥,) and

(x2, ¥2)

d

(1, y1)

Find the distance between these pairs of points:
a (2) 3)1 (SI 7) b (4(1, a)) (_30, 2(1)

42 = (5 — 22+ (7 — B)2.

A=+ p— |
A= +4H— |
=25

=5

b d=|(-2a—4a?+ (2a—a)*]—T
J(=72)? + 7]
= \/(.4932 + 2%)
= V504°
= V25 X 2 X 42
= V25 X V2 X Va2
=5V22

c (2V2, —5V2), (4V2, V2)

Draw a sketch.
Let the distance between the points be d.

The difference in the y-coordinates is
7-3=4.

The difference in the x-coordinates is
5-2=3.

Use Pythagoras’ theorem:
d? = (x; — X1 + (Y, — y1)?
Take the square root of each side.

This is d = V[(x; — x1)? + (y, — y1)?] with
(x1, 1) = (2, 3) and (x,, ¥2) = (5, 7).

Use d = V[(x; — x1)? + (Y, — ¥1)?]. Here
(.')C], y1) = (401 G) and (xZI yZ) = (_ 30/ 20)

(=7a)?=—-7a%X —7a
=49a°

Simplify.




Coordinate geometry in the (x, y) plane

Use d=V[Ct, — X2+ (s — 117
¢ d = [(4V2 = 22 + (V2 = (=5V2) b Here (r yoie (242, ~512)

WN2—22=2V2 | and (x,, ) = (4V2, V2).
V2 —(=5V2) =V2+5V2
=6V2 Simplify the parts of the

S0 = \/I—(Z\/E)g + (6\/5)21 expression.

(2V2)z =2v2x2v2 ]
=2Xx2XV2xV2
=4X2
=&

(6V2)2 = 6V2 X 6V2
=6X6XV2xV2
=30 X 2
=72

So d=(©&+72)
= V8o Simplify the surd.
= (16 X 5)
=V16 X V5
= 4V5

PENIY 8 |
The line PQ is a diameter of a circle, where P and Q are (—1, 3) and (6, —3) respectively. Find the

Simplify further.

radius of the circle.

The length of the diameter is:
Use d = V[(x; — x1)* + (V2 — ¥1)?]. Here
d = \/[(6 — (_1))2 + (_5 = 5)21 / (x1/ ]/1) = (_1/ 3) and (xZI }/2) = (6/ _3)

66— (1) =6+1
=7

-5—-3 =-6

So a = J[7?+ (=6)?]
= /(49 + 206)
=Ve5

5o the length of the radius is %\/%

Simplify the parts of the expression.

Remember the radius is half the diameter.
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The line AB is a diameter of the circle, where A and B are (—3, 21) and (7, —3) respectively.
The point C(14, 4) lies on the circumference of the circle. Find the value of AB?, AC? and BC2.
Hence, show that ~ZACB = 90°.

AB? = (7= (=3))"+ (=3 = 21)2 = Use d=V[(x, — 1;)? + (> — y1)?]. Square

e B ) each side so that d2 = (x, — x1)> + (V2 — y1)%
10 + ( 24) Here (xh y1) = (—3, 21) ;nd 1 ’ 1
=676 (X2, y2) = (7, =3).
AC? = (14 — (—3))% + (4 — 21)%—_
— 172 4 (—17)2
17 + ( 17) Here (x1/ y1) = (—3, 21) and
=575 (xZI yZ) = (1 45 4)
BC? = (14 = 7%+ (4 — (=3))? —__
=724 72 Here (x;, ¥1) = (7, —3) and (x,, y,) = (14, 4).
=96

L — Use Pythagoras’ theorem to test if the
Now, 576 + 96 = 676

triangle has a right angle.
So, LACB = 90". This is AC? + BC2 = AB2.

This is a particular instance of this circle theorem:

B The angle in a semicircle is a right angle.

1 Find the distance between these pairs of points:

a (0,1),(6,9) b (4, —6), (9, 6) c 3,1),(-1,4
d 3,5), 4,7 e (2,9), (4,3 f (0, -4),(5,5)
g (=2,-7),(,1) h (—4a, 0), (3a, —2a) i (=D, 4b), (—4b, —2b)
j (2c 0, (6¢, 40) K (—4d, d), (2d, —4d) 1 (—e, —e), (—3e, —5e)

m (3V2, 6V2), (2V2, 4V2) n (-V3, 2V3), (3V3, 5V3)
o (2V3-V2,V5+V3), 4V3-V2, 3V5 +V3)
2 The point (4, —3) lies on the circle centre (-2, 5). Find the radius of the circle.
The point (14, 9) is the centre of the circle radius 25. Show that (—10, 2) lies on the circle.
4 The line MN is a diameter of a circle, where M and N are (6, —4) and (0, —2) respectively.
Find the radius of the circle.
5 The line QR is a diameter of the circle centre C, where Q and R have coordinates (11, 12)
and (-5, 0) respectively. The point P is (13, 6).
a Find the coordinates of C. b Show that P lies on the circle.




Coordinate geometry in the (x, y) plane

6 The points (=3, 19), (=15, 1) and (9, 1) are vertices of a triangle. ~ Hint for question 6:
Show that a circle centre (-3, 6) can be drawn through the Show that the vertices are

. . equidistant from the
vertices of the triangle.

centre of the circle.

7 | The line ST is a diameter of the circle c;, where § and T are (5, 3) and (-3, 7) respectively.
The line UV is a diameter of the circle ¢, centre (4, 4). The point U is (1, 8).
a Find the radius of i ¢; ii ¢,.
b Find the distance between the centres of ¢, and c,.
8 The points U(-2, 8), V(7, 7) and W(—3, —1) lie on a circle.
a Show that AUV has a right angle.
b Find the coordinates of the centre of the circle.
9 The points A(2, 6), B(5, 7) and C(8, —2) lie on a circle.
a Show that AABC has a right angle. b Find the area of the triangle.
10 The points A(—1, 9), B(6, 10), C(7, 3) and D(0, 2) lie on a circle.
a Show that ABCD is a square. b Find the area of ABCD.
¢ Find the centre of the circle.

4,3 You can write the equation of a circle in the form 4
(x — a)2+ (y — b)2=r?, where (g, b) is the centre
and r is the radius.

0 X
Example [
Write down the equation of the circle with centre (5, 7) and radius 4.
X |5

. (x y)is any point on the circumference of

(x,y) the circle. The distance between (x, v) and
! (5, 7) is always 4.

The difference in the y-coordinates is y — 7.
The difference in the x-coordinates is x — 5.

To find the equation of the circle, use

0 X / d=V[(x; — x1)? + (Y, — y1)?]. Square each
Equation of circle is (x — B)? + (y — 7)? = 44 side so that d* = (¥ = x1)° + (2~ J1)"

Here (x1/ }/1) = (Sr 7) and (x2/ }/2) = (x/ }/)
This is in the form (x — a)?> + (y — b)> = r?
with (a, b) = (5, 7) and r= 4.
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Write down the coordinates of the centre and the radius of these circles:
a (x+32+(y-1)2=42 b (x-32+(y—3)2=32

a (x+3)+ (= )7 =4° Write the equation in the form
(x—(=3)2+ (y—12=42~—""|  (x—a?+@y—b?=r using —(-3) = +3.

So centre = (—3, 1), radius = 4.* Soa=-3,b=1and r=4.

b (x—§)2+ (y — 3)2=32

2
H5\2
(x - —) +(y—3)° = (V32)2 « Write the equation in the form
2 (x—ay+(y— b2 =r.
V32 = J(16 X 2) Soa=3 b=3and r=V32.
Simplify V32.
=V16 X V2
=42

5
So centre = (E 5) radius = 4V2,

Show that the circle (x — 3)> + (y + 4)? = 20 passes through (5, —8).

(x =22+ (y+4)7=20 Substitute x = 5 and y = —8 into the
/ equation of the circle.
Substitute (5, —&)

(B—3)2+ (—8& +4)2 =22+ (—4)?
=4+16

=20 (5, —8) satisfies the equation of the circle.

So the circle passes through the point
(5, —8).
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The line AB is a diameter of a circle, where A and B are (4, 7) and (—8, 3) respectively. Find the
equation of the circle.

The length of ABis J[(4 — (=&))* + (7 = 2)?]—— Use d=V[(x, — x:)? + (i, — y1).
=1122 + 45 Here (xq, 1) = (=38, 3) and (x, y,) = (4, 7).
=V144 + 16
= V160
=Vie X 10 _|
Vi x Vio_|
- 4y Remember the radius = diameter + 2.
So the radius is 2V10. Remember the centre of a circle is at the
mid-point of a diameter.

4+ (-86) 7+3
The centre ie( é ) ):(_2, B). ——— Use<x1+x2 %4‘}/2).

Simplify.

2 2 2

The equation of the circle is Here (x7, 11) = (4, 7) and (x5, ¥2) = (=8, 3).

\
2 _E\2 — 2 Use (x — a)2 + (y — b)2=r.
(x+2)7°+y—9) (2\/@) ’ Here (a, b) = (gyz, 5)and r=2V10.

Example ]
The line 4x — 3y — 40 = 0 touches the circle (x — 2)? + (y — 6)> = 100 at P(10, 0). Show that the
radius at P is perpendicular to the line.

A
Mw
First find the gradient of the line, so

rearrange its equation into the form

4x — 3y —40 =0 y=mx+c

Sy =4x — 40 Add 3y to each side and turn the
4 40 equation around.
= - —— ¢ = & L.
Y 5x 3 Divide each term by 3.

Comparey=%x—%toy=mx+c,
som=j3.

4
The gradient of the line is E
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To find the gradient of the radius at P,

_ 72 _ A2
(x=2)*+(y—6)*=100 first find the centre of the circle from

its equation.
The centre is (2, ©). + Compare (x — 2)? + (y — 6) = 100 to
(x — a)> + (y — b)y> = r?, where (q, b) is
6—0 the centre.
So the gradient of the radius at F = >—10 \
= i Use m= Mﬁ.
x2 - .x1

Here (xh }/1) = (1 O/ O) and (x2/ yZ) = (2’ 6)

Il I
| |
MO ®

4 )
Now, — X —— = —1, ¢
) 4

So, the radius at Fis perpendicular to the line.

Simplify the fraction, so divide top and
bottom by 2.

—

Test to see if the radius is
perpendicular to the line.

The above example is a particular instance of Use the product of the gradients of
this circle theorem: two perpendicular lines = —1.

B The angle between the tangent
and a radius is 90°.

B A tangent meets a circle at one
point only.

1 Write down the equation of these circles:
a Centre (3, 2), radius 4
b Centre (-4, 5), radius 6
¢ Centre (5, —6), radius 2V3
d Centre (2a, 7a), radius S5a
e Centre (-2V2, —3V2), radius 1

2 Write down the coordinates of the centre and the radius of these circles:
a (x+5%+(y—4)32=92
b x-72+@y-1>%=16
c (x+4)2+y*=25
d (x + 4a)’*+ (y + a)? = 144a?
e (x—3V5)2+ (y+V5)2=27

3 Find the centre and radius of these circles by first writing in the form (x — a)? + (y — b)> =
ax’+y’+4x+9y+3=0
b x>+y*+5x-3y—-8=0
c 2x2+2y>+8x+15y—-1=0
d2x?+2y>2-8x+8y+3=0
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4 In each case, show that the circle passes through the given point:
a(x-2>2+(@y-52=13, (4, 98)
b x+7)%+(y—2)?2=65 (0, -2)
c x?>+y?=25% (7, —24)
d (x — 2a)’> + (y + S5a)> = 20a?, (6a, —3a)
e (x—3V5)2+ (y — V5)2 = (2V10)?, (V5, —V5)

5 The point (4, —2) lies on the circle centre (8, 1). Find the equation of the circle.

6 The line PQ is the diameter of the circle, where P and Q are (5, 6) and (—2, 2) respectively.
Find the equation of the circle.

7 The point (1, —3) lies on the circle (x — 3)? + (y + 4)> = r%. Find the value of r.

8 The line y = 2x + 13 touches the circle x> + (y — 3)? = 20 at (-4, 5). Show that the radius at
(—4, 5) is perpendicular to the line.

9 The line x + 3y — 11 = 0 touches the circle (x + 1)+ (y + 6)2 =90 at (2, 3).
a Find the radius of the circle.
b Show that the radius at (2, 3) is perpendicular to the line.

10 The point P(1, —2) lies on the circle centre (4, 6).
a Find the equation of the circle.

b Find the equation of the tangent to the circle at P.

11 The tangent to the circle (x + 4)% + (y — 1)?> = 242 at (7, —10) meets the y-axis at § and the
x-axis at T.
a Find the coordinates of S and T.
b Hence, find the area of AOST, where O is the origin.

Find where the circle (x — 5)> + (y — 4)> = 65 meets the x-axis.

(x=B)2+ (y=4)2=65 — The circle meets the x-axis when iy = 0, so
substitute v = 0 into the equation.

Substitute y = O
(x — 5%+ (—4)* =65
=2 — —4X—-4=16
(x = B)z + L@ ©b
(x —5)? =49, Subtract 16 from each side.
x—5H = £7e

So x—5=7 —— Take the square root of each side, so that
V49 = +7.

xX=12—__
and xX—5=-7
x=—2 . Workout the values of x separately, adding

5 to each side in both cases.

So the circle meets the x-axis at (—2, 0)
and (12, 0).
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Find where the line y = x + 5 meets the circle x% + (y — 2)> = 29.

X2+ (y — 2)2 = 29

X2+ (x+5—2)2 =29 Solve the equations simultaneously, so
substitute ¥ = x + 5 into the equation of the
Xt (x+35)7=29 —0 cLiJrcIeI. ey | e
X2+ x2+6x+9 =29 Simplify inside the brackets.
2x°+6x—20 =0— Expand the brackets.
2
P+ B3x—10=0—__ 232 the x? terms and subtract 29 from each
(x+5)(x—=2) =0— Divide each term by 2.
Sox=—-5andx=2. Factorise the quadratic:
X —2 = —
Substitute x = —5 g + (_22) — lg
=0
Eulsiate 5w — 2 Now find the y-coordinates, so substitute the
— values of x into the equation of the line.
y=2+5
=7
So the line meets the circle at (—5, O) Remember to write the answer as coordinates.

and (2, 7).

Example

Show that the line y = x — 7 does not meet the circle (x + 2)? + y> = 33.

(x + 2)2 + 12 = 33 Solve.the equations §imultaneousl){, o)
- substitute y = x — 7 into the equation of the
(x+2)%+ (x=7)2=33 ’7 circle.
l—T—J
X2+ 4x + 4+ x2 —14x + 49 = 33 Expand the brackets.
242 —10x + 20 = O » S(cj)!ect like terms and subtract 33 from each
. - .
x*—ox+10=0 Simplify the quadratic, so divide each term
by 2.
T—’—\
Now  b*—4ac=(-5?—4X1X10
=25 — 40 — Use the discriminant b? — 4ac to test for
=15 roots of the quadratic equation.
b? — 4ac < 0, so the line does not meet Remember
< £ o goe LN If b> — 4ac> 0 there are two distinct roots.
the circle. If b> — 4ac = 0 there is a repeated root.

If b2 — 4ac < 0 there are no real roots.

As b2 — 4ac < 0, there is no solution to the
quadratic equation. So, the line does not
meet the circle.
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10

1

constants.

a Work out the value of a. b Work out the two possible values of p.

The line y = 2x — 8 meets the coordinate axes at A and B. The line AB is a diameter of the
3

Find where the circle (x — 1)? + (y — 3)? = 45 meets the x-axis.
Find where the circle (x — 2)2 + (y + 3)?> = 29 meets the y-axis.

The circle (x — 3)? + (y + 3)?> = 34 meets the x-axis at (a, 0) and the y-axis at (0, b).
Find the possible values of a and b.

The line y = x + 4 meets the circle (x — 3)>+ (y — 5)>= 34 at A and B.
Find the coordinates of A and B.

Find where the line x +y + 5 = 0 meets the circle (x + 3)? + (y + 5)> = 65.
Show that the line y = x — 10 does not meet the circle (x — 2)> + y? = 25.
Show that the line x + y = 11 is a tangent to the circle

2 —2)2 = Hint for question 7:
-3 =32 Show that the line

Show that the line 3x — 4y + 25 = 0 is a tangent to the meets the circle at one
circle x2 + y2 =25. point only.

The line y = 2x — 2 meets the circle (x — 2)> + (y — 2)> =20 at A and B.

a Find the coordinates of A and B.
b Show that AB is a diameter of the circle.

The line x +y = a meets the circle (x — p)> + (y — 6)> = 20 at (3, 10), where a and p are

circle. Find the equation of the circle.

The circle centre (8, 10) meets the x-axis at (4, 0) and (a, 0).

a Find the radius of the circle. b Find the value of a.

The circle (x — 5)? + y> = 36 meets the x-axis at P and Q. Find the coordinates of P and Q.

The circle (x + 4)> + (y — 7)> = 121 meets the y-axis at (0, m) and (0, n).
Find the value of m and n.

The line y = 0 is a tangent to the circle (x — 8)? + (y — a)> = 16. Find the value of a.

The point A(—3, —7) lies on the circle centre (5, 1).
Find the equation of the tangent to the circle at A.

The circle (x + 3)? + (y + 8)2 = 100 meets the positive coordinate axes at A(a, 0) and B(0, b).
a Find the value of a and b.
b Find the equation of the line AB.

The circle (x + 2)> + (y — 5)? = 169 meets the positive coordinate axes at C(c, 0) and D(0, d).
a Find the value of c and d. b Find the area of AOCD, where O is the origin.
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The circle, centre (p, q) radius 25, meets the x-axis at (—7, 0) and (7, 0), where g > 0.
a Find the value of p and 4.
b Find the coordinates of the points where the circle meets the y-axis.

Show that (0, 0) lies inside the circle (x — 5)> + (y + 2)?> = 30.

The points A(—4, 0), B(4, 8) and C(6, 0) lie on a circle. The lines AB and BC are chords of
the circle. Find the coordinates of the centre of the circle.

The points R(—4, 3), $(7, 4) and T(8, —7) lie on a circle.
a Show that ARST has a right angle. b Find the equation of the circle.

The points A(=7, 7), B(1, 9), C(3, 1) and D(—7, 1) lie on a circle. The lines AB and CD are
chords of the circle.

a Find the equation of the perpendicular bisector of i AB ii CD.
b Find the coordinates of the centre of the circle.

The centres of the circles (x — 8)> + (y — 8)> =117 and (x + 1)> + (y — 3)> = 106 are P and Q
respectively.

a Show that P lies on (x + 1)> + (y — 3)?> = 106.
b Find the length of PQ.

The line y = —3x + 12 meets the coordinate axes at A and B.

a Find the coordinates of A and B.

b Find the coordinates of the mid-point of AB.

¢ Find the equation of the circle that passes through A, B and O, where O is the origin.

The points A(-5, 5), B(1, 5), C(3, 3) and D(3, —3) lie on a circle. Find the equation of the
circle.

The line AB is a chord of a circle centre (2, —1), where A and B are (3, 7) and (-5, 3)
respectively. AC is a diameter of the circle. Find the area of AABC.

The points A(—1, 0), B, '2) and C (}, —'3) are the vertices of a triangle.

a Show that the circle x? + y? = 1 passes through the vertices of the triangle.

b Show that AABC is equilateral.

The points P(2, 2), Q2 + V3, 5) and R(2 — V3, 5) lie on the circle (x — 2)2 + (y — 4)2 =72,
a Find the value of r. b Show that APQR is equilateral.

The points A(—3, —2), B(—6, 0) and C(p, g) lie on a circle centre (=3, 2). The line BC is a
diameter of the circle.

a Find the value of p and 4.
b Find the gradient of i AB ii AC.
¢ Show that AB is perpendicular to AC.

Find the centre and radius of the circle with equation x? + y? — 6x — 2y — 6 = 0.
Find the centre and radius of the circle with equation x? + y> — 10x + 16y — 11 = 0.
Find the centre and radius of the circle with equation x2 + y2 + 8x — 6y + 18 = 0.

Find the centre and radius of the circle with equation x>+ y> —x — 3y — 2= 0.



Coordinate geometry in the (x, y) plane

Summary of key points
1 The mid-point of (x;, ¥;) and (x,, y,) is

X1 tXy, Y1 t)Y2
2 2 )

(29, ¥2)

2 The distance d between (x;, ¥;) and (x5, y,) is VA

d=V[(x,— %)%+ (y2— ¥y (2 2)
/

(1, 1)

0 X

3 The equation of the circle centre (a, b) radius r 7
is (x —a)2+ (y — b)2=r2 ‘
0
4 A chord is a line that joins two points on the
circumference of a circle. @

RV
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5 The perpendicular from the centre of a circle
to a chord bisects the chord.

6 The angle in a semicircle is a right angle.

7 A tangent is a line that meets a circle at one
point only.

8 The angle between a tangent and a radius is 90°.

210 [©] [
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Review EXxercise

. . 2—-2x -3
Simplity Ty

In AABC, AB = V5 cm, ZABC = 45°,
£ BCA = 30°. Find the length of BC.

a Write down the value of log; 81

b Express 2log,4 + log, 5 as a single
logarithm to base a.

P is the centre of the circle
(x— 1%+ (y + 4)?%=81.
Q is the centre of the circle
(x + 3)* + y2 = 36.

Find the exact distance between the points
Pand Q.

Divide 2x® + 9x2 + 4x — 15 by (x + 3).

In AABC, AB = 5cm, BC = 9cm and

CA = 6 cm. Show that cos/ TRS = —%.

a Find, to 3 significant figures, the value
of x for which 5% = 0.75.

b Solve the equation 2logsx — logs3x = 1

B The circle C has equation

(x +4)>+ (y — 1)> = 25.

The point P has coordinates (—1, 5).

a Show that the point P lies on the
circumference of C.

b Show that the centre of C lies on the
linex — 2y + 6 = 0.

g a Show that (2x — 1) is a factor of

2x3 — 7x%2 — 17x + 10.

b Factorise 2x3 — 7x2 — 17x + 10
completely.

(1) In APQR, QR = 8cm, PR = 6cm and

/PQR = 40°.
Calculate the two possible values of 2 QPR.

a Express logz(%) in terms of log, a and
log, b.

b Find the value of 10g,3.

The points L(3, —1) and M(S, 3)are the end

points of a diameter of a circle, centre N.
a Find the exact length of LM.

b Find the coordinates of the point N.

¢ Find an equation for the circle.




B) fix) =3x3 + 22— 38 + ¢
Given that f(3) = 0,
a find the value of ¢,
b factorise f(x) completely,

¢ find the remainder when f(x) is divided
by (2x — 1).

€%} In AABC, AB = 5cm, BC = (2x - 3)cm,
CA = (x + 1)cm and 2ZABC = 60°.
a Show that x satisfies the equation
x> —8x+16=0.
b Find the value of x.

¢ Calculate the area of the triangle, giving
your answer to 3 significant figures.

a Solve 0.6% = 0.8, giving your answer to
3 significant figures.

b Find the value of x in log,243 = 2.5.

Show that part of the line 3x + y = 14
forms a chord to the circle
(x — 2)> + (y — 3)> = 5 and find the length
of this chord.

gx) =x3—13x + 12
a Find the remainder when g(x) is divided
by (x — 2).
b Use the factor theorem to show that
(x — 3) is a factor of g(x).
¢ Factorise g(x) completely.

() The diagram shows AABC, with BC = xm,
CA =(2x - 1)m and £BCA = 30°.
Given that the area of the triangle is

2.5m?,
B

C (2x — 1)m
a find the value of x,

b calculate the length of the line AB,
giving your answer to 3 significant
figures.

a Solve 32~ 1 = 10, giving your answer
to 3 significant figures.

b Solve log,x + 10g,(9 — 2x) = 2

@ Prove that the circle
(x + 4)>2 + (y — 5)> + 82 lies completely
inside the circle x> + y> + 8x — 10y = 59.

fix) = x3 + ax + b, where a and b are
constants.
When f{x) is divided by (x — 4) the
remainder is 32.
When f{x) is divided by (x + 2) the
remainder is —10.
a Find the value of a and the value of b.

b Show that (x — 2) is a factor of f(x).

@ Ship B is 8 km, on a bearing of 030°, from
ship A.
Ship Cis 12km, on a bearing of 140°, from
ship B.
a Calculate the distance of ship C from
ship A.

b Calculate the bearing of ship C from
ship A.

a Express log,12 — (3l0g,9 + 1log,8) as a
single logarithm to base p.
b Find the value of x in log,x = —1.5.

m The point P(4, —2) lies on a circle, centre
C(1, 5).
a Find an equation for the circle.

b Find an equation for the tangent to the
circle at P.

€D The remainder when x* — 2x + a
is divided by (x — 1) is equal to the
remainder when 2x* + x — a is divided by
(2x + 1). Find the value of a.

[Hint: Use the remainder theorem.]



@ The diagram shows AABC. The line y = 5x — 13 meets the circle

Calculate the area of AABC. (x — 2)> + (y + 3)> = 26 at the points A
B and B.
a Find the coordinates of the points A
and B.
4.3cm M is the mid-point of the line AB.
3.5cm

b Find the equation of the line which
A 407 = G - passes through M and is perpendicular
o ehemem to the line AB. Write your answer in the
form ax + by + ¢ = 0, where a, b and ¢

Solve 32 +1 + 5 = 16(3%). are integers.
[Hint: Lety = 3]

The circle C has equation

@ The coordinates of the vertices of AABC x>+ y>—10x + 4y + 20 = 0.
are A(2, 5), B(0, 2) and C(4, 0). Find the length of the tangent to C from
Find the value of cosZ ABC. the point (—4, 4).

Solve the simultaneous equations

4loggx + 4logzy = 9
6log;x + 6log,y = 7

[Hint: Change all the logarithms to base 3].




After completing this chapter you should be able to

1 use Pascal’s Triangle to expand expressions of the
form (a + b)"

2 use combination and factorial notation to expand
expressions of the form (a + b)"

3 use the expansion of (1 + x)" to expand (a + b)".
You will revisit the above techniques in Core 4 when you

will expand expressions when n is not a positive integer.
In the meantime see if you can solve the problem below.

The binomial
expansion

Sammy the spider has a rectangular Y

shaped web. He sleeps and eats at .

the point (0, 0). How many different 3 %
2
1

ways are there to catch a fly that
lands at the point (4, 3) if he only

can move * or » 1 2 3 4

If you cannot solve this problem straight away write
down how many different ways there are to get to all
coordinate points. Complete Section 5.1 and see if
you can see the link.



The binomial expansion

5,1 You can use Pascal’s Triangle to quickly expand expressions such as (x + 2y)3.

Consider the following:
(@a+b! =a+b
(a+b)? =(a+Db)a+b)=a®+ 2ab+ b?
(a+b)® =(a+ b)a+ b)?=(a+ b)(a®>+ 2ab + b?)
= a(a® + 2ab + b?) + b(a* + 2ab + b?)
= a® + 2a’b + ab? + ba?® + 2ab® + b3

= a3+ 3a?b + 3ab? + b3

Similarly (a + b)* = a* + 4a’b + 6ab* + 4ab® + b*.

Setting these results out in order starting with (a + b)° we find that:

(a+b)° = 1
Hint: The terms all have
(a+ D)= la + 1b the same index as the
( b)z ) b 2 original expression. For
a-+ = la + a + 1 example, look at the
3 3 ) ) 3 line for (a + b)3. All of
(a+Db) = la= + 3ab + 3ab” + 1b the terms have a total
index of 3 (a3, a®b, ab?
@+bi= la* + 4 + 6a’V’ + 4ab® + 1b*  and b, Gheee
You should notice the following patterns:
¢ The coefficients form a pattern that is known as Pascal’s Triangle.
1
1 1
1\+ /2 1 Hint: To get from one line to
1 3¥ + 3 1 the next you add adjacent
\ / pairs of numbers.
1 4 6 4 1
1 5 10 10 5 1
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Use Pascal’s Triangle to find the expansions of:

a (x+2y)°
b (2x - 5)

a (x+2y)°*

The coefficients are 1, 3, 3, 1 so:

(x + 2y)° = 1x° + 3x%(2y) + 3x(2y)?

+ 1(2y)°

= x% + 6x%y + 12xy° + &y°

b (2x —B5)*e

The coefficients are 1, 4, ©, 4, 1 and

terms are:

(2x)*, (2x)°(—5)\, (2x)*(—5)?,

(2x)'(=5)% (=5)*

So (2x ~ B)* = 1(2x)* + 4(2x)3(—5)

+ 6(2x)?(—5)?

+ 4(2x)'(=5)°

+1(—5)

= 16x* — 160x° + 600x?

— 1000x + 625

constant c.

The coefficients are 1, 3, 3, 1°

The term in x%is 3 X 2(—cx)? = 6%

So 6¢% = 294

c? =49

c==x7 |

Index = 3 so look at the 4th line in Pascal’s
Triangle to find the coefficients.

Use the expansion of (a + b)3.
Remember (2y)% = 4y2.

Index = 4 so look at the 5th line of Pascal’s
Triangle.

Use the expansion of (a + b)*.

Careful with the negative numbers!

The coefficient of x? in the expansion of (2 — cx)? is 294. Find the possible value(s) of the

Index = 3, so use the 4th line of Pascal’s
Triangle to find coefficients.

From the expansion of (a + b)3 the x2 term
is 3ab?> where a= 2 and b= —cx.

Set up and solve an equation in c.



The binomial expansion

1 Write down the expansion of:

a (x +y)? b (p+¢q)° c (a—-b)} d (x+4)3

e (2x —3)* f (a+2)y g (3x—4)* h (2x — 3y)*
2 Find the coefficient of x3 in the expansion of:

a (4+x)?* b (1-x)° c (3+2x)3 d (4 +2x)°

e (2+x)° f (4-x)* g (x+2)° h (3 - 2x)*

3 Fully expand the expression (1 + 3x)(1 + 2x)3.

4 Expand (2 + y)3. Hence or otherwise, write down the expansion of (2 +x — x?)? in ascending
powers of x.

5 Find the coefficient of the term in x3 in the expansion of (2 + 3x)3(5 — x)3.

6 The coefficient of x? in the expansion of (2 + ax)?3 is 54. Find the possible values of the
constant a.

7 The coefficient of x? in the expansion of (2 — x)(3 + bx)? is 45. Find possible values of the
constant b.

1\3
8 Find the term independent of x in the expansion of (xz - Z) .

5,2 You can use combinations and factorial notation to help you expand binomial
expressions. For larger indices, it is quicker than using Pascal’s Triangle.

Suppose that three people A, B and C are running a race. There are six different outcomes for
their finishing positions.
The number can be calculated as:

After the first and second
A B, C
AC B places have been awarded,
" 3X2X1

there is only 1 place left for

B, A, C i
y 0y the third place.
B, C, A \After the winner p
C, A B has crossed the
There are three line there are
C B A runners in the 2 choices for
race: A, B or C. second place.

We can represent 3 X 2 X 1 using what is termed factorial notation.
3!, pronounced ‘3 factorial’ =3 X 2 X 1.

B n=nxn-1)xMN-2)xXx(n-3)x..x3x2x1
Note: By definition, 0! = 1

Suppose you wish to choose any two letters from A, B and C, where order does not matter. There
3!

are three different outcomes. We can represent this by 3C, or (;) =S
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B The number of ways of choosing r items from a group of n items is written "C, or (’;) and is
I
calculated by (n——nm
3! 6

G-22 - 1x2 >

eg.3C,=

1 Find the values of the following:

8! 10!
a 4! b 6! C a d —9'—
e ‘C, f 3C; g °C, h °C,
i 10C, j C, K 8C; 1 "C,

2 Calculate:
a ‘C, b (4) c 4C, d (4>

1 3 (i)

Now look at line 5 of Pascal’s Triangle. Can you find any connection?

3 Write using combination notation:
a Line 3 of Pascal’s Triangle.

b Line 5 of Pascal’s Triangle.
4 Why is °C, equal to (Z)7

a Answer using ideas on choosing from a group.

b Answer by calculating both quantities.

5,3 You can use (’;) to work out the coefficients in the binomial expansion.

B The binomial expansion is
(a+b)"=(a+ b)(a+b) ... (a+b)

—_——

n times
="Coa" + "C;a" b + "C,a"2b? + "C;a"3b3 + ... + "C,b"

or (n)a" + (n)a"“b + (n)a"‘zb2 + (n)a"‘3b + ...+ (n)b" Hint: You do not
0 1 2 3 n need to memorise
both these forms of
L. the binomial
W Similarly, expansion. You
(a+ bx)"="Cya" + "C,a" 'bx + "C,a"2b*c% + "C;a"3b3x3 + ..."C bx" should be able to
work out this form

M oy (M gn-1 M 2p2.2 0 (M n-3p3,3 M nn from the expansion
or(o)a +<1>a bx+(2>a b’x +<3)a b3x +...+(n>bx of (a + by,



The binomial expansion

Example H

Use the binomial theorem to find the expansion of (3 — 2x)>:

There will be 6 terms.
The terms have a total index of 5.
Use (a + bx)"where a=3, b= —2x

dn=>5.
+(5)z2(—2x)° + (B)3/(—2x)" T
3 4 There are (2) ways of choosing 2 '—2x’

(3 — 2x)° =35+ (?)54(—2@ - (2)55(—2902

+ (—2x)5 terms from 5 brackets.
= 243 — 810x + 1080x% — 720x2
+ 240x* — 32x°

X\10
Find the first four terms in ascending powers of x of (1 - Z) and, by using a suitable

substitution, use your result to find an approximate value to (0.975)'. Use your calculator to
find the degree of accuracy of your approximation.

x \10
(-4
4
x\1 x\2

10 19 _ =\ 18 _ v/
Terms are 17, 1 ( 4)’1 ( 4) ,and 1 ( 4) All terms have total index = 10.

Coefficients are °C, 1°C, 1°C, 1°C;

‘ X!
You are selecting 2 = s from

Combining, we get the first four terms to equal:
10 brackets.

10 10 10 S X\! 10 & X\?

xX\2

1065(1)7(—Z> F oo

=1—2bx + 2.8125x% — 1.8675x° ...

X
We want (1 = Z) = 0.975 Calculate the value of x.
X
— = 0.025
4
x = 0.1

x\10
Substitute x = 0.1 into the expansion for (1 = Z) 2

0.975° = 1— 0.25 + 0.028 125 — 0.001 875 Substitute % = 0.1 info your
= 0.77625 expansion.
Using a calculator (0.975)° = 0.776 329 62

So approximation is correct to 4 decimal places.
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1 Write down the expansion of the following:
a (2x +y)* b (p—q)° c (1+2x)* d 3+x)?
e (1-x)* f (4-x)* g (2x + 3y)s h (x +2)°

2 Find the term in x3 of the following expansions:
a 3+x) b (2x +y)° c (1-x)° d 3+2x)°
e (1+x)1° f (3-2x)° g (1+x)% h (4 - 3x)’

3 Use the binomial theorem to find the first four terms in the expansion of:

a (1+x)0 b (1-2x)° c (1+3x)° d 2-x)8
e (2- )" f G-u) g (x+2y)° h (2x - 3y)’

4 The coefficient of x? in the expansion of (2 + ax)® is 60.
Find possible values of the constant a.

5 The coefficient of x3 in the expansion of (3 + bx)> is —720.
Find the value of the constant b.

6 The coefficient of x% in the expansion of (2 + x)(3 — ax)* is 30.
Find the values of the constant a.

X \6
7 Write down the first four terms in the expansion of (1 - 16) .

By substituting an appropriate value for x, find an approximate value to (0.99)%. Use your
calculator to find the degree of accuracy of your approximation.

X\ 10
8 Write down the first four terms in the expansion of (2 + E) .

By substituting an appropriate value for x, find an approximate value to (2.1)!°. Use your
calculator to find the degree of accuracy of your approximation.

5,4 You need to be able to expand (1 + x)" and (a + bx)" using the binomial expansion.

B (1+x)= (3)1" + (7)1"%1 + (;')1"-%2 + (;'>1"-3x3 + (Z)1n-4x4 PR (’;)1‘x

n-— I)x2 + n(n—1)(n - 2)x3 + n(n—1)(n—2)(n-3) .

n(
=1+m+— 3! 2



The binomial expansion

Find the first four terms in the binomial expansion of a (1 + 2x)° and b (2 — x)°:

Compare (1 + x)" with (1 + 2x)".

nn—1) H(”_1)(”_2)x5+

a (1+2x)°=1+nx+ x? +
2l 3|
5(4 5(4)(3
=1+ 5(2x) + —;l—)(Zx)2 - %#(23()5 + ... T Replace n by 5 and ‘x’ by 2x.

=14+ 10x + 40x2 + 80x° + ...

The expansion only works for (1 + x)",
so take out a common factor of 2.

A\ g
~—
N

|

K
~—
>

|
1
N
—
|
R R
N~———

[0 S S
>
>

-1-2)
2

= 26(1 + 6(—5) + 6_@(_5)2 Replace n by 6 and ‘x’ by i in

2 2l 2 2
the expansion of (1 + x)".
6 X5 X4 3
L OXOXG(mp,

o 2) )

Multiply terms in bracket by 2°.

15 5
=201—2x+—x?——x%+ ...
4 2

= 64 — 192x + 240x% —160x° + ...

1 Use the binomial expansion to find the first four terms of

X\10
a (1+x)? b (1 - 2x) c (HE)
d (1-3x) e (2+x) £ (3-2x)
g (2-3x)° h (4 +x)* i (24 5x)

2 Ifx is so small that terms of x* and higher can be ignored, show that:
(24 x)(1 - 3x)°>=~2—29x + 165x?

3 Ifx is so small that terms of x3 and higher can be ignored, and
2-x)3+x)*=a+bx + cx?

find the values of the constants a, b and c.
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4 When (1 - 2x)? is expanded, the coefficient of x? is 40. Given that p > 0, use this
information to find:

a The value of the constant p.
b The coefficient of x.
¢ The coefficient of x3.

5 Write down the first four terms in the expansion of (1 + 2x)%. By substituting an appropriate
value of x (which should be stated), find an approximate value of 1.028. State the degree of
accuracy of your answer.

R Mixed exercise [H3

1 When (1 — %)’ is expanded in ascending powers of x, the coefficient of x is —24.

a Find the value of p.
b Find the coefficient of x? in the expansion.

¢ Find the coefficient of x* in the expansion. 9

2 Given that:
2-x)B=A+Bx+Cx%+ ...

find the values of the integers A, B and C. 9

3 a Expand (1 — 2x)!? in ascending powers of x up to and including the term in x?,
simplifying each coefficient in the expansion.

b Use your expansion to find an approximation to (0.98)!°, stating clearly the
substitution which you have used for x. e

4 a Use the binomial series to expand (2 — 3x)!° in ascending powers of x up to and
including the term in x3, giving each coefficient as an integer.

b Use your series expansion, with a suitable value for x, to obtain an estimate for 1.971°,
giving your answer to 2 decimal places. 9

5 a Expand (3 + 2x)* in ascending powers of x, giving each coefficient as an integer.
b Hence, or otherwise, write down the expansion of (3 — 2x)* in ascending powers of x.

¢ Hence by choosing a suitable value for x show that (3 + 2V2)* + (3 — 2V2)* is an
integer and state its value. 9

6 The coefficient of x? in the binomial expansion of (1 + %)n, where 7 is a positive
integer, is 7.
a Find the value of n.
b Using the value of n found in part a, find the coefficient of x*. G

7 a Use the binomial theorem to expand (3 + 10x)* giving each coefficient as an integer.

b Use your expansion, with an appropriate value for x, to find the exact value of
(1003)%. State the value of x which you have used. 9



8

10

11

12

13

14

The binomial expansion

a Expand (1 + 2x)'? in ascending powers of x up to and including the term in x?,
simplifying each coefficient.

b By substituting a suitable value for x, which must be stated, into your answer to part a,
calculate an approximate value of (1.02)'2.

¢ Use your calculator, writing down all the digits in your display, to find a more exact value
of (1.02)'2.

d Calculate, to 3 significant figures, the percentage error of the approximation found

in part b. e
1y o §
Expand (x - ;) , simplifying the coefficients. '

In the binomial expansion of (2k + x)", where k is a constant and » is a positive integer, the
coefficient of x? is equal to the coefficient of x3.

a Prove that n = 6k + 2.

b Given also that k = 3, expand (2k + x)" in ascending powers of x up to and including
the term in x3, giving each coefficient as an exact fraction in its simplest form. e

a Expand (2 + x)°® as a binomial series in ascending powers of x, giving each coefficient as
an integer.

b By making suitable substitutions for x in your answer to part a, show that
(2 + V3)® — (2 — V3)¢ can be simplified to the form kV3, stating the value of the

integer k. 9

The coefficient of x? in the binomial expansion of (2 + kx)8, where k is a positive constant,
is 2800.

a Use algebra to calculate the value of k.

b Use your value of k to find the coefficient of x* in the expansion. e

a Given that
2+x)°+(2—-x)°=A+Bx*>+ Cx?,
find the value of the constants A, B and C.
b Using the substitution y = x> and your answers to part a, solve
(2+x)°+ (2—x)°=349. 9

In the binomial expansion of (2 + px)3, where p is a constant, the coefficient of x2 is 135.
Calculate:

a The value of p,
b The value of the coefficient of x* in the expansion. Q
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Summary of key points

1

2

You can use Pascal’s Triangle to multiply out a bracket.

You can use combinations and factional notation to help you expand binomial
expressions. For larger indices it is quicker than using Pascal’s Triangle.

n=nXm-1)XnM-2)Xn—-3)X...X3X2X1

] ] ] ] g n
The number of ways of choosing r items from a group of n items is written "C, or ( r)'
3! 6

G-zl 1xz °

e.g. 3C,=

The binomial expansion is

(a+ b)"="Coa" + "Cia"'b + "Cpa" ?b + "C3a" b3 + ... + "C,b"

M o (T a1 M\ 232 o (T n-3},3 . a
or (O)a -I-(l)a b+(2>a b +(3>a b +...+<n)b

Similarly,

(a + bx)" ="Cya™ + "Cya" 'bx + "Coa™ ?b*x? 4+ "Csa"3b3x3 + ..."C, b"x"
nn nn—l nn—ZZZ nn—333 nnn
or (O)a +(1)a bx-i-(z)a b*x +<3)a b3x +...+<n>bx

N n(n — l)x2 N nin—1)(n— 2)x3 N nn—1)(n-2)(n-3) it

Q1+x)" =1+nx 5] 3] 1l




After completing this chapter you should be able to
1 convert between radians and degrees and vice versa

2 know and use the formula in radians for the length
of an arc

3 know and use the formula in radians for the area
of a sector

4 know and use the formula in radians for the
segment of a circle.

Radians are a very important way of measuring angles in
A level Mathematics. You will meet them every time you
encounter trigonometry, including chapter 8 in C2.

Radian measure and
its applications

Did you know?

...why there are 360° in a circle? Although 360 has many
factors it seems such an arbitrary number to choose
especially since we tend to work in 10’s 100’s or 1000’s.

The answer could be that ancient astronomers thought
that there was 360 days in a year and 1° was the angle by
which the stars advanced around the planet each day.

Another explanation could be that the Babylonians
counted in base 60 rather than base 10. They were aware
that the circumference of a circle was abount six times its
radius giving the answer

6 X 60 = 360° in a whole turn.



6,1 You can measure angles in radians.

In Chapter 2 you worked with angles in degrees, where one degree is 3¢5th of a complete
revolution. This convention dates back to the Babylonians. It has the advantage that 360 has a
great number of factors making division of the circle that much easier, but it is still only a
convention. Another and perhaps initially stranger measure of an angle is the radian.

B If the arc AB has length r, then £AOB is 1 radian (1€ or 1 rad).

Hint: The symbol for
radians is ¢, so 6 means

A that 6 is in radians. If there
’\ is no symbol with an angle
r you should assume that it
« j is in radians, unless the
B context makes it clear that

it is in degrees.

You can put this into words.

B A radian is the angle subtended at the centre of a circle by an arc whose length is equal to
that of the radius of the circle.

As an arc of length r subtends 1 radian at the centre of the circle, it follows
that the circumference (an arc of length 2#r) subtends 2+ radians at the
centre.

2nr

As the circumference subtends an angle of 360° at the centre,

2 radians = 360°
so 7 radians = 180°

It follows that 1 rad = 57.295 ...°.

B 1 radian = EO_

ko
|

Convert the following angles into degrees:

7 4
a —S—rad b 5 rad
7 4
a —rad b —rad
15 180° Remember that 7rad = 180°.
= Py X 160° =4 X R Check using your calculator.
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S a Caution: If you have been

Convert the following angles into radians: working in radian mode on
your calculator make sure

a 150° b 110° you return to degree mode
when working with
questions involving degrees.

a 150° = 150X —— rad
180 '«
Sar ‘

- ?_rad Since 180° = wrrad, 1° = 1—78% rad.
b 110° = 10X —— rad
= ——ra
1860 | _
i 4 It is worth remembering that 30° = 3 rad.
=_—mra
16 .

Your calculator will give the decimal answer
1.91986...
These answers, in terms of 7, are exact.

1 Convert the following angles in radians to degrees:

a b~ ¢ 27
20 15 12
T 7 7

) ) £
Sw 37 .

8 T h 7 i 37

2 Use your calculator to convert the following angles to degrees, giving your answer to the
nearest 0.1°

a 0.46¢ b 1¢ c 1.135¢ d V3¢
e 2.5¢ f 3.14¢ g 3.49¢

3 Use your calculator to write down the value, to 3 significant figures, of the following
trigonometric functions.

a sin 0.5¢ b cos\2¢ ¢ tan 1.05¢ d sin 2¢ e cos3.6¢

4 Convert the following angles to radians, giving your answers as multiples of

a 8° b 10° c 22.5° d 30°
e 45° f 60° g 75° h 80°
i 112.5° j 120° k 135° 1 200°
m 240° n 270° o 315° p 330°

5 Use your calculator to convert the following angles to radians, giving your answers to
3 significant figures:

a 50° b 75° c 100°
d 160° e 230° £ 320°.




6.2 The formula for the length of an arc of a circle is simpler when you use radians.

B To find the arc length [ of a circle use the formula I = r6, where
r is the radius of the circle and 0 is the angle, in radians,

contained by the sector. \l

Show that the length of an arc is I = ré.

l
The circle has centre O and radius r. j

The arc AB has length I. B
l 0
S50 —=— .
2wr 2
Length of arc angle AOB
I =r6 =

s - Circumference  total angle around O

(both angles are in radians).

Multiply throughout by 27r.
If you know two of r, # and /, the third can

y be found.
7.l Example Y

Find the length of the arc of a circle of radius 5.2 cm, given that the arc subtends an angle of
0.8 rad at the centre of the circle.

Arc length = 5.2 X 0.6 cm
=416cm

Use [ = r6, with r= 5.2 and 6= 0.8.

|

An arc AB of a circle, with centre O and radius rcm, subtends an angle of 6 radians at O. The
perimeter of the sector AOB is P cm. Express r in terms of 6.

rcm A

Draw a diagram to display the data.

rcm
B

P=rO+2r o The perimeter = arc AB + OA + OB, where
arc AB = ré.
=z irem——— Factorising.

Ry T
T2+
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Example 3

The border of a garden pond consists a straight edge AB of length 2.4 m, and a curved part C, as
shown in the diagram below. The curved part is an arc of a circle, centre O and radius 2 m. Find
the length of C.

C subtends the reflex angle 6 at O, so length
of C=26.

0]
5 A You can use the isosceles triangle AOB to
find the angle AOB inside the triangle.
A S B (Use your calculator in radian mode.)
, 1.2
5N X = ?
x = 0.6435 rad
Acute LAOB = 2x rad
= 2(0.6425)
= 1.267 rad
So 0= (2m —1287) rad 6 + acute L AOB = 2 rad.
= 4.990 rad
So length of C=9.99m (3 s.f.) C=26

Exercise m

1 An arc AB of a circle, centre O and radius rcm, subtends an angle 6 radians at O.
The length of AB is I cm.

a Find / when i r=6,60=0.45 ii r=45,60=045 iiir=20,60=3im
b Find r when i 1=10,6=0.6 ii 1=1.26,0=0.7 iii /=157 =57
¢ Find 6 when i 1=10,r=75 ii 1=4.5,r=5.625 iiil=V12,r=V3

2 A minor arc AB of a circle, centre O and radius 10 cm, subtends an angle x at O. The major
arc AB subtends an angle Sx at O. Find, in terms of , the length of the minor arc AB.

3 An arc AB of a circle, centre O and radius 6 cm, has length / cm. Given that the chord AB
has length 6 cm, find the value of /, giving your answer in terms of .




The sector of a circle of radius V10 cm contains an angle of V5 radians,
as shown in the diagram. Find the length of the arc, giving your
answer in the form pVq cm, where p and q are integers.

V10cm V10cm
Referring to the diagram, find: 2cm
a The perimeter of the shaded region when 3cm
6 = 0.8 radians. 0
b The value of § when the perimeter of the shaded 3em
region is 14 cm.
2cm

A sector of a circle of radius rcm contains an angle of 1.2 radians. Given that the sector has
the same perimeter as a square of area 36 cm?, find the value of r.

A sector of a circle of radius 15 cm contains an angle of 6 radians. Given that the perimeter
of the sector is 42 cm, find the value of 6.

In the diagram AB is the diameter of a circle, centre O and radius 2 cm. The point C is on
the circumference such that 2 COB = %= radians.

Q fwir

A B
2cm

a State the value, in radians, of ZCOA.

The shaded region enclosed by the chord AC, arc CB and AB is the template for a
brooch.

b Find the exact value of the perimeter of the brooch.

The points A and B lie on the circumference of a circle with centre O and radius 8.5 cm.
The point C lies on the major arc AB. Given that ZACB = 0.4 radians, calculate the length
of the minor arc AB.

In the diagram OAB is a sector of a circle, centre O and radius R cm, 0

and £ZAOB = 260 radians. A circle, centre C and radius rcm, touches
the arc AB at T, and touches OA and OB at D and E respectively, as
shown.
a Write down, in terms of R and r, the length of OC.
D E
b Using AOCE, show that Rsin 6 =r (1 + sin 6).
¢ Given that sin 6= 3 and that the perimeter of the sector L )
OAB is 21 c¢m, find r, giving your answer to 3 significant A B

figures. T
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6,3 The formula for the area of a sector of a circle is simpler when you use radians.

B To find the area A of a sector of a circle use the formula A = 3r29,

where r is the radius of the circle and 6 is the angle, in radians,
contained by the sector. q

Show that the area of the sector of a circle with radius r is A = 3r26.

g

Q

The circle has centre O and radius r.
The sector FOQ has area A.

So A = b . area of sector angle POQ
w27 area of circle  total angle around O
1
A=—r20>
2 L Multiply throughout by 7r?.
If you know two of r, # and A, the third can
be found.
Example [}
In the diagram, the area of the minor sector AOB is A
28.9 cm?.
Given that ~AOB = 0.8 radians, calculate the value
ofr.
B
1
26.9 = EF(O.&) =04r°
286.9 — Let area of sector be Acm?, and use A = 3r26.
So 1’2 = —OZ =72.25

Find r? and then take the square root.

r=585




A plot of land is in the shape of a sector of a circle of radius 55 m. The length of fencing that is
erected along the edge of the plot to enclose the land is 176 m. Calculate the area of the plot of

land.

55me

55m
B

Arc AB =176 — (55 + 55)
=o6m ¢
o =550 ¢
So 6 =12radians
Area of plot = 3(55)%(1.2)
= 1815 m?

Draw a diagram to include all the data and
let the angle of the sector be 6.

As the perimeter is given, first find length of
arc AB.

Use the formula for arc length, /= ré.

Use the formula for area of a sector, A = 3r26.

6,4 You can work out the area of a segment using

radians.

B The area of a segment in a circle of radius r is
A =312 (9 sin 0)

Leemee @

Show that the area of the shaded segment in the circle
shown is 32 (6 — sin 6)

Area of shaded minor segment

= area of sector AOB — area of triangle AOB.
Area of sector AOB =320

Area of triangle AOB = 22 sin 6.

5o area of shaded minor segment
= 2120 — 32 sin 0
= 32(0 — sin 6)

major
segment

minor segment

Use A = 3r26.

Use sab sin C from Section 2.7.
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In the diagram AB is the diameter of a circle of radius rcm, and 2BOC = 6 radians. Given that
the area of AAOC is three times that of the shaded segment, show that 36 — 4 sin 6 = 0.

C
0
A - o) - B
Area of segment = %rz(e — 5in 0) * Area olf segment area of sector — area of
triangle.
Area of AAOC = 51 sin(ar — 6) °
= 1r%sin 0.« ‘ ‘
T . 1 . £ AOB = 7 radians.
So z2r° sin 0 = 3 X 3r*(0 — sin 6) —— Remember from Section 2.3 that
5in 0 = 3(60 — sin 0) sin(180° — 6°) = sin 6° so sin(w — 6) = sin 6.

So 30—4s5n60=0 L

Area of AAOC = 3 X area of shaded segment.

(In Chapter 4 of Book C3 you will be able to
find an approximation for 6.)

Exercise

(Note: give non-exact answers to 3 significant figures.)

1 Find the area of the shaded sector in each of the following circles with centre C.
Leave your answer in terms of 7, where appropriate.




For the following circles with centre C, the area A of the shaded sector is given. Find the
value of x in each case.

a b C

A =12cm?

The arc AB of a circle, centre O and radius 6 cm, has length 4 cm.
Find the area of the minor sector AOB.

The chord AB of a circle, centre O and radius 10 cm, has length 18.65 cm and subtends an
angle of 6 radians at O.

a Show that 6= 2.40 (to 3 significant figures).
b Find the area of the minor sector AOB.

The area of a sector of a circle of radius 12 cm is 100 cm?.
Find the perimeter of the sector.

The arc AB of a circle, centre O and radius rcm, is such that ZAOB = 0.5 radians.
Given that the perimeter of the minor sector AOB is 30 cm:

a Calculate the value of r.
b Show that the area of the minor sector AOB is 36 cm?.

¢ Calculate the area of the segment enclosed by the chord AB and the minor arc AB.

In the diagram, AB is the diameter of a circle of

radius rcm and 2 BOC = 6 radians. Given that the ¢
area of ACOB is equal to that of the shaded segment,
show that 6 + 2sin 6 = .

0

A 0 B
In the diagram, BC is the arc of a circle, centre O and 3em B
radius 8 cm. The points A and D are such that OA = OD = 5 cm. A
Given that ~BOC = 1.6 radians, calculate the area of the 5cm
shaded region.
(0]
D
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9 In the diagram, AB and AC are tangents to a circle, centre O B
and radius 3.6 cm. Calculate the area of the shaded region,

given that ~BOC = $r radians. 3.6cm A

C

10 A chord AB subtends an angle of 6 radians at the centre O of a circle of radius 6.5 cm.
Find the area of the segment enclosed by the chord AB and the minor arc AB, when:

a 0=0.38 b 6=3x c 0=i7

11 An arc AB subtends an angle of 0.25 radians at the circumference of a circle, centre O and
radius 6 cm. Calculate the area of the minor sector OAB.

12 In the diagram, AD and BC are arcs of circles with centre O, such A gom

that OA = OD =rcm, AB=DC =8 cm and Z2BOC = 6 radians. rcm

a Given that the area of the shaded region is 48 cm?, show that O <

r= % — 4. D

b Given also that r =106, calculate the perimeter of the shaded region. C
13 A sector of a circle of radius 28 cm has perimeter Pcm and area A cm?2.

Given that A = 4P, find the value of P. s
14 The diagram shows a triangular plot of land. The sides AB, BC

and CA have lengths 12m, 14 m and 10 m respectively. The lawn

is a sector of a circle, centre A and radius 6 m.

a Show that ZBAC = 1.37 radians, correct to 3 significant figures.

b Calculate the area of the flowerbed. °"/  Fowebed \!™

B 14 m ¢

1 Triangle ABC is such that AB=5cm, AC=10cm and ZABC = 90°.

An arc of a circle, centre A and radius 5 cm, cuts AC at D.

a State, in radians, the value of ZBAC.

b Calculate the area of the region enclosed by BC, DC and the arc BD.
2 The diagram shows a minor sector OMN of a circle centre O and M N

radius rcm. The perimeter of the sector is 100 cm and the area of the

sector is A cm?2.

a Show that A = 50r — 2. rem

b Given that r varies, find:

0

i The value of r for which A is a maximum and show that A is a maximum.
ii The value of ~MON for this maximum area.
iiiThe maximum area of the sector OMN. 9




3 The diagram shows the triangle OCD with 0
OC = 0D =17 cm and CD = 30 cm. The mid-point
of CD is M. With centre M, a semicircular arc A; is
drawn on CD as diameter. With centre O and
radius 17 cm, a circular arc A, is drawn from C to C D
D. The shaded region R is bounded by the arcs A,
and A,. Calculate, giving answers to 2 decimal
places:

a The area of the triangle OCD.
b The angle COD in radians.

¢ The area of the shaded region R. Q

4 The diagram shows a circle, centre O, of radius 6 cm.
The points A and B are on the circumference of the circle.
The area of the shaded major sector is 80 cm?.
Given that ZAOB = 6 radians, where 0 < 6 < 7, A
calculate:
a The value, to 3 decimal places, of 6.
b The length in c¢m, to 2 decimal places, of the minor B e

arc AB.

5 The diagram shows a sector OAB of a circle, centre O and A
radius rcm. The length of the arc AB is pcm and £AOB is
6 radians.

rcm

a Find 6 in terms of p and r. 0 pcm
b Deduce that the area of the sector is 3prcm?.

rcm
Given that r=4.7 and p = 5.3, where each has been measured to

1 decimal place, find, giving your answer to 3 decimal places:
¢ The least possible value of the area of the sector.
d The range of possible values of 6. 9

6 The diagram shows a circle centre O and radius 5 cm. A
The length of the minor arc AB is 6.4 cm.
a Calculate, in radians, the size of the acute angle AOB.
The area of the minor sector AOB is R, cm? and the area
of the shaded major sector AOB is R, cm?.
b Calculate the value of R;.
¢ Calculate R, : R, in the form 1:p, giving the value of p B 9

to 3 significant figures.
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p
2d
0]
Q
Shape X Shape Y

The diagrams show the cross-sections of two drawer handles.

Shape X is a rectangle ABCD joined to a semicircle with BC as diameter. The length
AB =dcm and BC = 2d cm. Shape Y is a sector OPQ of a circle with centre O and
radius 2d cm. Angle POQ is 6 radians.

Given that the areas of shapes X and Y are equal:

a prove that =1 + .

Using this value of 6, and given that d = 3, find in terms of =:
b the perimeter of shape X,
¢ the perimeter of shape Y.

d Hence find the difference, in mm, between the perimeters of shapes X and Y. 9
The diagram shows a circle with centre O and radius 6 cm. £

The chord PQ divides the circle into a minor segment R; of

area A; cm? and a major segment R, of area A, cm?. The chord

PQ subtends an angle 6 radians at O. R,

a Show that A; = 18(0 — sin 6).

Given that A, = 34; and f(0) = 20— 2sin 0 — m:

b prove that f(6) = 0. Q

¢ Evaluate £(2.3) and (2.32) and deduce that 2.3 < < 2.32.

Triangle ABC has AB =9 cm, BC = 10 cm and A
CA =5 cm. A circle, centre A and radius 3 cm,
intersects AB and AC at P and Q respectively, 9cm

as shown in the diagram. Sem
a Show that, to 3 decimal places, /

£ BAC = 1.504 radians. 4 5
b Calculate: < 10cm >

i the area, in cm?, of the sector APQ,

ii the area, in cm?, of the shaded region BPQC, Q

iii the perimeter, in cm, of the shaded region BPQC.




10 The diagram shows the sector OAB of a circle of radius rcm. A

The area of the sector is 15 cm? and ZAOB = 1.5 radians.

a Prove that r = 2V5.

b Find, in cm, the perimeter of the sector OAB.

The segment R, shaded in the diagram, is enclosed by the arc AB
and the straight line AB.

¢ Calculate, to 3 decimal places, the area of R.

and radius AB, as shown in the diagram. The triangle ABC is
equilateral and has perpendicular height 3 cm.

a Find, in surd form, the length of AB.
b Find, in terms of =, the area of the badge.

2V3
¢ Prove that the perimeter of the badge is T(Tr + 6) cm.

R
\/
0]
11 The shape of a badge is a sector ABC of a circle with centre A B'C
A

12 There is a straight path of length 70 m from the point A Railway track

to the point B. The points are joined also by a railway

track in the form of an arc of the circle whose centre is Path
o . . a

C and whose radius is 44 m, as shown in the diagram. A

70m
a Show that the size, to 2 decimal places, of ZACB is

1.84 radians. 44m

b Calculate:
i the length of the railway track, C
ii the shortest distance from C to the path,
iii the area of the region bounded by the railway track and the path.

44m

13 The diagram shows the cross-section ABCD of a glass A 4cm D

prism. AD = BC = 4 cm and both are at right angles to DC. .~
AB is the arc of a circle, centre O and radius 6 cm. Given 6cm .

that ZAOB = 26 radians, and that the perimeter of the
cross-section is 2(7 + ) cm: 026

a show that (20+ 2sinf— 1) = g, 6 cm .

w
b verify that 6= L
¢ find the area of the cross-section.

14 Two circles C; and C,, both of radius 12 cm, have centres O, and O, respectively. O, lies on

the circumference of C,; O, lies on the circumference of C;. The circles inters
and enclose the region R.

a Show that ZAO,B = 3 radians.
b Hence write down, in terms of =, the perimeter of R.
¢ Find the area of R, giving your answer to 3 significant figures.

ect at A and B,
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Summary of key points

1 If the arc AB has length r, then £ZAOB is 1 radian
(1€ or 1rad).

2 A radian is the angle subtended at the centre of a circle
by an arc whose length is equal to that of the radius of
the circle.

180°

m

3 1 radian =

4 The length of an arc of a circle is I = ré.

5 The area of a sector is A = 3r26.

6 The area of a segment in a circle is A = 1r2(6 — sin 6).
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After completing this chapter you should be able to

recognise a geometric sequence and state its
common ratio

calculate the nth term of a geometric sequence
find the sum of a geometric series
solve problems involving growth and decay

find the sum to infinity of a convergent geometric
series.

Geometric sequences

and series

Did you know?

...A knowledge of geometric sequences and series will
help you understand much of the world of finance
including loans and investments.

Mortgages can be calculated using the formula for the
sum of a geometric series.



Geometric sequences and series

7,1 The following sequences are called geometric sequences. To get from one term
to the next we multiply by the same number each time. This number is called
the common ratio, r.

1,2, 4,8, 16, ...
100, 25, 6.25, 1.5625, ...
2, -6, 18, —54, 162, ...

Example [}

Find the common ratios in the following geometric sequences:
a 2, 10, 50, 250, ...
b 90, -30, 10, —3;3

Use uy, U, etc. to refer to the individual
terms in a sequence.

a 2,10,50, 290, ... Here u; = 2, u, =10, us = 50.
10 . .
Common ratio=—=5 To find the common ratio calculate
2 U U
U Uz.

— Common ratio = Y2
a 90, —30,10, =33 Tu
. _ —30 1 . : :
Common ratio = % = —g A common ratio can be negative or a fraction

(or both).

Exercise

1 Which of the following are geometric sequences? For the ones that are, give the value of r’

in the sequence:

al, 24.8,1632,..
c 40, 36, 32, 28, ...

e 10,5,2.5,1.25, ...
g333333,3, ..

b 2,5, 8,11, 14, ...

d 2, 6,18, 54, 162, ...

f 5 -55 -55, ..

h 4, -1, 0.25, -0.0625, ...

2 Continue the following geometric sequences for three more terms:
a 5, 15,45, .. b 4, -8, 16, ..
c 60, 30, 15, ... d1,}% .
e 1,pp% ... f x, —2x2 4x3, ...




3 If 3, x and 9 are the first three terms of a geometric

sequence. Find:

a the exact value of x,
b the exact value of the 4th term.

T T

a, ar,

ar?,

T

1st term 2nd term 3rd term

/.2 You can define a geometric sequence using
the first term a and the common ratio r:

ar3, ... ar"
T T
4th term nth term

L )

Find the i1 10th and ii nth terms

-
.

in the following geometric sequences:

a3, 6,12, 24, ...
b 40, —20, 10, -5, ...

a 3,0,12,24, ...
ANAA

i 10th term =3 X (2)% +
=3 XDb12
= 1556

i nthterm=3X2"".

N AN A

Hint for question 3:
In a geometric sequence
the common ratio can be

u u
calculated by —2 or —.
Uy U

Sometimes a geometric sequence
is called a geometric progression.

Hint: Look at the relationship
between the position of the term
in the sequence and the index of
the term. You should be able to
see that the index of r is one less
than its position in the sequence.
So the nth term of a geometric
sequence is ar" ~ 1.

For this sequence a=3 and r=$§= 2.

For the 10th term use ar"" with a = 3,

r=2and n=10.

r=2.

b 40,-20,10,-5, ... *

i 10th term = 40 X (—3)%s
=40 X —
- o4
ii nth term = 40 X (—%)ﬂ—1 -
=5X8 X (—3)!
=5 X 22X (—3)" s

= (-

1
512

n—1 5
X 5_—4

Use laws of indices =
X

So 23 X

For this sequence a =40 and r= -1

For the nth term use ar" ! with a = 3 and

1

Use ar"1 with a = 40, r= —% and n = 10.

Use ar"! with a =40, r= —3 and n= n.

xm 1

xn—m'

1

n=1-3°
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The second term of a geometric sequence is 4 and the 4th term is 8.
Find the exact values of a the common ratio, b first term and c the

10th term:

a 2ndterm =4, ar=4
4th term = 6, ar° = &

@+® r=2
r=V2
So common ratio = V2

D

@._

b Substitute back in 1) aV2 =4

4

TV
42
2

a=2\/§

So first term = 2V2

@ 10th term = ar’

= 2V2(V2)?
= 2(V2)°
=2 X 25

=04

50 10th term = 64

Using nth term = ar™!
with n=2
and n=4.

Divide equation by V2.

To rationalise %, multiply top and bottom
by V2.

Substitute the values of a(= 2V2) and
r(=V2) back into ar"' with n= 10.

(\/5)10 — (2%)10 — 217><10 =25




The numbers 3, x and (x + 6) form the first three terms of a positive geometric sequence.

Find:
a the possible values of x, b the 10th term of the sequence.
u u
a =2 The sequence is geometric so L_5%
Uy Uy up U
X x+6 .
-—=—" Cross multiply.
) X
x? =3(x + 6)
x?=2x+18
X2 —3x—18 =0
(x—06)(x+3) =0 Factorise.
x =06or—3

So x is either 6 or —3, but there are no «—+———— If there are no negative terms then —3
. cannot be an answer.
hegative terms so x = ©.

Accept x = ©, as terms are positive.

b 10th term = ar®

=3 X 29 Use the formula nth term = ar"~' with n=9,
X

=3 XbH12 a=3andr:§=g=2.

= 1536

The 10th term is 1536.

Exercise

1 Find the sixth, tenth and nth terms of the following geometric sequences:
a 2,618, 54, ... b 100, 50, 25, 12.5, ...
cl1l -24 -8, .. d1,1.1,1.21, 1331, ...

2 The nth term of a geometric sequence is 2 X (5)". Find the first and Sth terms.

3 The sixth term of a geometric sequence is 32 and the 3rd term is 4. Find the first term and
the common ratio.
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4 Given that the first term of a geometric sequence is 4, and the third is 1, find possible
values for the 6th term.

5 The expressions x — 6, 2x and x2 form the first three terms of a geometric progression.
By calculating two different expressions for the common ratio, form and solve an
equation in x to find possible values of the first term.

/.3 You can use geometric sequences to solve problems involving growth and decay,
e.g. interest rates, population growth and decline.

PETIY 5 |

Andy invests £A at a rate of interest 4% per annum.
After 5 years it will be worth £10 000.
How much (to the nearest penny) will it be worth after 10 years?

If property values are increasing at 4% per

B X1 annum, the multiplication factor is 1.04
At e e iAo HO (100% + 4%). So you multiply by 1.04 for
After 2 years it will be worth each year you have this rise. However, if
FAX 104X 1.04 = £A X 1.042 unemployment is coming down by 4% per

annum, then the factor is 0.96 (100% — 4%).

So after b years investment is worth

£A X 1.04° This is a geometric sequence where a = £A
and r=1.04.

A X 1.045 = £10 000
£10 000
T 1040 Divide by 1.045.

— £8219.27

After 5 years the investment is worth £10 000.

The initial investment A = £8219.27

After 10 years the investment is worth Use the exact value of A.

A X 1.04°
10 000
A X 0 = ——— X 1,04
1.04°
=10 000 X 1.045+ Use laws of indices i—: = =1,
=12106.529 02

= £12160.53 Put to the nearest penny.

s

g

| f‘
\ Ly
| o
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What is the first term in the geometric progression 3, 6, 12, 24, ... to exceed 1 million?

nth term = ar"!
=3 X (2)" Sequence has a= 3 and r= 2.

We want nth term >1000 000

So 3 X (2)™!" >1000 000
1000 OO0

> .

)

) 1000 000
log(2)"! > log — =

—— (1 000 OOO)

S (2) Divide by 3.

To solve this equation take logs of both sides.

Log "= nlog a.

(h— 1) log(2) > log

— Divide by log 2.
(1 000 OOO)
log 5
(n—1 > —
log(2)
n—12>16.35 (2d.p.)
n >19.55
n =20 ¢ n has to be an integer.

The 20th term is the first to exceed
1000 000.

A population of ants is growing at a rate of 10% a year. If there were 200 ants in the initial
population, write down the number after

a 1 year, b 2 years, ¢ 3 years and d 10 years.

A motorcycle has four gears. The maximum speed in bottom gear is 40 kmh! and

the maximum speed in top gear is 120 km h~!. Given that the maximum speeds in

each successive gear form a geometric progression, calculate, in kmh™! to one

decimal place, the maximum speeds in the two intermediate gears. e

A car depreciates in value by 15% a year. If it is worth £11 054.25 after 3 years, what was its
new price and when will it first be worth less than £5000?

The population decline in a school of whales can be modelled by a geometric progression.
Initially there were 80 whales in the school. Four years later there were 40. Find out how
many there will be at the end of the fifth year. (Round to the nearest whole number.)
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5 Find which term in the progression 3, 12, 48, ... is the first to exceed 1 000 000.

by
3

6 A virus is spreading such that the number of people infected increases by 4% a day. Initially
100 people were diagnosed with the virus. How many days will it be before 1000 are

infected?

7 linvest £A in the bank at a rate of interest of 3.5% per annum. How long will it be before I
double my money?

8 The fish in a particular area of the North Sea are being reduced by 6% each year due to
overfishing. How long would it be before the fish stocks are halved?

7,4 You need to be able to find the sum of a geometric series.

Find the general term for the sum of the first n terms of a geometric series a, ar, ar?, ..., ar’.

let S,=atart+tarr+al+..+ar2+a"Q)

. Multiply by r.
rS,=ar+art+ar’+ ... +ar" '+ ar @)
M- @ gives 5, — rS,= a— ar" * Subtract rS, from S,,.
S(1—r =a(l— r”)-—|
a(1—r" Take out the common factor.
n ¢
T—r

Divide by (1 — r).

za(r"—1) or a(l1-r"
r—1 1-r

B The general rule for the sum of a geometric series is §,,

PENTIY 8 |

Find the sum of the following series:
a2+6+18+ 54+ ... (for 10 terms)
b 1024 - 512+ 256 —-128 + ... +1

a Series is
2+6+156+ 54+ ... (for 10 terms) «———— As in all questions, write down what is given.

60322,:”:%:53}101/1:10

2(3'° — 1 n_
50 5 = (— ) =59 0486 As r=3 (>1), use the formula S, = ar &
5 —1 r—1
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T
b Series is
1024 — 512 + 2560 — 1286 + ... +1
50 2=1024, r= —65 = 2
and nth term =1
1024(_%);74 =1 First solve ar"™' = 1 to find n.
(=2)1=1024
2m1 =1024+ (=2)"1 = (=1)""1(2") = 1024, s0 (— 1)
log 1024 must be positive and 27" = 1024.
a log 2
— n—"1=10-¢ 1024 = 21°
n=1
1024[1 — (—5)" » As r=—3 (<1) we use the formula
. 90 9y = w _ad—r)

[ (_E) Sn_

1024(1 + 2555)
142

_ 10245
5

2

1—r °

=063

An investor invests £2000 on January 1st every year in a savings account that guarantees him
4% per annum for life. If interest is calculated on the 31st of December each year, how much
will be in the account at the end of the 10th year?

End of year 1, amount = 2000 X 1.04 * A paie @ AV% rresme 21 (4L

Start of year 2, amount = 2000 X 1.04 + 2000 \
End of year 2, amount = (2000 X 1.04 + 2000) X 1.04 Every new year he invests £2000.
= 2000 X 1.042 + 2000 X 1.04 \

Start of year 3,
At the end of every year the
amount = 2000 X 1.04% + 2000 X 1.04 + 2000 total amount in the account is

End O_': year 3 multlplled by 1.04.

amount = (2000 X 1.04? + 2000 X 1.04 + 2000) X 1.04
= 2000 X 1.04° + 2000 X 1.042+ 2000 X 1.04

S0 by end of year 10, Look at the values for the end

of year 3 and extend this for

amount = 2000 X 1.04° + 2000 X 1.04° + ... 10 years.
+ 2000 X 1.04
= 2000(1.04° +1.04° + ... +1.04) -« This is a geometric series.
1.04 —1 r—1

= 2000 X 124606 ... = £24 972.70
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Find the least value of n such that the sumof 1+ 2+ 4 + 8 + ... to n terms would exceed

2000 000.

(2" = 1)

Sum to ntermsis S, = 17_7

= 2" —1

If this is to exceed 2 OO0 OO0 then
S, > 2000 000
2" —1>2000 000
2" >2000 001

nlog(2) > log(2 OO0 O01)

- log(2 000 001)
log(2)
n>20.9
[t needs 21 terms to exceed 2 OO0 OO0

PEI 11|

10
Find > (3 X 2.

r=1

10
S0 = (3% 2"

r=1

=23X2'+3X22+3X2°
+..+3X20°
=32 +2+2°+ ... +29

—

(210—_1')

=5 X2——
2—1

505, = 6138

Exercise

1 Find the sum of the following geometric series (to 3 d.p. if necessary):
b 32+ 16+ 8 + ... (10 terms)
c 4-12+36-108... (6 terms) d 729 — 243 + 81 — ... —3

8

f > 2x@3y

r=1 r=1

5
h > 60X (-3
r=0

al+2+4+8+... (8terms)

6
eZ4’

10
g 6X0@)

r=1

e )

Substitute a=1, r= 2 into S, = p—

Add 1.

Use laws of logs: loga” = n loga.

Round up n to the nearest integer.

3’ means ‘sum of’ — in this case the sum of
BX%x2)fromr=1tor=10.

This is a geometric series with a=2, r=2
and n=10.
r—1




2 The sum of the first three terms of a geometric series is 30.5. If the first term is 8, find
possible values of r.

3 The man who invented the game of chess was asked to name his reward. He asked for
1 grain of corn to be placed on the first square of his chessboard, 2 on the second, 4 on the
third and so on until all 64 squares were covered. He then said he would like as many grains
of corn as the chessboard carried. How many grains of corn did he claim as his prize?

4 Jane invests £4000 at the start of every year. She negotiates a rate of interest of 4% per
annum, which is paid at the end of the year. How much is her investment worth at the end
of a the 10th year and b the 20th year?

5 Aball is dropped from a height of 10 m. It bounces to a
height of 7 m and continues to bounce. Subsequent heights
to which it bounces follow a geometric sequence. Find out:

a how high it will bounce after the fourth bounce,

b the total distance travelled until it hits the
ground for the sixth time.

6 Find the least value of n such that the sum 3+ 6 + 12 + 24 + ... to n terms would first
exceed 1.5 million.

7 Find the least value of n such that the sum 5 + 4.5 + 4.05 + ... to n terms would first
exceed 45.

8 Richard is sponsored to cycle 1000 miles over a number of days. He cycles 10 miles on
day 1, and increases this distance by 10% a day. How long will it take him to complete the
challenge? What was the greatest number of miles he completed in a single day?

9 A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the
plan. Alan wants to save up £20 000. He works out that he can afford to save £500 every
year, which he will deposit on 1 January. If interest is paid on 31 December, how many
years will it be before he has saved up his £20 000?

/.5 You need to be able to find the sum to infinity of a convergent geometric series.

Consider the series S=3+1.5+0.75+0.375+ ...

No matter how many terms of the series you take, the sum never exceeds a certain number. We
call this number the limit of the sum, or more often, its sum to infinity.

We can find out what this limit is.

- 31— (3"
Asa=3andr=%,8=a(1 ) _ 12 =6(1- ()"
1-r 1-3

If we replace n with certain values to find the sum we find that

when n =3, §;=15.25

when n=135, §; = 5.8125
when n =10, §;, = 5.9994
when n = 20, S,, = 5.999 994
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You can see that as n gets larger, S becomes closer and closer to 6.

We say that this infinite series is convergent, and has a sum to infinity of 6. Convergent means
the series tends towards a specific value as more terms are added.

Not all series converge. The reason that this one does is that the terms of the sequence are

getting smaller.

This happens because —1 <r<1.

The sum to infinity of a series exists only if -1 <r<1.

_ald-r)
S = 1-r
If-1<r<l,m->0asn—»
a(l1-0) a
SO(): =
1-r 1-r

a
B The sum to infinity of a geometric series is 1=,
if Ih<1.

eI 12

Find the sums to infinity of the following series:
a 40+ 10+ 2.5 +0.625 + ...

1 1
bl+—+—-+..
pp

a40+10+ 25+ 0625+ ...
In this series a = 40 and r = — = —
40 4
—1<r<1, 50 5, exists
4 40 20 1D

1-r 1-1 2 3

1,1
b1+—+—+...
p P

‘ , U ‘15 1
In this seriec a=1and r=—=—=—
U1 1 P
1
S will exist if ‘—‘ <1ls0p>1.
p
1
=5
__P

Hint: You can write ‘the
sum to infinity’ is S..

Hint: Irl means -1 <r<1.

Always write down the values of g and r,

.u
using =2 for r.
t

. _ _10_1.
Substlgute a=40and r= 20 2 into

1-r

S:

Multiply top and bottom by p.




The sum to 4 terms of a geometric series is 15 and the sum to infinity is 16.

a Find the possible values of r.

b Given that the terms are all positive, find the first term in the series.

1-r
a(l — 1" S, =15 so0 use the formula S, = ad -
al—op O =
T—r with n = 4.
a
— =10 .
T—r @ S. =16 so use the formula S, = % with
s o ’ S.=16.
16(1—r) =15
1—r=% "
P Solve equations simultaneously.
—— B a . .
o=l —— Replace -— by 16 in equation @
~ Divide by 16.
Rearrange.

b As all terms positive, r= +3
Substitute r= +3 back into

equation (2) to find a
a

- =16
1=z
16(1—3) =a

a=5&

Exercise

a 1+0.1+0.01+0.001+ ...
c 10-5+25-1.25+...

e l+1+1+1+1+...

g 04+08+1.2+1.6+...
i 1+r+r24+13+...

of 30.

of —3.

The first term in the series is &.

Take the 4th root of 1.

1 Find the sum to infinity, if it exists, of the following series:

b1+2+4+8+16+...
d2+6+10+14
£f3+1+3+5+..

h 9+8.1+7.29+6.561+ ...
j 1—2x+4x2-8x3+...

2 Find the common ratio of a geometric series with a first term of 10 and a sum to infinity

3 Find the common ratio of a geometric series with a first term of —5 and a sum to infinity
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4 Find the first term of a geometric series with a common ratio of  and a sum to infinity
of 60.

i = i—ilw"
. 3

8

5 Find the first term of a geometric series with a common ratio of —3 and a sum to infinity of 10.

6 Find the fraction equal to the recurring decimal 0.2323232323.  Hint for question 6: Write
w (2).232 ?;23 232 g as
7 Find > 4(0.5)" 166 + 10000 + T006000 + ---
r=1

f‘
\ Ly
| o

8 A ball is dropped from a height of 10 m. It bounces
to a height of 6 m, then 3.6, and so on following a
geometric sequence.

Find the total distance travelled by the ball.

9 The sum to three terms of geometric series is 9 and its sum to infinity is 8. What could you
deduce about the common ratio. Why? Find the first term and common ratio.

10 The sum to infinity of a geometric series is three times the sum to 2 terms. Find all possible
values of the common ratio.

Mixed exercise

1 State which of the following series are geometric. For the ones that are, give the value of the
common ratio r.

a4+7+10+13+16+ ... b4+6+9+13.5+...
c 20+10+5+25+... d4-8+16—-32+ ...
e 4-2-8-14— ... f 1+1+1+1+...

2 Find the 8th and nth terms of the following geometric sequences:

a 10,7,4.9, ... b 5, 10, 20, ...
c 4,44, .. d 3, —1.5,0.75, ...
3 Find the sum to 10 terms of the following geometric series:
a4+8+16+... b 30-15+7.5, ...
c S+5+5, ... d2+08+0.32, ...

4 Determine which of the following geometric series converge. For the ones that do, give the
limiting value of this sum (i.e. S.).

a6+2+3+.. b4-2+1-..
c 5+10+20+... d4+1+025+...

5 A geometric series has third term 27 and sixth term 8:
a Show that the common ratio of the series is %
b Find the first term of the series.
¢ Find the sum to infinity of the series.

d Find, to 3 significant figures, the difference between the sum of the first 10 terms e
of the series and the sum to infinity of the series.




The second term of a geometric series is 80 and the fifth term of the series is 5.12:

a Show that the common ratio of the series is 0.4.
Calculate:

b the first term of the series,
¢ the sum to infinity of the series, giving your answer as an exact fraction,

d the difference between the sum to infinity of the series and the sum of the first
14 terms of the series, giving your answer in the form a X 10", where 1 <a <10
and 7 is an integer.

The nth term of a sequence is u,, where u,, = 95(%)”, n=1,273, ...

a Find the value of u; and u,.
Giving your answers to 3 significant figures, calculate:

b the value of u,,,

15
¢ > u,

n=1

\E

d Find the sum to infinity of the series whose first term is u; and whose nth term is u,,. e

A sequence of numbers uy, u, ..., u,, ... is given by the formula u,, = 3G -1
where 7 is a positive integer.

a Find the values of u;, u, and u;.

15
b Show that > u,=—9.014 to 4 significant figures.
n=1

¢ Prove that u,., = 23" - 1.

The third and fourth terms of a geometric series are 6.4 and 5.12 respectively. Find:
a the common ratio of the series,

b the first term of the series,

¢ the sum to infinity of the series.

d Calculate the difference between the sum to infinity of the series and the sum of
the first 25 terms of the series.

The price of a car depreciates by 15% per annum. If its new price is £20 000, find:
a a formula linking its value £V with its age a years,

b its value after 5 years,

¢ the year in which it will be worth less than £4000.

o

o

The first three terms of a geometric series are p(3q + 1), p(2q + 2) and p(2g — 1) respectively,

where p and q are non-zero constants.

a Use algebra to show that one possible value of g is 5 and to find the other possible value

of q.
b For each possible value of ¢, calculate the value of the common ratio of the series.

Given that g = 5 and that the sum to infinity of the geometric series is 896, calculate:

¢ the value of p,
d the sum, to 2 decimal places, of the first twelve terms of the series.

o
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A savings scheme pays 5% per annum compound interest. A deposit of £100 is invested in
this scheme at the start of each year.

a Show that at the start of the third year, after the annual deposit has been made, the
amount in the scheme is £315.25.

b Find the amount in the scheme at the start of the fortieth year, after the annual
deposit has been made. G

A competitor is running in a 25 km race. For the first 15 km, she runs at a steady rate of
12km h~!. After completing 15 km, she slows down and it is now observed that she takes
20% longer to complete each kilometre than she took to complete the previous kilometre.

a Find the time, in hours and minutes, the competitor takes to complete the first 16 km of
the race.

The time taken to complete the rth kilometre is u, hours.

b Show that, for 16 <r <25, u, = 15(1.2)" 15

¢ Using the answer to b, or otherwise, find the time, to the nearest minute, that she
takes to complete the race. 9

A liquid is kept in a barrel. At the start of a year the barrel is filled with 160 litres of the

liquid. Due to evaporation, at the end of every year the amount of liquid in the barrel is

reduced by 15% of its volume at the start of the year.

a Calculate the amount of liquid in the barrel at the end of the first year.

b Show that the amount of liquid in the barrel at the end of ten years is approximately
31.5 litres.

At the start of each year a new barrel is filled with 160 litres of liquid so that, at the end of

20 years, there are 20 barrels containing liquid.

¢ Calculate the total amount of liquid, to the nearest litre, in the barrels at the end
of 20 years. G

At the beginning of the year 2000 a company bought a new machine for £15 000. Each year
the value of the machine decreases by 20% of its value at the start of the year.

a Show that at the start of the year 2002, the value of the machine was £9600.

b When the value of the machine falls below £500, the company will replace it. Find the
year in which the machine will be replaced.

¢ To plan for a replacement machine, the company pays £1000 at the start of each year
into a savings account. The account pays interest of 5% per annum. The first payment
was made when the machine was first bought and the last payment will be made at the
start of the year in which the machine is replaced. Using your answer to part b, find
how much the savings account will be worth when the machine is replaced. 9

A mortgage is taken out for £80 000. It is to be paid by Hint for question 16: Find an

annual instalments of £5000 with the first payment expression for the debt

being made at the end of the first year that the remaining after n years and

mortgage was taken out. Interest of 4% is then charged solve using the fact that if it is
. . . paid off, the debt = 0.

on any outstanding debt. Find the total time taken to

pay off the mortgage.
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Summary of key points
1 In a geometric series you get from one term to the next
by multiplying by a constant called the common ratio.
2 The formula for the nth term = ar" ! where a = first
term and r = common ratio.
3 The formula for the sum to n terms is
a(l—r") a(r"—1)
=TT T T
4 The sum to infinity exists if Il <1 and is S.,= L

1-r



After completing this chapter you should be able to
1 calculate the sine, cosine and tangent of any angle

2 know the exact trigonometrical ratios for 30°, 45°
and 60°

3 sketch the graphs of the sine, cosine and tangent
functions

4 sketch simple transformations of these graphs.

Graphs of
trigonometric
functions

It may seem unlikely but trigonometrical graphs occur quite
often in everyday life.

For example sound waves move according to the equation
y = Asin(kt)
where A represents the amplitude which is a measure of the

‘loudness’ and k represents the frequency which is a measure
of ‘pitch’

-

A sine wave
t
Ainphtude

<— Wavelength —>

In fact any backward and forward motion such as a person on
a swing or a weight on a spring can be described as sinusoidal.
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* 3.7 You need to be able to use the three basic trigonometric functions for any angle.

You can use the trigonometric ratios C
) opposite adjacent opposite
sinf=——— cosf=———— tanff=————
hypotenuse hypotenuse adjacent hypotenuse
| opposite

to find the missing sides and angles in a right-angled triangle.

To extend the work on sine, cosine and tangents to cover
angles of any size, both positive and negative, we need to A o [ ] B
modify these definitions.

adjacent
You need to know what is meant by positive and negative angles.

The line OP, where O is the origin, makes an angle 6 with the positive x-axis.
Draw diagrams to show the position of OP where 6 equals:

a +60° b +210° c —60° d —-200°
a
YA P
+60°
60°
(0] x
b
YA
+210/\
&30" o x
p
c
YA
0[\60° X
—60° You could also give the angles in radians as
T 7 T 107
+> bt+— ¢—5 d—1r
P 273 6 © 3 9
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Graphs of trigonometric functions

Remember: Anticlockwise angles are
T20° positive, clockwise angles are negative,
measured from the positive x-axis.

S
KRY

—200°

B The x-y plane is divided into quadrants:
— 2702

Second First
quadrant | quadrant Hint: Angles may lie outside the
0° range 0-360°, but they will
—180° +180° > . —360° always lie in one of the four
0 ¥ +360 quadrants.
Third Fourth

quadrant | quadrant

Draw diagrams to show the position of OP where 6 =:a +400°, b +700°, ¢ —480°.

a
YA
P
[ Do
NI
+400° 360° + 40°
b YA

360° + 340°




>

60° w x
| —480° ~360° — 120°

1 Draw diagrams, as in Examples 1 and 2 , to show the following angles. Mark in the
acute angle that OP makes with the x-axis.

a —80° b 100° c 200°
d 165° e —145° £ 225°
g 280° h 330° i —160°
37 7
j —280° kK — [
J 4 6
m 7 n 27 0 o7
3 8 9

2 State the quadrant that OP lies in when the angle that OP makes with the positive x-axis is:

a 400° b 115° c -210°
d 255° e -100° £ 183
11 13
5
B For all values of 6, the definitions of sin 6, cos 6 and & 6 acute
tan 0 are taken to be P(x,y)
sin0=z,. c050=£r tan0=% o gx I'ng;c

where x and y are the coordinates of
P and ris the length of OP.

The values of sin 6 and cos 6, where 6 is a multiple P(x,y) § obtuse

of 90°, follow from the definitions above.




/’

Graphs of trigonometric functions

Write down the values of a sin 90°, b sin 180°, ¢ sin 270°, d cos 180°, e cos (—90)° £ cos 450°.

a sin90° =1 P has coordinates (0, r) so sin 90° = £

b sin1&0°=0"* P has coordinates (—r, 0) so sin 180° = %
¢ sin270° = —1 P has coordinates (0, —r) so sin 270° = I
d cos180° = —1 P has coordinates (—r, 0) so cos 180° = ——.
e cos (—90) =0 P has coordinates (0, —r) so cos (—90)° =

f c0s5450° =0 P has coordinates (0, r) so cos 450° = %

Tan 6 = a so when x = 0 and y # 0 tan 6 is indeterminate. J
X PO, r)
This is when P is at (0, r) or (0, —1).
W
When y =0, tan 6 = 0. This is when P is at (r, 0) or (—r, 0).

P(-r, 0) P(r, 0)
e Tan 6 =0 when 6 is 0° or an even multiple of 90° (or — radlans

Exercise

(Note: do not use a calculator.)

KY

¢ Tan 6 is indeterminate when 6 is an odd multiple of 90° (or 2 radlans

1 Write down the values of:

a sin (—90)° b sin450° c sin 540° d sin(—450)°
e cos (—180)° f cos(—270)° g cos270° h cos810°
i tan360° j tan(—180)°
2 Write down the values of the following, where the angles are in radians:
a sin 3m b sin|—— c sin3 d sin 7m
2 ( 2) i 2
3
e cos0 f cosw g Cos —zz h cos (——Zz)

i tanw j tan (—2m)
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% 8.2 You need to know the signs of the three trigonometric functions in the four quadrants.

In the first quadrant sin, cos and tan are positive.

By considering the sign of x and y, the coordinates of P, you can find the sign of the three
trigonometric functions in the other quadrants.

Find the signs of sin 6, cos § and tan 6 in the second quadrant (6 is obtuse, 90° < 6§ < 180°).

. | -\ : :
) r Draw a circle, centre O and radius r, with
h \ P(x, y) on the circle in the second quadrant.

* 0 x

WS

As x is —ve and y is +ve in this quadrant

. y  tve
ginf===——= +ve
r +ve
X —ve
cos 0 =—=——= —ve
r +ve
+ve
tan0=z=——= —ve
X —ve

So only sin 6 is positive.

B In the first quadrant sin, cos and tan are all +ve. 90°
In the second quadrant only sine is +ve. 7
In the third quadrant only tan is +ve. Sin All
In the fourth quadrant only cos is +ve.
180° > 0, 360°
X
Tan Cos
270°

The diagram shows which trigonometric functions are positive in each quadrant.

"~ You might find it useful to make up a mnemonic to remember these results.
., For example: All Silver Toy Cars.




Graphs of trigonometric functions

If you make one up, it is a good idea to keep to the order A, S, T, C.

Show that:

a sin (180 — 6)° = sin #°
b sin (180 + 6)° = —sin 6°
¢ sin (360 — 0)° = —sin 6°

YA

RN

Draw a diagram to show the position of the

(180 — 6°) four angles 6°, (180 — 6)°, (180 + #)° and
Py(—a, b) - Pi(a, b) (360 — %)o. ( . ¢ )
6° 6° R
0°_~—0 0° x

P3(=a, =b) (180 + 6°)|(360 — ¢°)/ Pala, —b)

Hint: The four lines, OP;, OP,,
OP; and OP,, representing the
four angles are all inclined at
6° to the horizontal.

As sin 0 = Z, it follows that:

r
b
sin (160 — 0)° = — = sin 0°
r
b
sin (180 + 0)° = —— = —sin 0°
r

b
sin (560 — )’ = —— = —sin 0°
r

A
B The results for sine, cosine and tangent are:

. . (180 — 6)° S A 0°
sin (180 — 0)° = sin 0°

H [ H o 00 00 >
sin (180 + 0)° = —sin 6 0 5° e
sin (360 — 0)° = —sin 6 (180 + 0)° . c (360 — 0)°
cos (180 — 0)° = —cos 6°
cos (180 + 0)° = —cos 6°
cos (360 — 0)° = cos 0° Hint: For angles measured in radians, the same results
tan (180 — 6)° = —tan 0° hold, with 180° being replaced by , e.g. sin (7 — 6) = sin 6;

cos (7 + 6) = —cos 6; tan (277 — 6) = —tan 6.

tan (180 + 6)° = tan 0°

tan (360 — 0)° = —tan 6°
Hint: All angles that are equally inclined to either the
+ve x-axis or the —ve x-axis have trigonometric ratios
which are equal in magnitude, but they take the sign
indicated by the quadrant the angle is in.




a sin (—100)° b cos330°

80° x
—100°
~|

The acute angle made with x-axis is 80°.

In the third quadrant only tan is +ve, s0

sin is —ve.

50 sin (—100)° = —sin &0°

RY

30°

T ©

The acute angle made with x-axis is 30°.

In the fourth quadrant only cos is +ve.

50 c0s 3350° = +cos 50°

c YA

® A
\ +500°
400 /\

T C

The acute angle made with x-axis is 40°.

In the second quadrant only sin is +ve.

S0 tan bOO° = —tan 40°

Express in terms of trigonometric ratios of acute angles:
¢ tan 500°

For each part, draw diagrams showing the
position of OP for the given angle and
insert the acute angle that OP makes with
the x-axis.
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Graphs of trigonometric functions

Exercise

(Note: Do not use a calculator.)

1 By drawing diagrams, as in Example 6 , express the following in terms of trigonometric :

ratios of acute angles: 1 .‘? ‘
a sin 240° b sin (—80)° ¢ sin (—200)° d sin 300° e sin460°
f cos110° g cos260° h cos (—50)° i cos(—200)° j cos545°
k tan 100° 1 tan325° mtan (—30)° n tan(—175)° o tan600°

sinZz cosﬁ r oS _3m s tanﬁ t tan|-——
P SnTg 9 €073 ( 4 ) 5 ( 3)
u sinﬁ v Cosﬁ w sin _bm X tanl—s—w

16 5 ( 7 ) 8

2 Given that 6 is an acute angle measured in degrees, express in terms of sin 6:

a sin (—6) b sin (180° + 6) ¢ sin (360° — 6)
d sin —(180°+ 6) e sin(—180° + 6) f sin(—360° + 6)
g sin (540° + 6) h sin (720° — 6) i sin(6+ 720°)

3 Given that 6 is an acute angle measured in degrees, express in terms of cos 6 or tan 6:

a cos (180° — 0) b cos (180° + 6) c cos(—6) .
The results obtained

d cos —(180°—-6) e cos(0—360° f cos (06— 540° in questions 2 and 3

g tan (—6) h tan (180° - 6) i tan(180°+ 6) are true for all values

of .
j tan(—180°+60) Kk tan(540° — 6)

o

tan (6 — 360°)

4 A function f is an even function if f(—6) = {(6).
A function f is an odd function if f(—6) = —£(6).

Using your results from questions 2a, 3¢ and 3g, state whether sin 6, cos 6 and tan 6 are odd
or even functions.

8,3 You need to be able to find the exact values of some trigonometrical ratios.

You can find the trigonometrical ratios of angles 30°, 45° and 60° exactly.
Consider an equilateral triangle ABC of side 2 units.

If you drop a perpendicular from A to meet BC at D,

then BD = DC = 1 unit, ZBAD = 30° and ZABD = 60°.

Using Pythagoras’ theorem in AABD

AD> =22-12=3

A

So  AD =V3 units B
1 V3 1 V3
ing AABD, si °=— °O=_— o _— 7
Using , sin 30 X cos 30 X tan 30 33
1
and sin 60° = ?, cos 60° = > tan 60° = V3.



P

8
‘ i If you now consider an isosceles right-angled triangle PQR, in which P
PQ = QR =1 unit, then the ratios for 45° can be found.
Using Pythagoras’ theorem V2 1

PRE =12+ 12=2
So PR =V2 units

Then sin 45° = cos 45° = % = g and tan45°=1

| )

1 Express the following as trigonometric ratios of either 30°, 45° or 60°, and hence find their
exact values.

a sin 135° b sin (—60°) ¢ sin 330° d sin 420° e sin(—300°)

f cos120° g cos 300° h cos 225° i cos(—210°) j cos495°

Kk tan 135° 1 tan(-225°) mtan210° n tan 300° o tan (—120°)
1

2 In Section 8.3 you saw that sin 30° = cos 60°, cos 30° = sin 60°, and tan 60° = an30°

These are particular examples of the general results: sin (90° — 6) = cos 6, and
1
cos (90° — ) = sin 6, and tan (90° — 0) = and where the angle 6 is measured in degrees.

Use a right-angled triangle ABC to verify these results for the case when 6 is acute.

8.4 You need to be able to recognise the graphs of sin 6, cos 6 and tan 6.

y=siné

~180°  —90° 90° 180¢ 270° 0° 450° 540° 0

Functions that repeat themselves after a certain interval are called — h off i

. . . . . . int: The graph of sin 6,
periodic functions, and the interval is called the period of the function. (op . 0.5 radians,
You can see that sin 6 is periodic with a period of 360°. has period 2.

There are many symmetry properties of sin 6 (some were seen in
Example 5) but you can see from the graph that

. o . . o :  (
sin (0 + 360°) = sin # and sin (6 — 360°) = sin 6
sin (90° — ) = sin (90° + 6)

Hint: Because it is periodic.

Hint: Symmetry about 6 = 90°.




Graphs of trigonometric functions

/

y =cos o

9=

o

Like sin 6, cos 6 is periodic with a period of 360°. In fact, the graph of cos 0 is the same as that of
sin # when it has been translated by 90° to the left.

Two further symmetry properties of cos 6 are

cos (0 + 360°) = cos # and cos (# — 360°) = cos 6 /

cos (—0) = cos § (seen on page 125) —— Hint: Symmetry about 6= 0"

Hint: Because it is periodic.

y=tan 6

\\
\\

==
~
[usy
uy
(@)
o
[\
o

Ny
@»)
o

9
@)
o
)
(@)
o

N L

N

N
AN

—
~
~

This function behaves very differently from the sine and cosine functions but it is still periodic,
it repeats itself in cycles of 180° so its period is 180°.

The period symmetry properties of tan 6 are

tan (6 + 180°) = tan 6 Hint: The dotted lines on the
graph are called asymptotes, lines

tan (6 — 180°) = tan ¢ to which the curve approaches
but never reaches; these occur at
6= (2n + 1)90° where n is integer.
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Sketch the graph of y = cos ¢° in the interval —360 < 6 < 360.

The axes are 6 and y.

y = cos6° The curve meets the f#-axis at
0= *+270° and 6 = =90°.
Note that the form of the
equation given here means
that 6 is a number.

_360 —2¥0 —180 9 130 0 360 1 The curve crosses the y-axis at

©, 1).
_1_
Example F
o . 3
Sketch the graph of y = sinx in the interval —7<x < X
VA Here the axes are x and y, and the interval tells
y = sinx you that x is in radians.
B The curve meets the x-axis at x = =7 and x = 0.
Y & 0 P 3 X
2 2 2
— 1_

1 Sketch the graph of y = cos 6 in the interval —w< 6< 7.
2 Sketch the graph of y = tan 6° in the interval —180 < 6 < 180.

3 Sketch the graph of y = sin 6° in the interval —90 < 6 < 270.
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Graphs of trigonometric functions

8.5 You need to be able to perform simple transformations on the graphs of sin 6, cos 6
and tan 6.

You can sketch the graphs of asin 0, a cos 6, and a tan §, where a is a
constant.

Sketch on separate axes the graphs of:
a y=3sinx, 0<x=<360°

by=-tanf —w<f<w

a
7 The effect of the multiplication factor 3, is
L3 to stretch vertically the graph of sinx by a
y = 3sinx Hx?] scale factor of 3; there is no effect in the
x-direction.
0 : : > In this case the labelling of the intercepts on
90° 180° 270° 0° % the x-axis are in degrees (°).
X
b
b

yA y = —tané

The effect of the multiplication factor —1, is
to reflect the graph of tan 6 in the 6-axis.
Labelling on the #-axis is in radians.

)
D=
Q
::‘ -
vy

|
Q

R e et | e i inthutind
=
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* You can sketch the graphs of sin 0 + a, cos 6 + a and tan 0 + a.

Sketch on separate axes the graphs of:

ay=-1+sinx, 0<sx<2rm b y=3+cos6, 0< 6= 360°

The graph of y = sin x is translated by 1 unit
in the negative y-direction.

b YA
1%— The graph of y = cos 6 is translated by 3 unit
14 in the positive y-direction. To find the
1 intercepts on the 6-axis requires solving the
2] equation 3 + cos 6 = 0, but if you look back
0 — > to the graph on page 129 you can see that
_%_ 20 8027°270° 360° 0 these are at 120° and 240°.

You can sketch the graphs of sin (0 + ), cos (0 + o) and tan (0 +a).

Sketch on separate axes the graphs of:

a y=tan<0+g), O0<6<27w b y =cos (8- 90°), —360° < 6= 360°

y = tan(f + %’)

——

/ % to the left. The asymptotes are now at

The graph of y = tan 6 is translated by

0= g and 0= 54—7T The curve meets the

Yy

y-axis where 6 =0, soy = 1.

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
I I
0 T T Sm T 2
4 4 4
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1




Graphs of trigonometric functions
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Y4 y = cos(6 — 90°)

The graph of y = cos 0 is
[_’900] «———— translated by 90° to the right.
Note that this is exactly the
. . . . . > same curve as iy = sin 6, so
—360° —270° —180° —90° 90° 18Q° 270° 0° 0 another property is that
cos (0 —90°) = sin 6.

You can sketch the graphs of sin n6, cos nf and tan né.

1
Remember that the curve with equation y = f(ax) is a horizontal stretch with scale factor 4 of the

curve y = f(x). In the special case where a = —1, this is equivalent to a reflection in the y-axis.

Example m

Sketch on separate axes the graphs of:
a y=sin2x, 0<x<360°

0
by= cos;, -3r<0<37w
¢ y=tan(—x), —360° <x < 360°
a YA _ .q q
The graph of y = sin x is stretched
14 y = sin2x horizontally with scale factor 3.
The period is now 180° and two complete
‘waves’ are seen in the interval 0 < x < 360°.
0 x
96°\-70° 27V0°
—1-
b ¥4 The graph of iy = cos 6 is stretched
y= COS% horizontally with scale factor 3.
. 6.
The period of cos = is 67 and only one
complete wave is seen in =37 < < 3m.
-z 0 4 2 3 0 The curve crosses the 6-axis at 6 = i%w.
— 11




y
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VLA

A y = tan (—x) The graph of y = tan x is reflected in the
. y-axis.

KRy

—360° ¢ —18%¢ ¢ O\ | 180k : 360°

Write down i the maximum value, and ii the minimum value, of the following expressions,
and in each case give the smallest positive (or zero) value of x for which it occurs.

a cosx’ b 4sinx° ¢ cos(—x)°

d 3 +sinx® e —sinx°® f sin3x°
Sketch, on the same set of axes, in the interval 0 < #=< 360°, the graphs of cos 6 and cos 36.

Sketch, on separate axes, the graphs of the following, in the interval O < 6 < 360°. Give the
coordinates of points of intersection with the axes, and of maximum and minimum points
where appropriate.

ay=—cosf b y=1isin6

c y=sin3f d y=tan (8- 45°

Sketch, on separate axes, the graphs of the following, in the interval —180 < 6 < 180. Give
the coordinates of points of intersection with the axes, and of maximum and minimum
points where appropriate.

ay=-2sin¢° b y=tan (6 + 180)° c y=cos46° d y=sin(-0)°

In this question 6 is measured in radians. Sketch, on separate axes, the graphs of the
following in the interval —27 < 6 < 2. In each case give the periodicity of the function.
a y=sinj0 b y=-3cos6 cy=tan<0—%) d y=tan26
a By considering the graphs of the functions, or otherwise, verify that:

i cos6=cos(—0)

ii sin = —sin(—0)

iii sin (0 — 90°) = —cos 6
b Use the results in a ii and iii to show that sin (90° — 6) = cos 6.

¢ In Example 11 you saw that cos (6 — 90°) = sin 6.
Use this result with part a i to show that cos (90° — 6) = sin 6.
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Graphs of trigonometric functions

Mixed exercise m

1 Write each of the following as a trigonometric ratio of an acute angle:

a cos 237° b sin 312° ¢ tan 190° d sin 2.3¢ e Cos (——7T—>

2 Without using your calculator, work out the values of:

a cos 270° b sin 225° c cos 180° d tan 240° e tan135°
5 2 7
f cos 690° g sin % h cos (__?’Z) i tan 2w j sin (—%)

3 Describe geometrically the transformations which map:
a The graph of y = tanx° onto the graph of tan  x°.
b The graph of y = tan 3 x° onto the graph of 3 + tan 3 x°.
¢ The graph of y = cosx® onto the graph of —cosx°.
d The graph of y = sin (x — 10)° onto the graph of sin (x + 10)°.

4 a Sketch on the same set of axes, in the interval O <x < =, the graphs of y = tan (x — %77)
and y = —2 cosx, showing the coordinates of points of intersection with the axes.

b Deduce the number of solutions of the equation tan (x — im + 2 cosx = 0, in the interval

Osx=sm

5 The diagram shows part of the graph of y = f(x). It crosses the x-axis at A(120, 0) and
B(p, 0). It crosses the y-axis at C(0, gq) and has a maximum value at D, as shown.

Given that f(x) = sin (x + k)°, where k > 0, write down:
a the value of p

b the coordinates of D

¢ the smallest value of k

d the value of q

6 Consider the function f(x) =sinpx, pe R, O0<x <2
The closest point to the origin that the graph of f(x) crosses the x-axis has x-coordinate ul

a Sketch the graph of f(x).
b Write down the period of f(x).
¢ Find the value of p.




7 The graph below shows y = sin 6, 0 < 6 < 360°, with one value of 6 (§ = «°) marked on the

axis.

0 T
a900

18W0° 0

_1_

a Copy the graph and mark on the 6-axis the positions of (180 — «)°, (180 + «)°, and

(360 — a)°.
b Establish the result sin ¢° = sin (180 — @)° = —sin (180 + «)°

—sin (360 — a)°.

8 a Sketch on separate axes the graphs of y = cos 6 (0 < =< 360°) and y = tan 6 (0 < 6 < 360°),

and on each #-axis mark the point («°, 0) as in question 7.

b Verify that:
cos @®° = —cos (180 — a)°

i = —cos (180 + «)° = cos (360 — a)°.

ii tana’= —tan (180 — @)° = —tan (180 + a)° = —tan (360 — «)°.
(]
Summary of key points
1 The x—y plane is divided into quadrants: = 270
+90°
YA
Second First
quadrant | quadrant
o (e} » 00 o
—180° +180 0 X +360° 360
Third Fourth
quadrant | quadrant
+270°
- 90°
2 For all values of 6, the definitions of sin 6, cos 6 and y
tan 0 are taken to be
oo _x _J P(x, y)
sme—r cos@—r tan@—x s
1y
where x and y are the coordinates of P and r is the 6\ ! R
radius of the circle. o * N | «x




In the first quadrant, where 6 is acute,

All trigonometric functions are positive.

In the second quadrant, where 6 is obtuse, only
Sine is positive. Sin All
In the third quadrant, where 6 is reflex,

90°

"

180° < § < 270°, only Tangent is positive. 180° 5 0,360° i‘
In the fourth quadrant, where 6 is reflex, Tan Cos i
270° < §< 360°, only Cosine is positive. W

270° ?

't
The trigonometric ratios of angles equally ;‘
inclined to the horizontal are related: YA A
sin (180 — 6)° = sin 6°
Sin (180 + 0)0 = _Sin 00 (180 _ 9)0 S A 90
sin (360 — 6)° = —sin 6° 5 5
cos (180 — 6)° = —cos 0° o e %
cos (180 + 6)° = —cos #°
180 + 0)° 360 — 0)°

cos (360 — 6)° = cos 6° ( ) T C ( )
tan (180 — 6)° = —tan 0°

tan (180 + 6)° = tan 6°
tan (360 — 6)° = —tan 0°

The trigonometric ratios of 30°, 45° and 60° have exact forms, given below:

o1 ., V3 ., 1 V3

sin 30 _E cos 30 ——2— tan 30 =33
2 1 2

sin 45° = % =% cos45° = _Ez % tan45°=1

sin 60°=? cos 60°=% tan 60° = V3

The sine and cosine functions have a period of 360°, (or 27 radians).
Periodic properties are

sin (6 = 360°) = sin # and cos (6 = 360°) = cos 0

respectively.

The tangent function has a period of 180°, (or 7 radians).

Periodic property is tan (6 = 180°) = tan 6.

Other useful properties are
sin (—6) = —sin 6; cos (—6) = cos 6; tan (— ) = —tan 6;
sin (90° — 6) = cos 6; cos (90° — #) = sin 0




Review EXxercise

Expand and simplify (1 — x)°. e Find the first three terms, in descending
powers of b, of the binomial expansion of

9 In the diagram, ABC is an equilateral (2a + 3b)5, giving each term in its simplest
form.

triangle with side 8 cm.
PQ is an arc of a circle centre A, radius

6 cm. G AB is an arc of a circle centre O. Arc
Find the perimeter of the shaded region in AB = 8cm and OA = OB = 12cm.
the diagram. a Find, in radians, ZAOB.

b Calculate the length of the chord AB,
giving your answer to 3 significant
figures.

A geometric series has first term 4 and
common ration r. The sum of the first
three terms of the series is 7.

a Show that 4/ + 4r — 3 = 0.
b Find the two possible values of r.

The sum to infinity of a geometric series is Given that r is positive,
15. Given that the first term is 5, ¢ find the sum to infinity of the series.
a find the common ratio,
b find the third term. 9 a Write down the number of cycles of the

graph y = sin nx in the interval

I 0<x=<360°.
e Sketch the graph of y = siné° in the
interval —3T < 9 < o b Hence wnte% down the period of the
2 graph y = sin nx.




g a Find the first four terms, in ascending
powers of x, of the binomial expansion
of (1 + px)’, where p is a non-zero
constant.

Given that, in this expansion, the
coefficients of x and x? are equal,

b find the value of p,
¢ find the coefficient of x3.

m A sector of a circle of radius 8 cm contains
an angle of 6 radians. Given that the
perimeter of the sector is 30 cm, find the
area of the sector.

m A pendulum is set swinging. Its first

The fifth and sixth terms of a geometric

series are 4.5 and 6.75 respectively.
a Find the common ratio.
b Find the first term.

¢ Find the sum of the first 20 terms,
giving your answer to 3 decimal places.

€19 Given that 6is an acute angle measured in

degrees, express in term of cos26
a cos (360° + 26),

b cos (—26),

c cos (180° — 26).

oscillation is through 30°. Each succeeding a Expand (1 — 2x)'° in ascending

oscillation is % of the one before it.
What is the total angle described by the
pendulum before it stops?

m Write down the exact value of
a sin30°, b cos330°, ¢ tan(—60°).

a Find the first three terms, in ascending
powers of x, of the binomial expansion
of (1 — ax)8, where a is a non-zero
integer.

The first three terms are 1, —24x and bx?,
where b is a constant.

b Find the value of a and the value of b.

In the diagram, A and B are points on the
circumference of a circle centre O and
radius 5 cm.
£LAOB = fradians. AB = 6cm.

a Find the value of .
b Calculate the length of the minor arc AB.

powers of x up to and including the
term in x3.

b Use your answer to part a to evaluate
(0.98)1° correct to 3 decimal places.

@ In the diagram,

AB = 10cm, AC = 13 cm.

£/ CAB = 0.6 radians.

BD is an arc of a circle centre A and radius
10 cm.

C

D 13cm

0.6 rad

B<«—10cm———A

a Calculate the length of the arc BD.

b Calculate the shaded area in the
diagram.

m The value of a gold coin in 2000 was £180.

The value of the coin increases by 5% per
annum.

a Write down an expression for the value
of the coin after n years.

b Find the year in which the value of the
coin exceeds £360.




@ Given that x is an acute angle measured in

radians, express in terms of sinx
a sin 27 — x), b sin (7 + x),

c cos (g - x)

6
Expand and simplify (x - %) .
@ A cylindrical log, length 2 m, radius 20 cm,
floats with its axis horizontal and with its

highest point 4 cm above the water level.
Find the volume of the log in the water.

%n

£%) a On the same axes, in the interval
0 < x = 360°, sketch the graphs of
y =tan (x — 90°) and y = sin x.
b Hence write down the number of
solutions of the equation
tan (x — 90°) = sin x in the interval
0 =<x =< 360°

@ A geometric series has first term 4 and
common ratio %. Find the greatest number
of terms the series can have without its
sum exceeding 100.

£X) Describe geometrically the transformation
which maps the graph of

a y = tan x onto the graph of
y = tan (x — 45°),
b y = sin x onto the graph of y = 3 sin x,

c y = cos x onto the graph of y = cos %,

d y = sin x onto the graph of
y =sinx — 3.

If x is so small that terms of x* and higher
can be ignored, and
(2 —x)(1 + 2x)° = a + bx + cx?, find the
values of the constants a, b and c.

A chord of a circle, radius 20 cm, divides
the circumference in the ratio 1:3. Find
the ratio of the areas of the segments into
which the circle is divided by the chord.

EX) x, 3 and x + 8 are the fourth, fifth and
sixth terms of geometric series.

a Find the two possible values of x
and the corresponding values of the
common ratio.

Given that the sum to infinity of the series
exists,
b find the first term,

¢ find the sum to infinity of the series.

@ a Sketch the graph of
y = 1.5 cos (x — 60°) in the interval
0 <x <360

b Write down the coordinates of the
points where your graph meets the
coordinate axes.

@ Without using a calculator, solve
V3

sin(x — 20°) = — == in the interval

2
0 <x =< 360°



After completing this chapter you should be able to

1

2
3

know the difference between an increasing and
decreasing function

know how to find a stationary point

know how to distinguish between a maximum, a
minimum and a point of inflexion

apply your knowledge of turning points to solve
problems.

Did you know?

...There are countless real life uses of differentiation,
some of which you will start to discover in this chapter.

For example if you want to manufacture tins of paint to
hold 2.5 litres, it seems sensible that you minimise their
surface area to enable you to reduce costs.

Section 9.3 will give you answers as to how to do this.

Why do you think manufacturers don’t make tins to
these dimensions?

Try to make a cardboard copy of the tins with the
minimum surface area.

Can you suggest a reason why it is not manufactured?




You need to know the difference between increasing and decreasing functions.

A function f which increases as x increases in the interval from x = a to x = b is an increasing
function in the interval (a, b).

B For an increasing function in the interval (a, b), if x; and x, are two values of x in the
interval a<x < b and if ¥, <x, then f(x,) <f(x),).
It follows that f'(x) > 0 in the interval a<x < b.

1 This is a graph of an increasing function.
The gradient is positive at all points on the
graph.

0 x

A function f which decreases as x increases in the interval from x = a to x = b is a decreasing
function in the interval (a, b).

B For a decreasing function in the interval (g, b), if x, and x, are two values of x in the
interval a<x < b and if ¥, <x, then f(x,) > f(x)).
It follows that f'(x) <0 in the interval a<x < b.

YA This is a graph of a decreasing function.
The gradient is negative at all points on the
\ graph.
0 x

Some functions increase as x increases in one interval and decrease as x increases in another
interval.

This is the graph of a function which is
YA increasing for x <0, and is decreasing for
x> 0.
At x = 0 the gradient is zero and the
function is said to be stationary.




Differentiation

Show that the function f(x) = x3 + 24x + 3 (x € R) is an increasing function.

fx) =x>+24x+ 3
First differentiate to obtain the gradient
' — Zq2
f(x) = 3x° + 24 function.

As x% = O for all real x

2

diese 2 o0 As 3x2> 0, for real x, and 24 > 0 then

So f(x) is an increasing function. f'(x) > 0 for all values of x. So the curve
— always has a positive gradient.

Find the values of x for which the function f(x) = x3 + 3x2 — 9x is a decreasing function.

flx) = x3 + 3x% — 9x

f'(x) = 2x*+ 6x — 9
' 2 —

f  flx)<0=3x"+6x=9<0 _| —— Solve the inequality by factorisation, and by

So B3x*+2x—3)<O0 considering the three regions x < -3,
-3<x<] > 1, looking for si
B(x + 3)(x —1) <0 3<x and x > 1, looking for sign

changes.
S0 —3<x<I1°*

= — Find f'(x) and put this expression <O.

—— State the answer.

1 Find the values of x for which f(x) is an increasing function, given that f(x) equals:

a 3x2+8+2 b 4x — 3x?

c 5—8x—2x? d 2x3 — 15x% + 36x
e 3+ 3x—3x%+x8 f 5x3+ 12x

g x*+2x2 h x* — 8x3

2 Find the values of x for which f(x) is a decreasing function, given that f(x) equals:

a x2—9x b 5x — x2

c 4—2x—x? d 2x3—3x%2—-12x
2

e 1-27x +x3 fx+—5
X

g X7+ 9x 2 h x%(x + 3)




inflexion.

accurately.

the point.

or points of inflexion.

Hint: A is a local
maximum point.

Some points of inflexion do not have zero gradient.

You need to be able to find the coordinates of a stationary point on a curve and
work out whether it is a minimum point, a maximum point or a point of

For certain curves, the function f(x) is increasing in some intervals and decreasing in others.
B The points where f(x) stops increasing and begins to decrease are called maximum points.

B The points where f(x) stops decreasing and begins to increase are called minimum points.

These points are collectively called turning points and at these points t'(x) = 0. You can find the
coordinates of maximum and minimum points on a curve. This will help you to sketch curves

B A point of inflexion is a point where the gradient is at a
maximum or minimum value in the neighbourhood of

Hint: Points of inflexion
where the gradient is not
zero are not included in
the C2 specification.

B Points of zero gradient are called stationary points and
stationary points may be maximum points, minimum points

Hint: The origin is a
point of inflexion on
this curve.

B To find the coordinates of a stationary point:

Hint: B is a local
minimum point.

@ Find %, i.e. f'(x), and solve the equation f'(x) = 0 to find the value, or values, of x.

@ Substitute the value(s) of x which you have found into the equation y = f(x) to find the

corresponding value(s) of y.

@ This gives the coordinates of any stationary points.



Find the coordinates of the turning point on the curve with equation y = x* — 32x. Establish
whether it is a maximum or a minimum point or a point of inflexion by considering points
either side of the turning points.

y =x*—32x
d
d—y — 4% — 5ﬂ .
dx Differentiate and put a% = 0.
Put Y _ o, J
dx
Then 4x° — 32 = OT
4x2 = 32 Solve the equation to find the
value of x.
x? =8
x =2
” Substitute the value of x into
Soy=2"—-32X2 the original equation to find the
—16 — 64 value of v.
= —45

So (2, —48) is a stationary point

Now consider the gradient on either side
Make a table where you

of (2, —48): consider a value of x slightly
= less than 2 and a value slightly

Value of x |x <2 xX=2 |x>2 greater than 2.
eg.x=19 eg.x =21

Gradient |eg. =456 | O e.9.5.04 . Calculate the gradient for each
which is —ve which is +ve of these points close to the

oh ¢ stationary point.

ape o
curve e - /

I l l

Deduce the shape of the curve.

From the shape of the curve, the point (2, —48)
is a minimum point.

B You can also find out whether stationary points are maximum
L4y

points, minimum points or points of inflexion by finding the Hint: d—xyz is the second

3

d d q 3 g
value of _zyz and, where necessary, €Y at the stationary point,  derivative of y with
da3

respect to x. You find
dzy

This is because —= measures the change in gradient. =
dx2 dx2

by differentiating

dy .
o If % =0 and %xz% > 0, the point is a minimum point. dx with respect to x.



dy dy

¢ If — =0 and —= <0, the point is a maximum point.
dx dx?
dy d2y Hint: In this case, you need to
* If ——=0and — =0, the point is either a maximum use the tabular method and
dx dx consider the gradient on either
or a minimum point or a point of inflexion. side of the stationary point.
L Ay . N
d d3 Hint: —— is the third derivative of y
o If dy =0 and —212 =0, but —% # 0, then the dx &y
dx dx dx with respect to x. You find — by
point is a point of inflexion. 2 doe

d
differentiating d—xyz with respect to x.

You may also see this notation: f"(x) is the second derivative of the function f with respect to x.
f"”(x) is the third derivative and so on.

Find the stationary points on the curve with equation y = 2x3 — 15x2 + 24x + 6 and determine,
by finding the second derivative, whether the stationary points are maximum, minimum or
points of inflexion.

y=2x>—15x2+24x+6 |

Differentiate and put the derivative equal to
zero.

— = gx2 — 30x + 24
dx _ |

0 2 _ _ ~ |
Futting 6x®—30x +24 =0 Solve the equation to obtain the values of x
6(x —4)(x—1) =0 for the stationary points.

Sox=4orx="1

When x =1, . . .
~ Substitute x =4 and x = 1 into the original
y=2-1+24+06=1 equation of the curve to obtain the values of
When x = 4 y which correspond to these values.
y=2Xoc4—-15BX16+24X4+6=-10
. . —— Differentiate again to obtain the second
So the stationary points are at (1, 17) derivative. 9
and (4, —10) |
a4y . Substitute x = 1 and x = 4 into the second
e 12x = 30 [ derivative expression. If the second
42 — derivative is negative then the point is a
When x = 1 @l —18 which is <O maximum point, whereas if it is positive
" dx? then the point is a minimum point.
So (1,17) is a maximum point.
When x = 4 d_y B i i =0 Hint: You may be told whether a stationary
" dx? value is a maximum or a minimum, in

which case it will not be necessary for you

to check by using the second derivative, or
by considering the gradient on each side of
the stationary value.

S0 (4, 1) is a minimum point




Find the greatest value of 6x — x2. State the range of the function f(x) = 6x — x2.

_ This question may be done by completing

- 2

Lety =o6x —x the square, but calculus is a good alternative.
d

Then 2 = 6 — 2x
dx There was only one turning point on this

y parabola and the question said that there
Put = =0, thenx =23 was a greatest value, so you did not need to
dx make a check.
Soy=18—-2%*=9
The greatest value of this quadratic Put the value of x into the original equation.

The greatest value is the value of y at the

function is 9 and the range is given by stationary point.
fx) <9 \

The range of the function is the set of values
which y can take.

1 Find the least value of each of the following functions:
a f(x)=x>—12x+8 b f(x)=x>-8x -1 c f(x)=5x%+2x

2 Find the greatest value of each of the following functions:
a f(x) =10 — 5x2 b f(x) =3+ 2x — x? c fx)=(6+x)(1-x)

3 Find the coordinates of the points where the gradient is zero on the curves with the given
equations. Establish whether these points are maximum points, minimum points or points
of inflexion, by considering the second derivative in each case.

a y=4x>+6x by=9+x—x2 cy=x-x-x+1
1 54
dy=x(x*-4x—-3) ey:x+; fy=x2+—x—
1
gy=x—3\/a; hy=x2x-6) i y=x*—12x?

4 Sketch the curves with equations given in question 3 parts a, b, ¢ and d, labelling any
stationary values.

5 By considering the gradient on either side of the stationary point on the curve
y =x3 — 3x? + 3x, show that this point is a point of inflexion.
Sketch the curve y = x3 — 3x2 + 3x.

6 Find the maximum value and hence the range of values for the function f(x) = 27 — 2x*.



You need to be able to apply what you have learned about turning points to solve
problems.

The diagram shows a minor sector OMN of a circle with centre O and radius M
rcm. The perimeter of the sector is 100 cm and the area of the sector is A cm?.

a Show that A = 50r — r2. rcm
Given that r varies, find:

b The value of r for which A is a maximum and show that A is a maximum. 0
¢ The value of ZMON for this maximum area.
d The maximum area of the sector OMN.
a Let the perimeter of the sector be F, g0
P=2r+r0 « This is the sum of two radii (2r) and an arc
Rearrange and substitute F = 100 length MN (r6).
to give
0= o — 2 @ The area formula is in terms of two variables
r 1 [ rand 6, so you need to substitute for 6 so
The area of the sector, A = —r26 @ that the formula is in terms of one variable r.
Substitute @ in @ .
1 /100 — 2r
=
2 r

S0 A=50r—r°

aA
dar

=50 — 2r
Use the method which you learned to find
stationary values: put the first derivative

dA

When ; =0.r=25 equal to zero, then check the sign of the
A2A second derivative.

Also —— = —2, which is negative
ar? g

So the area is a maximum when r = 2D.

¢ Substitute r =25 into @.% Answer the final two parts of the question
_ by using the appropriate equations and give
100 — 50 2L
S the units in your answer.

25
So angle MON = 2 radians ;

d The maximum value of the area is
50 X 25 — 25% = 625 cm? Use A= 50r— r




Differentiation

Example

A large tank in the shape of a cuboid is to be made from 54 m? of sheet metal. The tank has a
horizontal base and no top. The height of the tank is x metres. Two of the opposite vertical faces
are squares.

a Show that the volume, Vm?, of the tank is given by V = 18x — 3.
b Given that x can vary, use differentiation to find the maximum or minimum value of V.

¢ Justify that the value of V you have found is a maximum.

a Let the length of the tank be y metres.

Draw a sketch.

P

A

y >

Total area, A = 2x*+ 3xy

So 54 = 2x* + 2xy
_ 0,2
= gy Rearrange to find i in terms of x.
3x
But V = x%y
_ (B4 —2x* Substitute into the equation the expression
So V=x | for y.
= —(54 — 2x?)
2 s

Differentiate V with respect to x and

Put d—V=O J putd—V=O.
|
|

dx

So x° =9

Rearrange to find x.

But x is a length so x = 3
| | Substitute value of x into expression for V.

2
When x = 3, \/=18><5—g><55

=54 —18
=36
V=236 is a maximum or minimum

value of V.




v _
dx?

—4x* Find the second derivative of V.
d2v
Whenx=5,—2= —4X3=—12
dx
This is negative, so V = 36 is the

maximum value of V.

A rectangular garden is fenced on three sides, and the house forms the fourth side of the
rectangle.

Given that the total length of the fence is 80 m show that the area, A, of the garden is given by
the formula A =y (80 — 2y), where y is the distance from the house to the end of the garden.

Given that the area is a maximum for this length of fence, find the dimensions of the
enclosed garden, and the area which is enclosed.

A closed cylinder has total surface area equal to 6007. Show that the volume, V cm?, of this
cylinder is given by the formula V = 3007 — 73, where rcm is the radius of the cylinder.

Find the maximum volume of such a cylinder.

A sector of a circle has area 100 cm?. Show that the perimeter of this N

200 /100
sector is given by the formula P = 2r + — T > [—
m

rcm
Find the minimum value for the perimeter of such a sector.
0]
A shape consists of a rectangular base with a semicircular top, as shown.
Given that the perimeter of the shape is 40 cm, show that its area, A cm?,
is given by the formula rem,
Wz
A=40r-2r* - 7

where rcm is the radius of the semicircle. Find the maximum value for this area.

The shape shown is a wire frame in the form of a large rectangle split by parallel lengths of
wire into 12 smaller equal-sized rectangles.

<«X mMmm-»>

Given that the total length of wire used to complete the whole frame is 1512 mm, show
2

that the area of the whole shape is A mm?, where A = 1296x — —7—, where x mm is the

width of one of the smaller rectangles.
Find the maximum area which can be enclosed in this way.



. 3 48
Given that: y=x2 +— (x>0)
X
a Find the value of x and the value of y when % =0.

b Show that the value of y which you found in a is a minimum.

A curve has equation y = x* — 5x% + 7x — 14. Determine, by calculation, the coordinates
of the stationary points of the curve C.
The function f{, defined for x € R, x > 0, is such that:
1
f'(x) = x* — 2+?
a Find the value of f''(x) at x = 4.

b Given that f(3) = 0, find f(x).
¢ Prove that f is an increasing function.

A curve has equation y = x3 — 6x2 + 9x.
Find the coordinates of its maximum turning point. Q

A wire is bent into the plane shape ABCDEA as shown. Shape A B
ABDE is a rectangle and BCD is a semicircle with diameter BD.

The area of the region enclosed by the wire is Rm?, AE = x metres,
AB = ED = y metres. The total length of the wire is 2 m. C

a Find an expression for y in terms of x.

X
b Prove that R = §(8 — 4x — 7x)

E
D

Given that x can vary, using calculus and showing your working,

¢ find the maximum value of R. (You do not have to prove that the value you obtain
is a maximum.) 9

The fixed point A has coordinates (8, —6, 5) and the variable point P has coordinates (%, t, 2).
a Show that AP? = 612 — 24t + 125.

b Hence find the value of t for which the distance AP is least.

¢ Determine this least distance. 9

A cylindrical biscuit tin has a close-fitting lid which overlaps the tin @

by 1cm, as shown. The radii of the tin and the lid are both x cm. \IE’ {1em
The tin and the lid are made from a thin sheet of metal of area

807 cm? and there is no wastage. The volume of the tine is ¥V cm3. LT
a Show that V= 7(40x — x2 — x3).
Given that x can vary:

b use differentiation to find the positive value of x for which V is i
stationary.

¢ Prove that this value of x gives a maximum value of V.

d Find this maximum value of V. v

e Determine the percentage of the sheet metal used in the lid when V is a maximum. 9




ABCDEF. The sides ABFE and CDEF are rectangles.
The triangular ends ADE and BCF are isosceles,
and ZAED = /BFC = 90°. The ends ADE and BCF D

F
are vertical and EF is horizontal. A

Given that AD = x metres:
a show that the area of triangle ADE is 5x2m?2 E

Given also that the capacity of the container is 4000 m? and that the total area of the two
triangular and two rectangular sides of the container is S m?:

xz2 1 2
b show that S=—+ ﬁM
2 x
Given that x can vary:
¢ use calculus to find the minimum value of S.

d Justify that the value of § you have found is a minimum. Q

9 The diagram shows part of the curve with equation ¥4
y = f(x), where: B

250
f(x) = 200 — == — x2, x> 0
X

The curve cuts the x-axis at the points A and C.
The point B is the maximum point of the curve.

a Find f'(x).

b Use your answer to part a to calculate the o A c' x
coordinates of B. 9

10 The diagram shows the part of the curve with v
equation y = 5 — 3x2 for which y = 0.
The point P(x, y) lies on the curve and O is the origin.
a Show that OP? = {x* — 4x2 + 25. P(x, )
Taking f(x) = jx4 — 4x2 + 25:
b find the values of x for which f'(x) = 0.

¢ Hence, or otherwise, find the minimum distance
from O to the curve, showing that your answer is 0 x
a minimum. 9

11 The diagram shows part of the curve with
equation y = 3 + 5x + x? — x3. The curve
touches the x-axis at A and crosses the
x-axis at C. The points A and B are
stationary points on the curve.

a Show that C has coordinates (3, 0).

b Using calculus and showing all your
working, find the coordinates of A \/

and B. A 0 C\



Summary of key points

1

For an increasing function f(x) in the interval (a, b),
t'(x) > 0 in the interval a<x < b.

For a decreasing function f(x) in the interval (a, b),
f'(x) <0 in the interval a<x < b.

The points where f(x) stops increasing and begins to
decrease are called maximum points.

The points where f(x) stops decreasing and begins to
increase are called minimum points.

A point of inflexion is a point where the gradient is at a
maximum or minimum value in the neighbourhood of
the point.

A stationary point is a point of zero gradient. It may be
a maximum, a minimum or a point of inflexion.

To find the coordinates of a stationary point find

%, i.e. f'(x), and solve the equation f'(x) = O to find the

value, or values, of x and then substitute into y = f(x) to
find the corresponding values of y.

The stationary value of a function is the value of y at
the stationary point. You can sometimes use this to find
the range of a function.

You may determine the nature of a stationary point by
using the second derivative.

If % =0 and % > (0, the point is a minimum point.

If b _ 0 and &y <0, the point is a maximum point.
dx dx?

If b =0 and &y = 0, the point is either a maximum
dx dx?

or a minimum point or a point of inflexion.

3

If Y =0and ﬂ =0, but 4y # 0, then the point is a

dx dx? dx®

point of inflexion.

10 In problems where you need to find the maximum or

minimum value of a variable y, first establish a formula
for y in terms of x, then differentiate and put the
derived function equal to zero to find x and then y.

Hint: In this case you
need to use the tabular
method and consider the
gradient on either side of
the stationary point.




After completing this chapter
you should be able to
1 know and use the relationships
tanf = sing and
cos6
sin%0 + cos?60 = 1
2 solve simple trigonometrical
equations of the form sin(6) = k
3 solve more complex
trigonometrical equations of the
form sin(nf + «) = k

Trigonometrical
identities and

simple equations

In Chapter 8 we described how many real life examples of
trigonometrical functions occur in real life. Once you have mastered
how to solve trigonometrical equations you can then start to solve
real life problems. Try this one after you have completed the chapter.

The height of water h metres in a height of tide in a 24 hour period
harbour is given by the formula 61

h =4 — 2sin(30t + 20)
where t is the time in hours after
midnight.
If the boat can only enter the
harbour when there is more than AL B
5 metres of water, show that it e e bl (0 17 22 25
can first enter the harbour at 6:20 am. e idnight

S
]

height of water
in metres
i




Trigonometrical identities and simple equations

sin 6
10,] You need to be able to use the relationships tan = éﬁ and sin2 0+ cos? 0= 1

You saw on page 123 that for all values of 6

Y _X _Jy
sin 6 = P Ccos 0= P tan()—x
YA
P(x, y)
r
0 S
0 X

where (x, y) are the coordinates of the point P as it moves round
the circumference of a circle with centre O and radius r, and OP
makes an angle 6 with the +ve x-axis.

r 1 sin 6 sin 0
Now,tan0=z=z><—=sin0>< = ,sotan 6 =——
X 1 X cosf coséb cos 6

B For all values of 0 (except where cos 6 =0, i.e. for odd multiples of 90°, where tan 6 is not
defined):

You know from Chapter 4 that the equation of the circle with centre the origin and radius r is
x2 + y2 =72

Using the equations at the top of the page you can express the coordinates of P in terms of r
and 6:

x=rcosfandy=rsin 6

Hint: Positive powers of
trigonometric functions are
. written without brackets but
(rcos 0)? + (rsin 6)? = r? with the power before the
2 sy angle: for example (cos )" is
So (cos )"+ (sin 6)* = 1 written as cos” 0, if n is
positive.

Since P lies on this circle:

B For all values of 6, cos? 6+ sin? 6= 1.
Hint: This is sometimes known
as Pythagoras’ theorem in
trigonometry.




10

Example

Simplify the following expressions:
a sin?36 + cos? 36
b 5-5sin%6

c sin 260
V1 —sin%260

a sin?30 + cos2360 =1

sin? 6 + cos? 6 =1, with 6 replaced by 36.

b 5—5sin? 0= 5(1— sin? 0) ——  Always look for factors.

=5c05° 0 L sin20+cos20=1,s01—sin20=cos? 6.
sin 20 sin 20
c =
V1—sin220 Vcos? 26 sin2260 + cos?220=1, so 1 —sin2260 = cos? 26.
| sin 6 sin 26
sin 260 tan 6= ——, so ——— = tan 20.
- =7 cos 6 Ccos 20
cos 20
=tan20:

| !| Example

cos* 9 —sin* 6
| Show that 5 =1 - tan?0
l . Ccos- 0

When you have to prove an identity like this
you may quote the basic identities like
| 1

‘sin? + cos?=1".
'. cos* 6 — sin* 6
| LHS = .
"7_‘_| cos” 0

Usually the best strategy is to start with the

more complicated side (here the left-hand
(cos? 6 + sin? 0)(cos? 6 — sin? ) side, LHS) and try to produce the expression
| | = 29 on the other side.
Lk c0%

_ (cos” 0 — sin” 0)

cos® 0

The numerator can be factorised as the
‘difference of two squares’.

sin2 @+ cos2 = 1.

cos? 0  sin®0

cos® 0  cos” 0

=1—tan? = RHS

Divide through by cos? 6 and note that

sinZ sin 6\2 5
——, = || =tan®é.
cos- 0 cos 6



Example

Trigonometrical identities and simple equations

Given that cos # = —3 and that 6 is reflex, find the value of: a sin 6 and b tan 6.

Method 1

a Since sin“ 0+ cos® =1,

_,_9

25
_le
25
So sin 0 4
o0 sinf =——
5
in@

b tan(?:ﬂ/l—
cos 6
=4

— 2
-3
5
_4
B
Method 2

a Use the right-angled triangle with the

acute angle ¢, where cos ¢ = 5

5
X
¢
3
Usihg Pythagoras’ theorem, x = 4
4
50 sin @ = —
¢ 5

As sin 0 = — sin ¢, sin 6 = 5
4
b Also from the triangle, tan ¢ = £}

4
As tan 6 = +tan ¢, tan 0 = +g

‘0 is reflex’ is critical information. Using your
calculator to solve cos 6 = —2, without

consideration of the correct quadrant, would
give wrong answers for both sin 6 and tan 6.

‘0 is reflex’ means 6 is in 3rd or 4th
quadrants, but as cos 6 is negative, § must
be in the 3rd quadrant. sin § = =% but in the
third quadrant sin 6 is negative.

As 6 is in the third quadrant you know from
the work in Chapter 8, that 6=180 + ¢

A
s A
0
¢ >
T C

o)
sin # = —sin ¢ and tan 6 = +tan ¢

Hint: Given an angle 6 of any size, you can
always work with its related acute angle ¢, and
use a right-angled triangle work to find sin ¢,
cos ¢ and tan ¢. However, remember to
consider the quadrant that 0 is in when giving
sin 6, cos 6 and tan 6.
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Example [}

Given that sin a = 3 and that « is obtuse, find the exact value of cos a.

> 'Exact’ here means ‘Do not use
Work with the acute angle ¢, where sin ¢ = —.

your calculator to find o'

Draw the right-angled triangle and work out the third
side.

Alternatively, as in Method 1 of

Example 3:
Using sina + cos? a =1,
5 2,14 _21
2 costa=1 25~ 25
As « is obtuse, cos a is —ve,
2 Va1
x SO Cosa = — T
Using Pythagoras’ theorem,
22 + x? = B2
s0 x2 =21 =x =21
5 5 V21
0 Ccosp=—
5
V21 .
Therefore, cos o = — 5 as ais in the second quadrant.
|
|
|
|
|
!
p 'I
| | FENTICH 5 |
‘ I'| Given that p = 3 cos 6, and that g = 2 sin 6, show that 4p? + 9> = 36.
i
Ae p=2c050,and q=2sin0, You need to eliminate 6 from the equations.
Z . .9 As you can find sin 6 and cos 6 in terms of p
50 005 0 = 3 and sin 0 = > and g, use the identity sin2 6 + cos2 f= 1.
Using sin® 0 + cos? 0 = 1,
2 2
1+ (E) =1
2 3
2
50 =l Z =1
4 9
g + 4p* = 36

Multiplying both sides by 36.
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Trigonometrical identities and simple equations

10A

Simplify each of the following expressions:

a 1-cos?36 b 5sin236+ 5 cos236 ¢ sin?4 -1
sin @ . V1 — cos?x 1— cos?3A
tan CcOSX 1 —sin?3A

g (1 +sinx)?+ (1 - sinx)? + 2 cos?x
h sin* 0 + sin? 6 cos? 6

i sin* 0+ 2sin? 6 cos? 6 + cos* 0
Given that 2 sin 6 = 3 cos 6, find the value of tan 6.
Given that sinx cosy = 3 cosx siny, express tanx in terms of tany.

Express in terms of sin 6 only:

a cos?6 b tan? 6 C cosftan 6
cos 6 . .
e (cos # — sin H)(cos 6 + sin 6)
tan 6

sin A
Using the identities sin®? A + cos?A =1 and/or tan A = os A (cos A # 0), prove that:

1
a (sin 0+ cos #)>=1 + 2sin 6 cos 0 bag—cosezsinetane
1 1
c tanx + =— d cos?A —sin?A=2cos’?A—-1=1-2sin’A
tanx sinxcosx
e (2sinf—cosh)?+ (sinf+2cosh)’=5 f 2 — (sin 6 — cos 6)> = (sin 6 + cos 0)?

g sin?x cos?y — cos?x sin?y = sin®x — sin%y

Find, without using your calculator, the values of:

a sin 6 and cos 6, given that tan § = 15 and 6 is acute.

b sin 6 and tan 6, given that cos § = —% and 6 is obtuse.

¢ cos § and tan 6, given that sin 6 = —5; and 270° < 6 < 360°.

Given that sin 6 =  and that 6 is obtuse, find the exact value of: a cos 6, b tan .
Given that tan 6 = —V3 and that 0 is reflex, find the exact value of: a sin 6, b cos 6.
Given that cos 6 = 2 and that 6 is reflex, find the exact value of: a sin 6, b tan é.

In each of the following, eliminate 6 to give an equation relating x and y:
ax=sinf y=coséd

b x=sin6,y=2cos 6

c x=sin6,y=cos’6

dx=sinfy=tan

e x=sinf+cosh,y=cosf—sinf
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10.2 You need to be able to solve simple trigonometrical equations of the form sin 6 = k,
cos 0=k, (where —1<k<1)andtan@=p (p e R)

You can show solutions to the equation sin 6 = 3 in the Y

interval 0° < 6 < 360° by plotting the graphs of y = sin 6 and y=5

y =3 and seeing where they intersect.

You can find the exact solutions by using what you already 0 90° 180¢ 270° 360° 0
know about trigonometrical functions.

ETIE 6 |
Find the solutions of the equation sin # = 3 in the interval 0 < § < 360°.
, 1
sin @ = >
So 0 = 30° Use sin~! on your calculator to find one
solution.
A
150° @ @ 300 Putting 30° in the four positions shown gives
307 30° the angles 30°, 150°, 210° and 330° but sine
> is only +ve in the 1st and 2nd quadrants.
. T C
|| So x=30°
|| or x =180°— 30 = 150° * You can check this by putting sin 150° in

[} your calculator.

| | Example

| | Solve, in the interval 0 <x < 360°, Ssinx = —2.

| ) Soinx = =2« First rewrite in the form sinx =...
: sinx = —04
So one solution is x = —23.6° (3 s.f.)
, b——lf Note that this calculator solution is not in
the given interval.
S A
23.6° 23.6° Sine is —ve so you need to look in the 3rd
@ @ and 4th quadrants for your solutions.

o — You can now read off the solutions in the

x =203.6° (204° to 3 5.1) given interval.

or x = 326.4° (523¢° to 3 5.1.) Note that in this case, if @ = sin~'(—0.4) the

— solutions are 180 — « and 360 + «a.




Trigonometrical identities and simple equations

B A first solution of the equation sin x = k is your calculator value, @ =sin~" k. A second

solution is (180° — a), or (7 — a) if you are working in radians. Other solutions are found by
adding or subtracting multiples of 360° or 27 radians.

Example FJ
3
Solve, in the interval 0 <x < 360°, cosx = R
V3
A solution is x = 30° The calculator solution of cosx = —, is
\ x = 30°, a result you should know.
S A Cosx is +ve so you need to look in the Tst
and 4th quadrants.
30° R
30° Read off the solutions, in 0 < x < 360°, from
your diagram.
T C
Note that these results are a° and (360 — «a)°
x = 20" or 330° where a = cos™! (?)

B A first solution of the equation cos x = k is your calculator value « = cos~' k. A second
solution is (360° — &), or (27 — a) if you are working in radians. Other solutions are found
by adding or subtracting multiples of 360° or 27 radians.

Example [E]
Find the values of 6, in radians, in the interval 0 < 6 < 2, that satisfy the equation sin 6 = V3 cos 6.

sin 0= \V3cos 6
So tan = V3. As the solutions of cos 6 = 0 do not satisfy the
- equation you can divide both sides by cos 6.
5o one solution is 0 = — ¢
3 L

This is your calculator answer. (Use radian
mode.)

Tangent is +ve in the 1st and 3rd quadrants,
so insert the angle in the correct positions.

These results are @ and (7 + «) where
a=tan"1V3.

B A first solution of the equation tan x = k is your calculator value a = tan~" k. A second
solution is (180° + &), or (7 + «) if you are working in radians. Other solutions are found by
adding or subtracting multiples of 360° or 27 radians.

It is easier to find the solutions of sin#=—-1o0r 0 or +1, cosd= —1 or 0 or +1 or tan 6 = 0 by
considering the corresponding graphs of i = sin 6, y = cos 6 and y = tan 6 respectively.
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Exercise m

1 Solve the following equations for 6, in the interval 0 < 6 < 360°:

asinfg=-1 b tan6=V3

c cosf=3 d sin 0= sin 15°

e cos 0= —cos40° f tano= -1

g cos0=0 h sin §=—0.766

i 7sinf=>5 j 2cosf=-\2

Kk V3sin 6= cos 6 1 sinf+cosf=0
m3cosf=—-2 n (sinf®—1)(Scos6+3)=0

0 tan 6= tan 6 (2 + 3 sin 6)

2 Solve the following equations for x, giving your answers to 3 significant figures where
appropriate, in the intervals indicated:

a sinx° = —g, —-180=<x <540

b 2sinx°=-0.3, -180<x <180
| I' ¢ cosx®°= —0.809, —180<x <180
| | d cosx®°=0.84, —-360<x<0
Ii e tanx°=—?,0$xs720

| | f tanx°=2.90, 80 <x <440

Solve, in the intervals indicated, the following equations for 6, where 6 is measured in
radians. Give your answer in terms of 7 or 2 decimal places.

asinfg=0, -27<0<2w b cosb=—3 —2n<O<m

1
c sin0=ﬁ, —2n<O0<m d sinf=tan 6, 0<0<2w

e 2(1+tanf)=1-5tan b, —w<0<2nw f 2cosf=3sinh, 0<O6<2mw




Trigonometrical identities and simple equations

and tan (n0 + a) = p.

10,3 You need to be able to solve equations of the form sin (n6 + «) = k, cos (nf + ) = k,

You can replace (n6 + «) by X so that equation reduces to the type you have solved in
Section 10.2. You must be careful to ensure that you give all the solutions in the given

interval.

Example

Solve the equation cos 36° = 0.766, in the interval 0 < 6 < 360.

Let X = 260

S0 cos X° = 0.766

As X = 30, then as O < 0 < 360

503 X0=X=<3X360

So the interval for X is O < X < 10860

s | ®

40°
40°

r | ®

>

X =40.0, 320, 400, 6&0, 760, 1040

| .

i.e.260 = 40.0, 320, 400, 660, 760, 1040

a

So 0=15.3,107,123, 227, 253, 347

Replace 36 by X and solve.

The value of X from your calculator is 40.0.
You need to list all values in the Tst and 4th
quadrants for three complete revolutions.

Remember X = 36.
Divide by 3.

Always check that all of your solutions are in
the given interval.




Example

Solve the equation sin (260 — 35)° = —1, in the interval —180 < 6 < 180.

Let X =26 — 35

S0 sin X = —1

Since —160 < 0 < 160
—560 =< 20 = 360
—395 <20 — 35 =325

So the interval is —395 < X < 325

YA
1_
You can sketch a graph of sin X.
~360° —270° —180° —90° 90° 18p° 270° 360° X
Refer to the graph for
solutions of sin X = —1.
_1_

The values of X are —90, 270
| | So 26— 35 = —90, 270
| 260 = =55, 305
| 0=—-275,1525

l '. Exercise LIS
|

| | 1 Find the values of 6, in the interval 0 < 6 < 360°, for which:

a sin46=0 b cos36= -1 c tan26=1 d cos20=3

e tan%6=—% f sin(—0)=% g tan(45°— ) = -1

h 2sin(0—20° =11 tan(6+75°=V3 j cos(50°+26)=—1

Solve each of the following equations, in the interval given.
Give your answers to 3 significant figures where appropriate.

a sin(6-10°) = —?, 0<6=<360° b cos (70 —x)°=0.6, =180 <x < 180

¢ tan (3x + 25)°= —-0.51, -90<x <180 d 5sin46+1=0, -90°< #=<90°
Solve the following equations for 6, in the intervals indicated. Give your answers in radians.

T 1 T T
i ——|=—-—, —7<< +0.29=-0.2, ——<f<—
a sm(o 6) 2T o< b cos(20+0.2) 0.2, > 0 5

¢ tan(20+g>=l,060<27 d sin(0+g>=tan%,0<9<27r




Trigonometrical identities and simple equations

10.4 You need to be able to solve quadratic equations in sin @or cos for tan 6. An
equation like sin2 @ + 2sin # — 3 = 0 can be solved in the same way as 2+ 2x -3 =0,
with sin 6 replacing x.

Example

Solve for 6, in the interval 0 < 6 < 360°, the equations
a2cos?0—cosf—1=0

b sin?(9-30°) =3

a 2c0s°0—cosO—1=0

S0 (2cos 0+ 1)(cos 0 —1)=0

Compare with 2x? —x —1=2x + 1)(x — 1)

1
600059=—Eor0050=1

cos O = ) s0 0 = 120° Find one solution using your calculator.

> «———— 120° makes an angle of 60° with the
horizontal. But cosine is —ve in the 2nd and
3rd quadrants so 8 = 120° or 6 = 240°.

0 =120° or 0 = 240°

Sketch the graph of v = cos 6.

0 9W0° 360° 0

S0 0 =0 or 260°
So the solutions are 6 = O, 120, 240, 360




1
b sin?(6 — 30°) = —
sin“ ( ) >
1
5o sin (6 — 30°) = vz

1
orsin (6 — 30°) = — vz The solutions of x2 = k are x = +Vk.

50 00— 30° =45 or 0 — 20° = —45°

Use your calculator to find one solution
for each equation.

Draw a diagram to find the quadrants
where sine is +ve and the quadrants
where sine is —ve.

So from sin (0 — 30°) = Va2

= 0 — 20° = 45°, 155°

1
and from sin (0 — 30°) = 5

= 0 — 20° = 225°, 315°
So the solutions are: 0= 75°, 165°, 255°, 345°

| In some equations you may need to use the identity sin? A + cos? A = 1 before they are in a form
| | to be solved by factorising (or use of ‘the formula’).

Example

Find the values of x, in the interval —7 <x < =, satisfying the equation 2 cos?x + 9 sinx = 3 sinx.

L 2 c0s?x + 9sinx = 3 sinx can be written as

— ein? b= B2 . .
2(1 = sin“x) + 9sinx = Sein"x As sin?x + cos?x = 1, you are able to rewrite
cos?x as (1 — sin?x), and so form a

which reduces to X A
quadratic equation in sin x.

S5sinx — 9einx —2 =0
S0 (beinx +1)(sihx —2) =0

. 1, . .
5INX = —5 The other equation, sinx = 2, has no
solutions.
S A
Your calculator value of x, in radian mode, is
0.201° 0.201°] x= —0.201 (3s.f.). Insert in the quadrant

diagram.

r @ @ (‘ The smallest angle in the interval, in the 3rd
quadrant, is (— + 0.201) = —2.94; there

are no values of x between 0 and .
The solutions are x = —2.94, —0.201
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Trigonometrical identities and simple equations

/

1 Solve for 6, in the interval 0 < 6 < 360°, the following equations.
Give your answers to 3 significant figures where they are not exact.

1

a 4cos’0=1

c 3sin?0+sin6=0

e 2cos’0—5cosf+2=0

g tan?26=3

i sinf+2cos?6+1=0

K 3sin% 6= sin §cos 0

m4 (sin? @ — cos ) =3 — 2 cos 6

0 4cos29—5sinfh—5=0

Solve for 6, in the interval —180° < 6 < 180°, the following equations.
Give your answers to 3 significant figures where they are not exact.

a sin?20=1
c cosf(cosf—2)=1
e cos230—cos30=2

g tan 0 =cos 0

Solve for x, in the interval 0 <x < 2, the following equations.

a
Give your answers to 3 significant figures unless they can be written in the form —=, where

a and b are integers.
a tan?3x =1

¢ 3tanx = 2tan?x

e 6sinZx +cosx—4=0

g 2sin’x = 3sinx cosx + 2 cos?x

Mixed exercise Y3

|7
Given that angle A is obtuse and cos A = — 1 show that tan A = —

Given that angle B is reflex and tan B =

a Sketch the graph of y = sin (x + 60)°, in the interval —360 <x < 360, giving the
coordinates of points of intersection with the axes.
b Calculate the values of the x-coordinates of the points in which the line y = ; intersects

the curve.

Simplify the following expressions:

a cos*f—sin*0

Cc cos* A+ 2sin?Hcos? 6+ sin* 6

V21
+ — find the exact value of: a sin B, b cosB.

b 2sin?0-1=0

d tan’0—-2tan6—-10=0

f sin260—2sinf—1=0

h 4sin 6= tan 6

j tan?(0—45°) =1

1 4cosf(cosf—1)=—-5cosb
n 2sin? 0= 3(1 — cos 6)

0 0
2—=1+sin+
pcos2 sm2

b tan?60=2tan 0

d sin2(6+ 10°) = 0.8
f 5sin®?60=4cos’6

h 2sin?0+3cosf=1

b

3
d sin?x + 2sinx cosx =0

b Zsinz(x+z>= 1

f cos?x —6sinx =35

-2\7

b sin%?36 - sin?2360cos?36
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a Given that 2 (sinx + 2 cosx) = sinx + 5 cos x, find the exact value of tanx.

b Given that sinx cosy + 3 cosx siny = 2sinx siny — 4 cosx cosy, express tany in terms
of tanx.

Show that, for all values of 6:
a (1+sin6)%2+ cos? 9= 2(1 + sin ) b cos* 0 + sin? 0 = sin* 6 + cos? 6

Without attempting to solving them, state how many solutions the following equations
have in the interval 0 < 6 < 360°. Give a brief reason for your answer.

a 2sinf=3 b sin 6= —cos 6
c 2sinf+3cosf+6=0 dtan9+—1—=0
tan 6

a Factorise 4xy —y? + 4x — y.
b Solve the equation 4 sin 6 cos § — cos? § + 4 sin § — cos 6 = 0, in the interval 0 < 6 < 360°.

a Express 4 cos 36° — sin (90 — 36)° as a single trigonometric function.

b Hence solve 4 cos 36° — sin (90 — 36)° = 2 in the interval 0 < 6 < 360.
Give your answers to 3 significant figures.

Find, in radians to two decimal places, the value of x in the interval 0 <x < 2, for e
which 3sin?x + sinx — 2 =0.

Given that 2 sin 20 = cos 26:
a show that tan260=0.5.

b Hence find the value of 6, to one decimal place, in the interval 0 < § <360° for e
which 2sin 26° = cos 26°.

Find all the values of 6 in the interval 0 < # < 360 for which:
a cos(6+ 75)°=0.5,
b sin 26° = 0.7, giving your answers to one decimal place. e

a Find the coordinates of the point where the graph of y = 2sin (2x + 2m) crosses
the y-axis.

b Find the values of x, where 0 <x < 2, for which y = V2. 9

Find, giving your answers in terms of 7, all values of 6 in the interval 0 < 6 < 2,
for which:

atan<0+§)=1 bsin20=—§ e

Find the values of x in the interval 0 <x < 270° which satisfy the equation
cos2x +0.5 9
1—cos2x
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18

19

20

Trigonometrical identities and simple equations

Find, to the nearest integer, the values of x in the interval 0 <x < 180° for which 9
3sin?3x — 7cos3x — 5 =0.

Find, in degrees, the values of 6 in the interval 0 < 6 <360° for which
2 cos?f0—cosf—1=sin%6 9
Give your answers to 1 decimal place, where appropriate.

Consider the function f(x) defined by
fx)=3 + 2sin (2x + k)°, 0 <x < 360

where k is a constant and 0 <k < 360. The curve with equation y = f(x) passes through the
point with coordinates (15, 3 + V3).

a Show that k = 30 is a possible value for k and find the other possible value of k.
b Given that k = 30, solve the equation f(x) = 1. 9

a Determine the solutions of the equation ‘
cos (2x — 30)° = 0 for which 0 <x < 360. /\
b The diagram shows part of the curve with equation R
y = cos (px — q)°, where p and g 0 A\/B c\ =
are positive constants and q < 180. The curve cuts el

the x-axis at points A, B and C, as shown.

Given that the coordinates of A and B are (100, 0) and (220, 0) respectively:
i write down the coordinates of C, 9
ii find the value of p and the value of q.

The diagram shows part of the curve with equation

YA

y = f(x), where f(x) = 1+ 2sin (px° + ¢°), p and g B

being positive constants and g < 90. The curve cuts A

the y-axis at the point A and the x-axis at the

points C and D. The point B is a maximum point

on the curve. -
0 Cc D x

Given that the coordinates of A and C are (0, 2)

and (45, 0) respectively:

a calculate the value of g,
b show that p =4,

¢ find the coordinates of B and D. 9




Summary of key points

sin 0
1 tanf= o (providing cos 6 # 0, when tan 6 is not defined)
2 sin?6+cos?h=1

3 A first solution of the equation sinx = k is your
calculator value, @ = sin~' k. A second solution is
(180° — @), or (7 — a) if you are working in radians.
Other solutions are found by adding or subtracting
multiples of 360° or 27 radians.

4 A first solution of the equation cosx = k is your
calculator value of @ = cos k. A second solution is
(360° — @), or (27 — @) if you are working in radians.
Other solutions are found by adding or subtracting
multiples of 360° or 27 radians.

5 A first solution of the equation tanx =k is your
calculator value « = tan~' k. A second solution is
(180° + @), or (7 + @) if you are working in radians.
Other solutions are found by adding or subtracting
multiples of 360° or 27 radians.




After completing this chapter you
should be able to

1 integrate simple functions within
defined limits

2 use integration to find areas under
curves

3 use integration to find the area
between a curve and a line

4 approximate the area under a curve
by using the trapezium rule.

Integration

For anyone studying Mechanics the usefulness of this chapter
should be well known. If you calculate the area under a
velocity—time graph you find the total distance travelled.

UA

il 4

Area under graph = [v dt = distance travelled .
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e
= ".1 You need to be able to integrate simple functions within defined limits. This is called
= definite integration.

You met indefinite integration in Book C1:

—— 3 2+1
- f32m . fC

=x3+C
where C is an arbitrary constant.

You can also integrate a function between defined limits, e.g. x =1 and x = 2.
You write this as

2
["3x2 e
1
Here is how you work out this definite integral:

Hint: Notice the use of [ | brackets.

2 .. .
2 (312 / This is standard notation.
Hint: The limits of the - . 3x®dx = [x°];

integral are from x = 1
to x = 2. (23) = (1) = Hint: Notice the use of (). This is

standard notation for this step.
=8-1
Hint: Evaluate the

1?;5?211 LA EIOSS Hint: Evaluate the integral at the

lower limit.

There are three stages when you work out a definite integral:

You should note the
The statement After integration The evaluation notation for evaluating

[square brackets] (round brackets) d?ﬁnite intfegrals el
aim to use it when

answering questions.

b b
L Ldx = L. ()= ()

B The definite integral is defined as

[ v = ) = 0) - 0

provided f' is the derived function of f throughout the interval (a, b).




Example

Evaluate the following

4 1 0 1
a | @u-3x2+ D b @ -12d
1 -1

4
a f (2x — Bx% + 1) dx
1

) 2x2 4
=X ——é—+x

2 1

= [x2—2x%+x]f-
=(42—2><25+4)—(1—2+1).\
=4-0

=4,

5 4 0]
=[X5_2x3+x]
5 "I '
5 3 L
55 © 2 0
=|—x3 ——x3+x| .
Eilaball
3 3 —
=0+0+0)—|-—=-=-1].
5 2
= %5 or 3.1 —

Exercise m

1 Evaluate the following definite integrals:
2/2
— + 3x|dx

c f(\/a_c—£>dx

x2

8 1
e [ @i+or-ld
1

Integration

Remember:
4 xn+1 4
J x"dx = [——}
1 n+1

1

Simplify the terms.

Evaluate expression at x = 1.

Evaluate expression at x = 4.

3
Note that 42 = 23,

First multiply out the bracket to put the
expression in a form ready to be integrated.
(See Book C1.)

Remember: o
0 g4 +1

f xbdx = f

-1 G+ |-

Simplify each term.

4
Note that (=1)3 = +1

2
bjo(2x3—4x+5)dx

X

2 12
a| (6x——z+3>dx
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2 Evaluate the following definite integrals:

a f(ﬁ;E)dx b f(\/i—s)de c E(x—%)zdx
dfolx2< x-l—%)dx e fz;\/g—cdx

".2 You need to be able to use definite integration to find areas under curves.

7
y = )

——— | Aw)

0 X

For any curve with equation y = f(x), you can define the area under the curve and to the left of x
as a function of x called A(x). As x increases this area A(x) also increases (since x moves further to
the right).

If you look at a small increase in x, say &, then the area increases by an amount
A = A(x + dx) — A(x).

YA
—]
/ EEN Hint: This vertical height
T a 1A \y . will be y or f(x).
0 X x+0x i

This extra increase in the area 84 is approximately rectangular and of magnitude yé&x. (As we
make 6x smaller any error between the actual area and this will be negligible.)

So we have A ~ydx
or A
S Y

. A
and if we take the limit la}cn%) (%) then from Chapter 7 of Book C1 you will see that % =Y.

Now if you know that % =y, then to find A you have to integrate, giving A = f ydx.

B In particular if you wish to find the area between a curve, the x-axis and the linesx = a
and x = b you have

b
Area = f ydx
where y = f(x) is the equation of the curve.

YA
y = fx)




Integration

Example I

Find the area of the region R bounded by the curve with equation y = (4 — x)(x + 2) and the
positive x- and y-axes.

Whenx =0,y =&
Wheny =0,x =4 or =2

A

. A sketch of the curve will often help in this
type of question. (See Chapter 4 of Book C1.)

(=2
/

The area of R is given by

A=J4(4—x)(x+2)dx
el

4
So A= Jo (&+2x —x°)dx. Multiply out the brackets.

574
A=[8x+x2—x—] _
5

o Integrate.

o4
A= (52 +16 — ?) —(0). Use limits of 4 and 0.

So the area is 26%

Example

4
The region R is enclosed by the curve with equation y = x2 + — ¥ >0, the x-axis and the lines
. X
x =1 and x = 3. Find the area of R.

This curve is not one you would be expected
to sketch but the limits of the integral are
simply x =1 and x = 3, so you can write

B 4 3 down an expression for the area without
Area = f (xz - —2) dx = f (x? + 4x72) dx referring to a sketch.
1 X 1
5 3
= [g - 4x1] . Write the expression in a form suitable for
1 integrating.
4 1
=(9—=|— |z 4
5 5 Now integrate.
=13 —2=115

You may be able to use a graphical
calculator to check your answer, but you
must show your working.
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s
i Exercise m

=l 1 Find the area between the curve with equation y = f(x), the x-axis and the lines x = a and
x = b in each of the following cases:

a f(x)=3x>—2x+2; a=0,b=2
;‘ = b f(x) =x3 + 4x; a=1,b=2
s~ c f(x) =V + 2x; a=1,b=4
—— d fx)=7+2x—x% a=-1,b=2

e f(x)=%+ X; a=1,b=14

2 The sketch shows part of the curve with equation y = x(x? — 4).
Find the area of the shaded region.

YA

3 The diagram shows a sketch of the curve with equation y = 3x + % -5,x>0.
x

The region R is bounded by the curve, the x-axis and the lines x = 1 and x = 3.
Find the area of R.

y

S

=y

w-=-=---
K

=]
U IR

4 Find the area of the finite region between the curve with equation y = (3 — x)(1 + x) and the
X-axis.

| 5 Find the area of the finite region between the curve with equation y = x(x — 4)? and the
x-axis.

6 Find the area of the finite region between the curve with equation y = x*(2 — x) and the
X-axis.

",3 You need to be able to work out areas of curves under the x-axis.

In the examples so far the area that you were calculating was above the x-axis. If the area
between a curve and the x-axis lies below the x-axis, then f y dx will give a negative answer.




Integration

Example [} I

Find the area of the finite region bounded by the curve y = x(x — 3) and the x-axis.

Whenx =0,y =0
Wheny=0,x=0o0r3

YA
First sketch the curve.
It is U-shaped. It crosses the x-axis at 0 and 3.
0 3 x
R
Area= | x(x — 3)dx ';':S gmits on the integral will therefore be 0
O .

5
— 2 _
= Jo (x* = 3x) dx « Multiply out the bracket.

x> 2xEp
B [3 ; _2_]0 ' Integrate as usual.
27 27
=5 -5]-©
o) 2
27 9
=——or——or—45
G or > or
oo the area is 4.5 * State the area as a positive quantity.

The following example shows that great care must be taken if you are trying to find an area
which straddles the x-axis such as the shaded region below, bounded by the curve with equation
y=@@+1)x—-1)x=x3—x.

/\I /
1/ OMx

Notice that:
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% This is because:

1 x4 le
= (x3—x)dx={———]
— 0 4 2 0
1 1 1
~(372)-0-3
e | 0} x4 xZO
=1 and @ —-x)dx =|——-—
_h — - 4 2 -1
__(1_1)_1
= - (4 2)_4

Example B

by the curve and the x-axis.

1
So the area of the shaded region is actually 1 +

Whenx =0,y =0 T
Wheny =0,x=0,10r =3 |

X —> %0, Y —® T

X— -0 y——% |

-3/ ’\{1 X

®} 1
The area is given byj ydx + —f ydx
—z o

Now Jydx=f(x5+2x2— 3x) dx
[x4 2x° 5x2}
—+

4 3 2

© e 2 &
| So JSydxz(O)—(Z——x27——><9

- & 2
=11.25
and 1ydx:(l+§—?—>—(0)
4 3 2
_ 7
12
So the area required is 11.25 + — = 11%

12

For examples of this type you need to draw a sketch, unless one is given in the question.

Sketch the curve with equation y =x(x — 1)(x + 3) and find the area of the finite region bounded

Find out where the curve intercepts the
axes.

Find out what happens to y when x is large
and positive or large and negative.

Since the area between x = 0 and 1 is below
the axis the integral between these points
will give a negative answer.

Multiply out the brackets.



Integration

Exercise I

Sketch the following and find the area of the finite region or regions bounded by the curves and
the x-axis:

1y=xx+2) 2y=x+Dx—-4
3y=+3xx-3) 4 y=xx—2)
5 y=x(x-2)x-95)

",4 You need to be able to work out the area between a curve and a straight line.

Sometimes you may wish to find an area between a curve and a line. (The method also applies
to finding the area between two curves, but this is not required in C2.)

y Y2
] 743’1

a b

RY

b b
You find the area of the shaded region by calculating f (y1 — ,) dx. This is because f ¥y, dx gives
b
the area below the line (or curve) with equation y,, and f y,dx gives the area below y,. So the

b b b
shaded region is sirnplyf ydx — f Yy, dx = f (y1 — ) dx.

B The area between a line (equation y,) and a curve (equation y,) is given by

b
Area= [ (y) =y, dv

Example 3

The diagram shows a sketch of part of the curve with equation y = x(4 — x) and the line with
equation y = x.

YA

4\5c

Find the area of the region bounded by the curve and the line.
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-

" Method 1

———

= x=x4—x)
_ X =4x — x?
- x2—=3x =0
—== x(x—3)=0
— S0 x=0or3
= 3 So the line cuts the curve at (O, O)
and (3, 9)

&
The area is given Iayj [x(4 —x) — x] dx
O

5
Area :f (3x — x?) dx
0

Area of triangle

First find where the line and the curve cross.

Find y-coordinates by substituting back in
one of the equations. The line y = x is the
simplest.

Use the formula with ‘curve — line’ since the
curve is above the line.

Simplify the expression to be integrated.

You should notice that you
could have found this area by
first finding the area beneath the
curve between x =0 and x = 3,
and then subtracting the area of
a triangle.

Method 2
Area beneath curve minus
YA
0 3 \a’c
= B
j (4x — x?) dx = —X3X3
O
x273
HPT <
3 o
27
=(15——)—(O) = 45
3
=9—45




Integration

b
The L (y1 — ¥,) dx formula can be applied even if part of the region is below the x-axis. Consider I

the following:

Y1

If both the curve and the line are translated upwards by +k, where k is sufficiently large to
ensure that the required area is totally above the x-axis, the diagram will look like this:

4 y + k

—~

/ ANEER
0| a b x

You should notice that since the translation is in the y-direction only, then the x-coordinates of
the points of intersection are unchanged and so the limits of the integral will remain the same.

b
So the area in this case is given by f [y: + k= (y, + k)] dx

[ oi-ma

Notice that the value of k does not appear in the final formula so you can always use this
approach for questions of this type.

Sometimes you will need to add or subtract an area found by integration to the area of a
triangle, trapezium or other similar shape as the following example shows.

Example

The diagram shows a sketch of the curve with equation y = x(x — 3) and the line with equation
y = 2x.

YA
C
0 A B x
(@ 0) (0

Find the area of the shaded region OAC.
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The required area is given by:
b
Area of triangle OBC — f x(x — 3) dx

The curve cuts the x-axis at x = 3
(andx=0)s0a=23

The curve meets the line y = 2x when

2x=x(x—3) * Line = curve.
So O=x?—5x*
0 = x(x — 5) Simplify the equation.
x=0orb,s0b=5
The point Cis (5, 10) * Yy =2 X 5=10, substituting
Area of triangle OBC = % X5 X 10 = 25 ﬁn:eS into the equation of the

Area between curve, x-axis and the line x =5 is

5 5
f x(x — 3) dx =j (x2 —3x) dx
5 %

[xB BXZT

5 2 |3
_ (2 _1oN_ 2] 2]

527 2)
_ (B 2

(5)-(-5)

52 26
= or—

6~ 3

26 49

Shaded region is therefore = 25 — = = ey or 16%

Exercise

1 The diagram shows part of the curve with equation y = x? + 2 and the line with equation
y = 6. The line cuts the curve at the points A and B.

YA

g
N

»

0 X

a Find the coordinates of the points A and B.
b Find the area of the finite region bounded by AB and the curve.



The diagram shows the finite region, R, bounded by
the curve with equation y = 4x — x? and the line y = 3.
The line cuts the curve at the points A and B.

Integration

I I

a Find the coordinates of the points A and B.

b Find the area of R.

The diagram shows a sketch of part of the curve with
equation y = 9 — 3x — 5x2 — x3 and the line with equation
y =4 — 4x. The line cuts the curve at the points A (-1, 8)
and B (1, 0).

Find the area of the shaded region between AB and

the curve. /

Find the area of the finite region bounded by the curve with
equation y = (1 —x)(x + 3) and the liney =x + 3.

The diagram shows the finite region, R, bounded by the
curve with equation y = x(4 + x), the line with equation \
y =12 and the y-axis.

a Find the coordinate of the point A where the line
meets the curve.

b Find the area of R.

The diagram shows a sketch of part of the curve with
equation y = x2 + 1 and the line with equation

y =7 —x. The finite region R, is bounded by the line
and the curve. The finite region R, is below the curve
and the line and is bounded by the positive x- and
y-axes as shown in the diagram.

a Find the area of R;.

b Find the area of R,.

The curve C has equation y = x% - x% + 1.

a Verify that C crosses the x-axis at she point (1, 0).
b Show that the point A (8, 4) also lies on C.

¢ The point B is (4, 0). Find the equation of the line through AB.
The finite region R is bounded by C, AB and the positive x-axis.

d Find the area of R.
The diagram shows part of a sketch of the curve with equation

2
y = —, +x. The points A and B have x-coordinates 3and 2
X

respectively.

Find the area of the finite region between AB and the curve.

1
2
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9 The diagram shows part of the curve with equation
y= 3Vx — Vx? + 4 and the line with equation y = 4 — x.

— a Verify that the line and the

b Find the area of the finite region bounded by the curve

and the line.

= 10 The sketch shows part of the curve with equation

y = x%(x + 4). The finite region
curve and the negative x-axis.

bounded by the curve, the positive x-axis and AB,

where A (2, 24) and B (b, 0).

a Find the area of R,.
b Find the value of b.

curve cross at the point A (4, 2).

0 \x

R, is bounded by the

The finite region R, is A (2,24)

R, R,

The area of R, = the area of R,. / 0 B, 0) x

to integrate the equation.
trapezium rule.

",5 Sometimes you may want to find the area beneath a curve but you may not be able

You can find an approximation to the area using the

Consider the curve y = f(x): Y

My -

Next we calculate the value of y for each value of x that forms a
boundary of one of the strips. So we find y forx=a,x=a + h,

b 4

To find the area given by f y dx, we divide the area up g
i b—a
o

into n equal strips. Each strip will be of width h, so h = ——

a b

T %%% % ¢

Hint: Notice that for n
strips there will be n + 1

Xx=a+ 2h,x =a+ 3h and so on up to x = b. We can label these values of x and 1 + 1

Valuesyo, Yu Y Y «ooh Yo

|-

/ Yo (Y1 Y2 | Yu—-1 Y

values of y.

0| a b




Integration

Finally we join adjacent points to form n trapeziums and approximate the original area by the
sum of the areas of these n trapeziums.

You may recall from GCSE maths that the area of a trapezium like this:

/

Y1
Yo

h

is given by 3(y, + y,)h. The required area under the curve is therefore given by:

b
| 3= 3o+ 30 + 310 432 ot 1+ 30

Factorising gives:

b
Lydx%%h@o+y1+y1+yz+yz.-.+yn71+yn71+yn)

b
or [ yde=3hly+ 201+ s +y0) i)

This formula is given in the Edexcel formula booklet but you will need to know how to use it.

B The trapezium rule:

b
f ydx ~ %hD’o +2(y1+ Y. +Y0) + 9] Hint: You do not need
a to remember how to
where h= : and y, = f(a + ih). develop this result.

Example B

Use the trapezium rule with

a 4 strips b 8 strips

to estimate the area under the curve with equation y = v(2x + 3) between the lines x = 0 and
x=2.

2—0
a Each strip will have width —4— = 0.b.

x | 0 |os| 1 | 15| 2
y=\/(2x+5)‘1.752‘ 2 ‘2.256‘2.449‘2.646

First work out the value of y at
the boundaries of each of your
strips.

1 It is sometimes helpful to put
S0 area = > X 0.5 X [1.732 your working in a table.

+2(2 + 2.236 + 2.449) + 2.646]

1
=~ X 05X [17.748]

= 4.457 or 4.44
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2—0
b Each strip will be of width —&— = 0.25.

x| o |oz5| 05 |0o75] 1 |126 | 15 | 175 | 2
y (1722 [ 1871 | 2 | 2121 |2236|2.345 2449 | 2550 | 2.646

_ 1
— So area = > X 0.25 X [1.732 + 2(1.671 + 2 + 2121 + 2.226 + 2.545
+ 2449 + 2.550) + 2.640]

1
=2 X 0.25 X [65.522] Values of y.

= 4440 25 or 4.44 (2 d.p.)

The actual area in this case is 4.441 368 ... and you can see (if you look at the calculations to
3d.p.) in the above example that increasing the number of strips (or reducing their width)
should improve the accuracy of the approximation.

A sketch of y = V(2x + 3) looks like this:

7t T V" V(2x + 3)
Hint: The area is
/ missed by the
/‘ trapezium.
/
0 X

You can see that the trapezium rule will always underestimate the area since the curve bends
‘outwards’.

Graphical calculators can be used to evaluate definite integrals. Calculators usually use a slightly
different method from the trapezium rule to carry out these calculations and they will generally
be more accurate. So, although the calculator can provide a useful check, you should remember
that the trapezium rule is being used to estimate the value and you should not expect this
estimate to be the same as the answer from a graphical calculator.

3 Exercise m

31
1 Copy and complete the table below and use the trapezium rule to estimate 21 dx
1 X
x 1| s o2 | 25| 3
1
=— 0.5 | 0.308 0.138
J x?+1

2.5
2 Use the table below to estimate f V(2x — 1) dx with the trapezium rule:
1

x 1| 12s| o1s | 1rs| o2 | 225 25 |
y=v@x-1)| 1 | 1.225] 1.414] 1.581] 1.732] 1.871] 2 |




Integration

3 Copy and complete the table below and use it, together with the trapezium rule, to estimate I
2
[ Vet + 1) dx:
0

x o | os| 1| 15| 2
y=va@+1)| 1 | 1.061] 1.414| |

2
4 a Use the trapezium rule with 8 strips to estimate f 2% dx.
0
b With reference to a sketch of y = 2* explain whether your answer in part a is an

2
underestimate or an overestimate of f 2% dx.
0

3
5 Use the trapezium rule with 6 strips to estimate f 7 2+—1)
0o V(x

1
6 The diagram shows a sketch of part of the curve with equation y = Y x> =2.
x

¥4

\

-1 0 1 ¥

a Copy and complete the table below and use the trapezium rule to estimate the area
bounded by the curve, the x-axis and the linesx = -1 and x = 1.

x | -1 | 06| -02] 02 ] 06 1
1
=—" 1
J x+2 ‘ ‘
b State, with a reason, whether your answer in part a is an overestimate or an
underestimate.

0.714 0.385| 0.333

7 a Sketch the curve with equation y =x3+ 1, for -2 <x < 2.

1
b Use the trapezium rule with 4 strips to estimate the value of J (x3+ 1) dx.
-1

1
¢ Use integration to find the exact value of f (34 1) dux.
-1

d Comment on your answers to parts b and c.

2
8 Use the trapezium rule with 4 strips to estimate f V(3* - 1) dx.
0

x
9 The sketch shows part of the curve with equation y = YT x=0.
X

YA
_ X
y_x+1
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3 x
— a Use the trapezium rule with 6 strips to estimate f w1 dx
0 X

= b With reference to the sketch state, with a reason, whether the answer in part a is an
overestimate or an underestimate.

2 2
== 10 a Use the trapezium rule with n strips to estimate f Vx dx in the casesin=4iin=6.
0

b Compare your answers from part a with the exact value of the integral and calculate the
percentage error in each case.

Mixed exercise m

1 The diagram shows the curve with equation i

y =5+ 2x — x2 and the line with equation /};\

y = 2. The curve and the line intersect at the A / B _,-»

points A and B. / \ -

a Find the x-coordinates of A and B. / 0 \ ’

b The shaded region R is bounded by the y=95+2x—x?

curve and the line. Find the area of R. 9
2 The diagram shows part of the curve C with y
A C

equation y = x3 — 9x2 + px, where p is a

constant. The line / has equation y + 2x = ¢,

where ¢q is a constant. The point A is the I

intersection of C and /, and C has a minimum

at the point B. The x-coordinates of A and B

are 1 and 4 respectively. R

a Show that p = 24 and calculate the value of q.

b The shaded region R is bounded by C, I and
the x-axis. Using calculus, showing all the steps

in your working and using the values of p and
g found in part a, find the area of R. 9

3 The diagram shows part of the curve C w3ith

equation y = f(x), where f(x) = 16x"2 + x2, x > 0. 1

a Use calculus to find the x-coordinate of the
minimum point of C, giving your answer in the

form kV3, where k is an exact fraction.

The shaded region shown in the diagram is bounded
by C, the x-axis and the lines with equations x = 1 0 1 > %
and x = 2.

b Using integration and showing all your working,
find the area of the shaded region, giving your
answer in the form a + bV2, where a and b are
exact fractions. 9




Integration
1 _1 I
a Find [(c? - % - 1) dx,
b Use your answer to part a to evaluate
4 1 71
[@2 -9z -1ax.
1
giving your answer as an exact fraction. 9

The diagram shows part of the curve with equation y = x3 — 6x% + 9x. The curve touches the
x-axis at A and has a maximum turning point at B.

y

a Show that the equation of the curve may be written as y = x(x — 3)?, and hence write
down the coordinates of A.

b Find the coordinates of B.
¢ The shaded region R is bounded by the curve and the x-axis. Find the area of R. 9

1 1
Given that y2 =x3 + 3:
2 1
a Show thaty =x3 + Ax3 + B, where A and B are constants to be found.

b Hence find f y dx.
8

¢ Using your answer from part b, determine the exact value of f ydx. 9
1

1 1
Considering the function y = 3x2 — 4x~2, x > 0:

dy
a Find —.
dx
b Find [y dx.
3
¢ Hence show that f ydx = A + BV3, where A and B are integers to be found. e
1
The diagram shows a sketch of the curve with equation YA

y = 2x — x? and the line ON which is the normal to the R
curve at the origin O. y=2woa
a Find an equation of ON.

b Show that the x-coordinate of the point N is 2 and 0 x
determine its y-coordinate.

¢ The shaded region shown is bounded by the curve
and the line ON. Without using a calculator,
determine the area of the shaded region. 9
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-~ 9 The diagram shows a sketch of the curve with equation

10

11

y=12x%—x% forO0=sx<12.

dy

a Show that . = %x%(4 -

b At the point B on the curve the tangent to the curve
is parallel to the x-axis. Find the coordinates of the

point B.

x).

¢ Find, to 3 significant figures, the area of the finite region bounded by the curve

and the x-axis.

The diagram shows the curve C with equation
y =x(8 —x) and the line with equation y =12
which meet at the points L and M.

YA
=12
12 L M Yy
y =x(8 — x)
0 N x

a Determine the coordinates of the point M.

b Given that N is the foot of the perpendicular from
M on to the x-axis, calculate the area of the shaded
region which is bounded by NM, the curve C and

the x-axis.

The diagram shows the line y = x — 1 meeting the
curve with equationy = (x — 1)(x — 5) at A and C.

The curve meets the x-axis at A and B.

a Write down the coordinates of A and B and find

the coordinates of C.

b Find the area of the shaded region bounded by

the line, the curve and the x-axis.



Integration

12 A and B are two points which lie on the curve C, with 74 I
equation y = —x? + Sx + 6. The diagram shows C and the B
line I passing through A and B.

a Calculate the gradient of C at the point where x = 2.

The line I passes through the point with coordinates (2, 3)
and is parallel to the tangent to C at the point where x = 2. A

b Find an equation of /. 4 0

¢ Find the coordinates of A and B.
The point D is the foot of the perpendicular from B on to the x-axis.

d Find the area of the region bounded by C, the x-axis, the y-axis and BD.
e Hence find the area of the shaded region.

13 The diagram shows part of the curve with equation
y =p+ 10x — x2, where p is a constant, and part of the line /
with equation y = gx + 25, where g is a constant. The line [
cuts the curve at the points A and B. The x-coordinates of A
and B are 4 and 8 respectively. The line through A parallel to
the x-axis intersects the curve again at the point C.

a Show that p = —7 and calculate the value of q.

b Calculate the coordinates of C.

¢ The shaded region in the diagram is bounded by the
curve and the line AC. Using algebraic integration and
showing all your working, calculate the area of the shaded
region.
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Summary of key points
1 The definite integral f bf’ (x) dx = f(b) — f(a).

2 The area beneath the curve with equation y = f(x) VA
and between the linesx = a and x = b is y = f(x)

b
Area = f f(x) dx

3 The area between a line (equation y,) and a curve
(equation y,) is given by

b
Area = f (31— y») dx

QX\Q

4 Trapezium rule (in the formula booklet):

YA
b
Lydx%%h[yo"'z@l +y2...+yn_1)+yn] /\/

b—a /]

and y; = f(a + ih). Yo (Y1 Y2 | Yn-1 Yn
n

where h =

0 a b X




Review EXxercise

Find the values of x for which g Find all the values of 0 in the
f(x) = x3 — 3x? is a decreasing function. interval 0 < 6 < 360° for which
2'sin (6 — 30°) = V3.
9 Given that A is an acute angle and

cos A = 3, find the exact value of tan A. €) The diagram shows the shaded region T
which is bounded by the curve

3 _ -
21 y = (x — 1)(x — 4) and the x-axis. Find the
Praluate fl Tl area of the shaded region T.
3 Y1 B
Given thaty = X" 1 x2 — 6x + 3, find the y=@-1Dx -4

3

values of x when Q = 2. /
dx \
B 1~T1T"4

Solve, for 0 < x < 180°, the equation 0
cos 2x = —0.6, giving your answers to
1 decimal place.

X

Find the coordinates of the stationary
points on the curve with equation

@ rind the area between the curve y =4x®— 3x + 1.
y = x3 — 3x2, the x-axis and the linesx = 2
and x = 4.

a Given that sin 6 = cos 6, find the value
of tané.

: = 43 — Oy2 _
Given f(x) = x° = 2" — 4x, b Find the value of 6 in the interval
a find if(2) ii £(2) iii £'(2) 0 < 6 < 2 for which sin 6 = cos 6,
b interpret your answer to a. giving your answer in terms of .




a Sketch the graph of y = %, x> 0.

b Copy and complete the table, giving
your values of% to 3 decimal places.

1 (1214|1618 2

1 0.5

K[ R

¢ Use the trapezium rule, with all the
values from your table, to find an
2
estimate for the value of fl %dx

d Is this an overestimate oran  ,,
underestimate for the value of f %dx?
1

Give a reason for your answer.

Show that the stationary point on the
curvey = 4x3 — 6x% + 3x + 2 is a point of
inflexion.

Find all the values of x in the interval
0 < x < 360° for which 3tan%x = 1.

8 1 1
Evaluatef1 X' —x dx.

The curve C has equation

y =2x3— 13x? + 8x + 1.

a Find the coordinates of the turning
points of C.

b Determine the nature of the turning
points of C.

The curve S, for 0 < x < 360°, has

equation y = 2 sin (2x — 30°).

a Find the coordinates of the point where
S meets the y-axis.

b Find the coordinates of the points
where § meets the x-axis.

Find the area of the finite region bounded
by the curvey = (1 + x)(4 — x) and the
X-axis.

[Hint: Find where the curve meets the
x-axis.|

The diagram shows part of the curve with
equationy = Zx%(B — x). The curve meets
the x-axis at the points O and A. The point
B is the maximum point of the curve.

YA

y=2x%(3—x)

g
KRY

0]

a Find the coordinates of A.

R
b Show that v 3x (1 — x).

¢ Find the coordinates of B.

¢J) a Show that the equation
2cos?x = 4 — 5 sin x may be written as
2sin?x — Ssinx + 2 = 0.
b Hence solve, for 0 < 6 < 360°, the
equation 2 cos’x = 4 — 5 sin x.

Use the trapezium rule with 5 equal strips

1 —_—
to find an estimate for j;) xy(1 + x)dx.

@ A sector of a circle, radius rcm, has a
perimeter of 20 cm.

a Show that the area of the sector is given

by A = 10r — 2.
b Find the maximum value for the area of
the sector.

Show that, for all values of x:
a cos’(tanx + 1) =1
b sin*x — costx =
(sin x — cos x)(sin x + cos x)
[Hint: Use a> — b*> = (a — b)(a + b).]



@ The diagram shows the shaded region R
which is bounded by the curves
y=4x(4 —x)andy = 5(x — 2)%
The curves intersect at the points A and B.

YA

\ y =5 — 2)?
4 R By=4x(4—x)
0 N X

a Find the coordinates of the points
A and B.

b Find the area of the shaded region R.

@ The volume of a solid cylinder, radius
rcm, is 1287,
a Show that the surface area of the

cylinder is given by § = zsrﬁT + 272,

b Find the minimum value for the surface
area of the cylinder.

The diagram shows part of the curve
y = sin (ax — b), where a and b are

constants and b < g

SN/
O/A B\_/c x

Given that the coordinates of A and B are

(g, O) and (%T, 0) respectively,

a write down the coordinates of C,
b find the value of a and the value of b.

Yy

Find the area of the finite region bounded
by the curve with equationy = x(6 — x)
and the liney = 10 — x.

A piece of wire of length 80 cm is cut into
two pieces. Each piece is bent to form

the perimeter of a rectangle which is

three times as long as it is wide. Find the
lengths of the two pieces of wire if the
sum of the areas of the rectangles is to be a
maximum.

[Hint: Let the width of each rectangle be
xcm and y cm respectively.]

The diagram shows the shaded region
C which is bounded by the circle
y = /(1 — x?) and the coordinate axes.

Y
1

y = Vi)

0 1 x

a Use the trapezium rule with 10 strips to
find an estimate, to 3 decimal places,
for the area of the shaded region C.

The actual area of C is 327

b Calculate the percentage error in your
estimate for the area of C.

The area of the shaded region A in the
diagram is 9 cm?. Find the value of the
constant a.

YA

. y=(~ay




Practice paper

(Marks are shown in brackets.)

1 The sector AOB is removed from a circle of radius 5 cm.
The LAOB is 1.4 radians and OA = OB.

a Find the perimeter of the sector AOB. 3)

b Find the area of sector AOB. (2)
2 Given that log,x = p:

a Find log, (8x?) in terms of p. 4)

b Given also that p =5, find the value of x. (2)
3 a Find the value of the constant a so that (x — 3) is a factor of x3 — ax — 6. 3)

b Using this value of a, factorise x* — ax — 6 completely. (4)

4 a Find the coefficient of x!! and the coefficient of x!2 in the binomial expansion of

(2 +x)b. 4)
The coefficient of x!' and the coefficient of x!? in the binomial expansion of (2 + kx)'®
are equal.
b Find the value of the constant k. 3)

5 a Prove that:
cos? 6 _1-sing
sinf#+sin26  sin 6

, 0<9<180°. (4)

b Hence, or otherwise, solve the following equation for 0 < 6 < 180
cos?
sin 6+ sin?0
Give your answers to the nearest degree. (4)

6 a Show that the centre of the circle with equation x2 + y2 = 6x + 8y is (3, 4) and find
the radius of the circle. (5)

b Find the exact length of the tangents from the point (10, 0) to the circle. (4)

7 A father promises his daughter an eternal gift on her birthday. On day 1 she receives
£75 and each following day she receives % of the amount given to her the day before.
The father promises that this will go on for ever.

a Show that after 2 days the daughter will have received £125. (2)
b Find how much money the father should set aside to ensure that he can cover the
cost of the gift. 3)

After k days the total amount of money that the daughter will have received exceeds £200.
¢ Find the smallest value of k. (5)



Practice paper

311
8 GivenI= f (—2 + 3\/3_C) dx:
1\x
a Use the trapezium rule with the table below to estimate I to 3 significant figures. 4)
x| 1 s |2 |25 3
y ‘ 4 ‘ 4.119 ‘ 4.493 ‘ 4.903 ‘ 5.307

b Find the exact value of I. 4)

¢ Calculate, to 1 significant figure, the percentage error incurred by using the trapezium
rule as in part a to estimate I. (2)

9 The curve C has equation y = 6x§ - 7x%+ 4.

a Find % (2)
b Find %;% (2)

¢ Use your answers to parts a and b to find the coordinates of the stationary points
on C and determine their nature. 9)




Examination
style paper

1 Find the first three terms, in ascending powers of x, of the binomial expansion of
(2 — 3x)%, giving each term in its simplest form. (4)

2 A geometric series has common ratio r (<0). The sum of the first and third terms
equals 4 times the sum of the third and fifth terms.

a Find the value of r. 3)
The sixth term of the series is —2.

b Find the value of the first term. (2)
¢ Calculate S.. (2)

3 a Show that the equation
6sin’x = 4 + cosx
can be written as
6Cc0s2x + cosx —2=0 (2)
b Hence solve, for 0 <x < 360°, the equation
6sinx = 4 + cosx

giving your answers to 1 decimal place where appropriate. (5)

4 Solve for x.

a log;x=4 (2)
b log;(3x + 2) — 2logsx + 2 wherex > 0 (5)
5 The curve with equation ¥4
y=x-2)x-5) C
10

cuts the x-axis at the points A(2, 0)
and B(5, 0) and the y-axis at the

point C(0, 10). The finite region R R

is bounded by the curve AC and BC A B/

as shown. 5 — o

a Find [(x - 2)(x - 5)dx (3)

b Find the exact area of R. (5)




Examination style paper

6 The circle with equation
x2+y>—4x+2y-20=0
has centre at the point C and radius r.

a i Find the coordinates of C.
ii Show that r= 5. (5)

The circle crosses the y-axis at the points L and M and the tangents to the circle at L
and M intersect at the point N.

b Find the y-coordinate of N. (2)
25

Given that CN = >

c find LN, giving your answer to 3 significant figures. (2)

7 f(x)=2x3+ax*>+ bx + 10
When f(x) is divided by (2x — 1) the remainder is 12.
When f(x) is divided by (x + 1) there is no remainder.
a Find the value of a and the value of b. (6)

b Show that the equation f(x) = O has only one real root. (4)

8 The curve C has equation
y=x3+2x>—4x+2

a Find &, @
dx

b Using your answer to part a, find the coordinates of the turning points of C. (4)
. dYy

¢ Find @ (1)

d Hence, or otherwise, determine the nature of the turning points of C. (2)

e State, giving a reason, the number of real roots of the equation
x3+2x>—4x +2=0. (2)

B C

D

The diagram shows the triangle ABC, with AC = 6 cm, angle ABC = 0.3 radians and angle
ACB = 0.7 radians. The arc AD, where D lies on BC, is an arc of a circle with centre C
and radius 6 cm. The arc DE, where E lies on AB, is an arc of a circle centre B.

The region R is bounded by the straight line EA and the arcs AD and DE.

a Show that BC = 17.1 cm, correct to 3 significant figures. (4)
b Find the length of arc ED. (2)

¢ Find the area of R, giving your answer correct to 1 decimal place. (6)




Formulae you
need to remember

These are the formulae that you need to remember for your exams. They will not be included in
formulae booklets.

Laws of logarithms
log,x +log,y = log, (xy)

log,x —log,y = log, (£>
y
k log,x = log, (x*)

Trigonometry

In the triangle ABC
a b <
sinA sinB sinC

area =3 ab sin C

Area

b
area under a curve = f ydx (y=0)




List of symbols
and notation

The following notation will be used in all Edexcel mathematics examinations:
€ is an element of

& is not an element of

{xq, X5, ...} the set with elements x,, x,, ...

fx: ...} the set of all x such that ...

n(A) the number of elements in set A

% the empty set

S the universal set

A the complement of the set A

N the set of natural numbers, {1, 2, 3, ...}

VA the set of integers, {0, £1, +2, 3, ...}

7t the set of positive integers, {1, 2, 3, ...}

Z, the set of integers modulo n, {1, 2, 3, ..., n — 1}

Q the set of rational numbers, {% PEZ,qE Z+}

QF the set of positive rational numbers, {x € Q: x > 0}

Qo* the set of positive rational numbers and zero, {x € Q: x =0}

R the set of real numbers

R* the set of positive real numbers, {x € R: x > 0}

Ro* the set of positive real numbers and zero, {x € R: x = 0}

C the set complex numbers

(x,y) the ordered pair x, y

AXB the cartesian products of sets A and B,
ieAXB={(a, b):a€ A, beE B}

- is a subset of

C is a proper subset of

U union

N intersection

[a, b] the closed interval, {x € R: a <x < b}

[a, b), [a, |  theinterval, {x € R:a<x <b)}

(a, b, ]a, b] the interval, {x € R: a<x < b}

(a, b), la, bl  the open interval, {x € R: a <x <b}

yRx y is related to x by the relation R

y~x y is equivalent to x, in the context of some equivalence relation

= is equal to

e is not equal to

is identical to or is congruent to




List of symbols and notation

U

8 W VAARD
)vL

axb,ab, a.b

a+b,%,a/b

(0, F'), .
Jy as

is approximately equal to

is isomorphic to

is proportional to

is less than

is less than or equal to, is not greater than
is greater than

is greater than or equal to, is not less than
infinity

pand g

p or g (or both)

not p

p implies g (if p then q)

p is implied by ¢ (if g then p)

p implies and is implied by g (p is equivalent to q)
there exists

for all

aplus b

a minus b

a multiplied by b

a divided by b

a,+a,+ ... +a,

a, X a, X ... X a,

the positive square root of a
the modulus of a
n factorial

n!

the binomial coefficient ————

+
=7 forn e’/

nn-1) ..

.'(n—r+ Ly forn € Q
r!

the value of the function f at x

f is a function under which each element of set A has an image in set B

the function f maps the element x to the element y
the inverse function of the function f

the composite function of f and g which is defined by (g,f)(x) or gf(x) = g(f(x))

the limit of(x) of as x tends to a

an increment of x

the derivative of y with respect to x

the nth derivative of y with respect to x

., f™(x) the first, second, ..., nth derivatives of f(x) with respect to x

the indefinite integral of y with respect to x



List of symbols and notation

a

y dx the definite integral of y with respect to x between the limits
b
v . N .
P the partial derivative of V with respect to x
X
XX, ... the first, second, ... derivatives of x with respect to t
e base of natural logarithms
e*, expx exponential function of x
log, x logarithm to the base a of x

In x, log. x natural logarithm of x

log x, log,o x logarithm of x to base 10
sin, cos, tan,

cosec, sec, cot

arcsin, arccos, arctan,
arccosec, arcsec, arccot
sinh, cosh, tanh,
cosech, sech, coth
arsinh, arcosh, artanh,
arcosech, arsech, arcoth

the circular functions
} the inverse circular functions
} the hyperbolic functions

}the inverse hyperbolic functions

ij square root of —1

z a complex number, z =x + iy

Re z the real part of z, Re z=x

Im z the imaginary part of z, Imz=y

| z| the modulus of z, | z| = V(x? + y?)

arg z the argument of z, arg z=6, —w<6< =

A the complex conjugate of z, x — iy

M a matrix M

M! the inverse of the matrix M

M' the transpose of the matrix M

det M or |[M| the determinant of the square matrix M

a the vector a

AB the vector represented in magnitude and direction by the directed line segment AB
a a unit vector in the direction of a

ij Kk unit vectors in the direction of the cartesian coordinate axes
|al|, a the magnitude of a

L@) | the magnitude of AB

a.b the scalar product of a and b

axb the vector product of a and b




Index

a*=b 45-46
(a + by" 80-81
(a + bx)” 80-81, 82-83
algebra
factor theorem 11-13
factorising 2-4
fractions, simplifying algebraic
2-4
polynomials 6-15
remainder theorem 14-15
angles
measured in radians 88-89
negative 120-121
positive 120-121
semicircle 62
tangent and radius of a circle
66
triangles 22, 24, 28-29
arc of a circle, length 90-91
areas
between curve and straight line
179-182
between two curves 179-182
curves under the x-axis
176-178
triangles 33-34
under curves 174-175

binomial expansion
(1 +x)* 82-83
(a + bx)" 80-81, 82-83
coefficients 80-81
combinations 78-80
factorial notation 78-80
Pascal’s Triangle 77-78

change of base rule of logarithms
47-48
circle
angle between tangent and
radius 66
angle in a semicircle 62
area of a sector 93-94
area of a segment 94-95
equation of 63-66, 67-68
length of an arc 90-91
perpendicular from centre to a
chord 57-58
circle theorem 57-58
combinations 78-80
common ratio 103, 104-106
completing the square 28
convergent geometric series
112-114

coordinate geometry
angle between tangent and
radius of a circle 66
angle in a semicircle 62
circle theorem 57-58
distance between two points
60-62
equation of circle 63-66,
67-68
mid—point of line joining two
points 52-54, 55-56
perpendicular bisector 57
perpendicular from centre of
circle to chord 57-58
quadrants 121
cos ¢
graphs 128-129, 131-134
ratio 120-121
value for 30°, 45° and 60°
127-128
value for multiples of 90° 122
cos 6 = k 160-161
cos(nf* + a) = k 163-164
costk 161
cosine rule 25-27, 31
cosine rule proof 27
% at stationary point 145-146
decay problems 107-108
definite integration 172-173
differentiation

dzy . )
@ at stationary point 145-146

decreasing functions 142-143
increasing functions 142-143
maximum point 144-147
minimum point 144-147
point of inflexion 144-147
points of zero gradient
144-147
problem solving 148-150
stationary point on curve
144-147
turning point 144-147
distance between two points
60-62
division law of logarithms 43-44

examination style paper: 198-199

factor theorem 11-13

factorial notation 78-80
factorising 2-4, 9

fractions, simplifying algebraic 2—4

geometric sequences

common ratio 103, 104-106

decay problems 107-108

first term 104-106

growth problems 107-108
geometric series, convergent, sum

to infinity 112-114

geometric series, sum 109-111
growth problems 107-108

indices, negative 39-40
integration
area between curve and straight
line 179-182
area between two curves
179-182
areas of curves under the x—axis
176-178
areas under curves 174-175
definite 172-173
trapezium rule 184-186

log.n =x 41-42

logarithms
base 10 42-43
base change 47-48
division law 43-44
expressions as 41-42
laws of 43-44
multiplication law 43-44
power law 43-44

maximum point 144-147

mid-point of line joining two
points 52-54, §5-56

minimum point 144-147

multiplication law of logarithms
43-44

negative angles 120-121
negative indices 39-40

Pascal’s Triangle 77-78

perpendicular bisector 57

perpendicular from centre of circle
to chord 57-58

point of inflexion 144-147

points of zero gradient 144-147

polynomials 6-15

positive angles 120-121

power law of logarithms 43-44

Pythagoras’ theorem 31



quadrants 121, 124-126

quadratic equations, trigonometric

variables 165-166
quotient 6, 9

radian measure 88

remainder 9, 14-15
remainder theorem 14-15
right-angled triangle 120-121

sector of circle, area 93-94
segment of circle, area 94-95
sin 6
graphs 128-129, 131-134
ratio 120-121
value for 30°, 45° and 60°
127-128
value for multiples of
90° 123
sin § = k 160-161
sinmd + a) = k 163-164
sin”! k 161
sin? @ + cos? 6 = 1 155-158
sine rule 19-20, 31
sine rule proof 20
stationary point on curve
144-147

summaries of key points

algebra 17

binomial expansion 86

circles 71-72

coordinate geometry 71-72

cosine rule 37

differentiation 153

exponentials 50

functions 17

geometric series and sequences
118

integration 192

logarithms 50

radian measure 101

sine rule 37

trigonometric equations 170

trigonometric functions
136-137

trigonometric identities 170

trigonometry 37

tan 6

graphs 128-129, 131-134

ratio 120-121

value for 30°, 45° and 60°
127-128

value for multiples of 90° 123

tan 6 = p 160-161
tan(mé + a) = p 163-164

trapezium rule 184-186
triangle calculations
area 33-34
length of sides 19-20, 25-27
right-angled 120-121
size of angles 22, 24, 28-29
trigonometric functions
graphs 120-121
graphs 128-129

right-angled triangle 120-121

signs in the four quadrants
124-126
transformations of graphs
131-134
trigonometrical equations
160-161
trigonometrical problems 31
trigonometrical quadratic
equations 165-166
trigonometrical ratios 31
trigonometrical relationships
155-158
turning point 144-147
two points
distance between 60-62
mid-point of line joining
52-54, 55-56

y = a* and its graph 39-40




Chapter 1 Answers

Exercise 1A
1 a 43+5x—7

b 7x7 —5x*+9x*+x

x+ 1) —5)(x—06)
x=2)x+1x+2)
@x=5)x+3)x—2)
-1 +3)2x+1)
@+ 1Dx+2)3x—1)
(x—2)(2x —5)(2x + 3)

N
Ne eapege

8
9 16
10 p=3,q=7

Exercise 1E
1 a 27 b -6
e 2% f 8
i —15§ j 2052
2 -1
3 18
4 30
7 -9
8 8%
9 a=5b=-8
10 p=8,q=3

Mixed exercise 1F
a x*—-7 b

3x2+5

262 —=2x +5
A=2,B=4,C=-5
p=1q=3
x—-2)x+4)(2x—1)
7

73

a p=149=-15
ar=3,s5=0

a x—-Dx+52x+1)
-2

-18

:;\QOO\IG\UIVBWN e

p—
w N

b x-3)x-352x—-1)
d x+2)2x—1)3Bx+1)

c O d
g 14 h

S =

8
\

2x+1

b (x+3)(2x—-Y9)
b 13
b _5/ _%/ 1

c —2x>+1 d —x3+4x+§
e 796“7x27i f 403 —2x2+3
x o
g 3x—4x?-1 h 2x47§
2 3
g ELr 2 i 2x-3x3+1
5 5 Sx
k Yo 3 1 3x8+2.ac3+i
2 2 X 3x
2 a x+3 b x+4 c x+3
d x+7 e x+5 x+4
x—4 X+2 . X+4
g h i
x—3 x+4 xX—6
i 2x+3 K 2x—3 1 x—2
x—35 x+1 x+2
2x+ 1 X+ 4 2x+1
m n o
x—2 3x+1 26 —3
Exercise 1B
1 a x*2+5x+3 b x2+6x+1 ¢ x2+x-9
d x*+4x -2 e x*2-3x+7 £ x*+4x+5
g x?-3x+2 h x*-2x+6 i x>-3x-2
j x>+2x+38
2 a 6x2+3x+2 b 4x*+x-35
c 3x%2+2x—-2 d 3x*2+4x+8
e 2x2—-2x—3 f 2x2-3x—4
g —3x*+5x-7 h —2x2-3x+5
i —5x?2+3x+35 j —4x?+x-—-1
3 a x*+3x2—-4x+1 b x3+6x2—5x—4
c 4x*+2x2—-3x—-5 d 3x3+5x2—-3x+2
e —3x*+3x2—-4x-7
f 3x*+2x3—-8x2+2x—5
g 6xt—x3—2x2—-5x—-2
h —5x*+2x3+4x2—3x+7
i 205 —3x*+2x%-8x2+4x+6
j xt+xt-xi+a?-2x+1
Exercise 1C
1 a x*-2x+5 b 2x2-6x+1
c —3x*—-12x+2
2 a x2+4x+12 b 2x>—x+5
¢ —3x*+5x+10
3 a x2-5 b 2x2+7 c —-3x*2—-4
4 a -8 b -7 c —12
7 (c+4)(5x2—20x + 7)
8 3x2+6x+4
9 x2+x+1
10 x° —2x2+4x— 8
Exercise 1D

2 x—Dx+3)x+4
3 x+1x+7)(x—-9)
4 x-S« —-4Hx+2)
5 @—2)(2x—1)(x+4)

-
[7 T

3 Vs
—_—
275"

1
2 3



Chapter 2 Answers

Exercise 2A
1 a 152cm b 957cm ¢ 897cm d 4.61cm
2 a x=84,y=6.32

b x=13.5,y=16.6

c x=85y=139

d x =80,y =6.22 (Isosceles A)

e x=627,y=7.16

f x=4.49,y=7.49 (right-angled)
3 a l.4lcm (V2em) b 1.93cm
4 a 6.52km b 3.80km
5 a 731cm b 1.97cm
Exercise 2B
1 a 364 b 35.8 c 40.5 d 130
2 a 48.1 b 45.6 c 1438

d 48.7 e 86.5 f 774

3 £QPR=50.6°, LPQR = 54.4°

4 a x=43.2,y=5.02
c x=6.58,y=32.1
e x=218,y=3.01

5 Using the sine rule, x =

v 4\/2(22— V2)

Exercise 2C

1 a 70.5° 109° (109.5°)

2 a x=74.6,y=654
x =105,y =34.6
b x=59.8 y=484
x=120,y=27.3
c x=56.8,y=4.37
x=23.2,y=2.06
3 a Scm (LACB=90°
c 45.6° 134(.4)°
4 296cm

b x=101,y=15.0
d x=54.6,y=10.3
f x=459,y=3.87
a2z
252 rationalising

=4V2 - 4=4(2-1).

b 24.6°

5 In one triangle ZABC = 101° (100.9°); in the other

£BAC =131° (130.9°).

Exercise 2D
1 a 3.19cm
¢ 9.85cm
e 6.84 cm (isosceles)
11.2km
302 yards (301.5...)
4.4
42

AUk WN

Exercise 2E
1 a 108(.2)°
d 52.6°

LACB=122.3°
£LABC = 108(.4)°
104° (104.48°)
b 35

NNk wN

b 90°
e 137°
128.5° or 031.5° (LBAC = 48.5°)

b 1.73cm (V3 cm)
d 4.31cm
f 9.80cm

b Minimum AC? = 60.75; it occurs for x = 3.

c 60°
f 72.2°

Exercise 2F

1 a x=37.7,y=86.3,z=6.86

b x=48,y=19.5,2z=14.6
x=30,y=11.5,z=11.5
x=21.0,y=29.0, z=8.09
x=93.8,y=56.3,2z=299
x=972,y=414,z=414
x=453,y=94.7, z=14.7
orx=134.7,y=15.27,z=1.36
x=707,y=73.7,z=61.2
orx =7.07,y =106, z=28.7

= oo a6

i x=49.8,y=9.39,2z=37.0

2 a LABC=108° LACB=32.4°, AC=15.1cm
b /BAC=41.5° /ABC =28.5°, AB=9.65cm

3 a 8km b 060°

4 107 km

5 12km

6 a 5.44 b 7.95 c 36.8

7 a AB+BC>AC=>x+6>7=x>1;

AC+AB>BC=11>x+2=x<9
b i x=6.08 fromx2=37,
ii x=7.23 from
x2—4(V2-1x—(29+8V2)=0
8 x=4
9 AC=1.93cm
10 b 3
11 4V10
12 AC=l%cm andBC=6%cm

Exercise 2G
1 a 23.7cm? b 4.31cm?
2 a x=418o0r 138(.2)
b x=26.7 or 153(.3)
¢ x=60or 120
3 275(.3)m (third side = 135.3 m)
4 3.58
5 b Maximum A = 37, when x = 13
6 b 211

¢ 20.2cm?

Mixed exercise 2H

1 a 155°
b 13.7cm

2 a x=49.5, area =1.37 cm?
b x =55.2, area = 10.6 cm?
¢ x =117, area = 6.66 cm?

6.50 cm?

a 36.1cm? 12.0 cm?

25V3

2

15V3
4

a5

cm?
1 2
b 1;cm

a 4 b

X N 9 W

(6.50) cm?



Chapter 3 Answers

Exercise 3A
1 a

y =7y

y=4

3 a 3log,x+4log,y+log,z
b Slog,x —2log,y
c 2+2log,x
d log,x +3log,y —log,z
e 3+3log, x
Exercise 3E
1 a 623 b 2.10 c 0.431 d 1.66
e —3.22 f 1.31 g 324 h -0.0617
i 142 j —0.542
2 a 0,232 b 1.26,2.18 c 1.21
d 0.631 e 0.565,0.712 f x=0
g x=2 h x=-1
Exercise 3F
1 a 2.460 b 3.465 c 4.248
d 0.458 e 0.774
2 a 127 b 2.09 c 0.721
3 a i512 b 11 c 2.52
Mixed exercise 3G
1 x=-1,x=0
2 a 2log,p+log,q b log,p=4lo0g,q=1
3 a i b ip+1
4a9 b 12 c 39
5 b 232
6 x=3y=1
739
8 —3 -2
9 (4,16) or (16,4) _
3 V3

11 b X=7y=

12b a=iB=3

4 X
3_
2_
y=1
I
~4-3-2-19 1 2 3 4%
Exercise 3B
1 a log,256=4 b log, (3) = —2
c log;; 1000000 =6 d log;;11=1
e log,,0.008 =3
2 a 2'=16 b 52=25
1
c 92=3 d 5'=02
e 10°=100000
3 a3 b 2 c 7 d 1 e 6
£ 3 g -1 h -2 i 10 ji -2
4 a 625 b 9 c 7 d 2
Exercise 3C
1 1.30 2 0.602
3 3.85 4 -0.105
5 1.04 6 1.55
7 -0.523 8 3.00
Exercise 3D
1 a log,21 b log,9 c logs; 80
d logs (§) e log,, 120
2 a log,8=3 b logs36=2 c log;,144=2
d logs2=3 e log,10=1



Chapter 4 Answers

Exercise 4A
1a (55) b
d (0,0) e

g (-89 h (4a,0)
k

. (3s
1(2,3g

(7 1, 4)
(2Y)
(3p, 29)

A
=
N
&

.6

/?
SE
|
<
~———
—

N

%nb
(53
G 3)

15

8 3

3, -3

(10, 5)

(=7a, 17a)
p=84q=7
a=-2,b=4

w

SooNua ook

Exercise 4B

1 y=-x+7

2 2x-y—-8=0

3 a (10, -10)

4 y=-4x-50

6 8x+6y—5=0

7 (3,2

8 (8,0

9 aiy=2
b (3,6)

10 (-3,6)

1

S

b y=ixr-

v

ii y=-x+9

Exercise 4C
1a 10

d V5

g V113
j Sc
m V10
10

V10
3,6)
a i 2V5 ii 5
b V10

8 (2,3)

9 15

10 b 50 c (3,6)

13
2V10
aV53
avel
5V3

V106
3pV5
2¢V5
42

ExrEoeC
S == rma

N QRN

Exercise 4D

1a x—-3)?%+(y—22=16
(x+4)+(y—5?2=36

(x =352+ (y+6)2=12

(x — 2a)%> + (y — 7a)?> = 25a*

(X +2V2)2 + (y +3V2)2 =1
(=5,4),9 b (7,1),4
(—4,0), 5 d (—4a, —a), 12a
(3V5, —V5), 3V3
x+22+(y+32-10=0
(x+2?%+(y+3)=10
so centre is (=2, —3) and radius V10

N
speepoaeg

w

(2a,a —b)

5V5 R
m@3V2,4 n (zx@, 5 ) o (2V2,V2 +3V3)

V- NS

b (x+3) +(y-3"-18=0
@+ + - =% VT
so centre is (—%, +%) and radius = Vo
c 2 +22+2(y+D-P=0
222y W =K
ie ([ _15 . _
so centre is (=2, —7), radius 2
d 2x—-2)*+2(y—-2)?*-13=0
20 -2+ 2y -2 ="%
so centre is (2, —2) radius V2
(x -8+ (y—1)?2=25
@=+(y-4°=1%
V5
a 3V10
a x—42+@{y—-62=73 b 3x+8 +13=0
a (0,-17),(17,0) b 144.5

Exercise 4E

1

2
3
4
5
9
10

(7,0), (=5,0)

0,2), (0,-8)
a=-2,8 b=-8,2
(6,10), (-2,2)
4,-9),(=7,2)

0, -2), 4,6)

a 13 b 1,5

Mixed exercise 4F

NSO WN =

11
12
13
14
15

16
17
19
20
21
22
23

24

(X —2)2+ (y +4)2=20

a 2V29 b 12
(-=1,0), (11,0)
m=7-vV105, n=7+ V105

4

x+y+10=0

a a=3,b=V91-8

b y:<8—\91>(x_3)

3
a c=10,d=Y165+5
a p=0,g=24

1,3)
(x—2)2+(y+22=61
aiy=—-4x-4 ii x=-2
b V106

a (4,0), (0,12

c (x—2)2+(y—6)2=40
(x+2)2+y>=34

60

ar=2

p=149g=4 bi -
3,1),r=4

(5, -8), r=10

(—4,3), r=V7

13, 32
(2’2)”‘ 2

b 5(V165 +5)
b (0,49), (0, -1)

b (-2,4)

b (2,6)

wit

a
a
a
a

1Y



Review Exercise 1 Answers

N O b
R
+
w
K
|
wn

b x=15
9 b (2x—1)(x—5)x+2)
10 59.0° or 121.0°
11 2 +log,a — 2log, b
2

3

V20

4 1)
x—4)2+@y-12%=5
24

x—=3)3x —2)(x + 4)
5%

4

10.8 cm?

x=0.218

12

13

14

15

TsoegoegLrogTy TR

ﬁ
Clo

16
17 -6
x=3)x+4)x—-1)
2.5

2.22m

x=1.55
x=4o0rx=7%
a=-12,b=16

11.93 km

100.9°

log, 2

0.125

@— 12+ (y—5)?=58
y+2=7@x-4)

18

19

21
22

23

24

TR TONTYNYTINTNMOR

25

26 19.4 cm?

27 x=—1lorx=1.46

28 82.9°

29 x=33,y=9

30 a (1, -8)and (3, 2)
b x+5+13=0

31 6\3



Chapter 5 Answers

Exercise 5A

1 a

=2

x4+ dxdy + 6x%y% + dxyd + 4
P>+ 5piq + 10p3q¢* + 10p°q* + 5pq* + ¢°

¢ a®—3a?b + 3ab?>— b3
d x3+12x%+ 48x + 64
e 16x*—96x3+ 216x%—216x + 81
f a°+ 10a* + 40a® + 80a® + 80a + 32
g 8lx* —432x3 + 864x% — 768x + 256
h 16x* — 96x% + 216x%y% — 216xy* + 81y*
2 a 16 b —-10 c 8 d 1280
e 160 f -2 g 40 h —-96
3 d 1+9x+30x2+ 44x3 + 24x*
4 8+12y+6y>+y3 8+ 12x — 6% — 113 + 3ac* + 3x° — x°
5 143
6 *3
7 3 -1
8 3

Exercise 5B

1 a
d

B W N
o M = o0

s o

24 b 720 c 56

10 e 6 f 28

10 h 20 i 10

15 K 56 1 W

1 b 4 c 6 d 4 e 1

3\ /3)\ /3)\ /3 b 5\ (5\ /5) [5) [5)\ /5
0/\1/\2)1\3 0/\1/\2)13) \4)\5
Selecting a group of 4 from 6 creates a group of 2.

6C, = 15, (Z) -15

Exercise 5C

1

SR meQuOTPRADET WO QOTY

’

XN & Gk

16x* + 32x3y + 24x2y? + 8xy® + y*
p° = Sp*q + 10p*q* — 10p°q* + Spg* — ¢°
1+ 8x + 24x2 + 32x% + 16x*
81 + 108x + 54x% + 12x3 + x*
1-2x+3x2 323 + &t
256 — 256x + 96x2 — 16x3 + x*
32x5 + 240x%y + 720x3y? + 1080x2y3
+ 810xy* + 243y°
x4+ 12x° 4+ 60x* + 160x3 + 240x% + 192x + 64

90x3 b 80x3%y? c —20x3
720x3 e 120x3 f —4320x3
114043 h —241920x3

1+ 10x + 45x2 + 120x3

1 — 10x + 40x% — 80x3

1+ 18x + 135x2 + 540x3

256 — 1024x + 1792x2 — 1792x3

1024 — 2560x + 2880x2 — 1920x3

2187 — 5103x + 5103x% — 2835x3

x8 + 16x7y + 112x%y% 4+ 448x%y3

$120° — 69120y + 41 47207y? — 145 1522y
*2

-2

5 =V105

8

1—0.6x + 0.15x2 — 0.02x3, 0.941 48, accurate to 5 dp
1024 + 1024x + 460.8x2 + 122.88x3, 1666.56,

accurate to 3 sf

Exercise 5D

1

M
1
2
3

=
aog T IPOTRTPT N

N

10
11

12
13

14

a

=2

1+ 8x + 28x2 + 5643

1 - 12x + 60x2 — 160x3

1+ 5x + £x2 + 1543

1 —15x + 90x% — 270x3

128 + 448x + 672x2 + 560x3

27 — 54x + 36x% — 8x3

64 — 576x + 2160x2 — 4320x3

256 + 256x + 96x2 + 16x3

128 + 2240x + 16 800x2 + 70 000x3
=162, b=135,¢c=0

p=5 b -10 c -80
+ 16x + 112x2 + 448x3, 1.171 648, accurate to 4 sf

ixed exercise 5E

K

=

D AT e

p=16 b 270 c —1890
A=8192, B= —53248, C =159 744
1 — 20x + 180x2 — 960x3
0.817 04, x = 0.01
1024 — 153 60x + 103 680x2 — 414 720x°
880.35
81 + 216x + 216x2 + 96x% + 16x+
81 — 216x + 216x2 — 96x3 + 16x*
1154
n=28 b %
81 + 1080x + 5400x2 + 12 000x3 + 10 000x*
1012054 108 081, x = 100
1+ 24x + 264x2 + 1760x3
1.268 16
1.268 241 795
0.006 45% (3 sf)
10 5 1

S5+ 108 ——+ — —

3
2048 ¥ 1280

4096 o xzxj 1280 ,
729 81 27 27
64 + 192x + 240x% + 160x* + 60x* + 1225 + x©
k= 1560

k=125 b 3500

A=64, B=160, C =20 b x

p=15 b 50.625

I
I+
I



Chapter 6 Answers

Exercise 6A 7 b 37+12)cm
1a 9 b 12° c 75° 37
d 90° e 140° £ 210° c (18+7)Cm
g 225"o h 2070° i 0540° . d 12.9mm
za 264" b 573" ¢ 650" d 992 8 ¢ f(2.3)= —0.033, £(2.32) = +0.034
e 143.2° f 179.9° g 200.0 9bi 677 i 15.7 iii 22.5
3 a 0.479 b 0.156 c 1.74 PPy : ) :
d 0.909 e —0.897 ! ¢ 5.025cm
11 a 2V3cm b 27 cm?
4a " b ™~ c T a’ 12 b i 809m i 267m iii 847 m?
7475 178 gw gﬂ 13 ¢ 20.7 cm?
2
e g} f g ?1)2 h 190 14 b 167 cm c 177 cm
. T . T T T
) b3 k5 L=
4 37 71 117
m-3 ) °® 3 P =
5 a 0873 b 131 c 175
d 279 e 4.01 f 559
Exercise 6B
1ai?27 ii 2.025 iii 7.57 (23.6)
b i 165 ii 1.8 iii 3.6
c il ii 0.8 iii 2
107
2 3 cm
3 27
4 5V2cm
5 a 10.4cm b 1%
6 7.5
7 0.8
8 a — b (6+27
a 3 ( 3 )Cm
9 6.8cm
10 a R—rcm c 243
Exercise 6C
1 a 19.2cm? b 6.757cm? ¢ 1.2967 cm?
d 38.3cm? e Simcem? f 5cm?
2 a 4.47 b 3.96 c 1.98
3 12cm?
4 b 120cm?
5 40%cm
6 a 12 ¢ 1.48 cm?
8 38.7 cm?
9 8.88 cm?
10 a 1.75cm? b 25.9 cm? ¢ 25.9cm?
11 9cm?
12 b 28cm
13 78.4 (0=0.8)
14 b 34.1m?
Mixed exercise 6D
1a g b 8.56cm?
2 b i 25 i 2¢ iii 625 cm?
3 a 120cm? b 2.16 ¢ 161.07 cm?
4 a 1.839 b 11.03
5al ¢ 12.206cm? d 1.106 <6< 1.150
6 a 128 b 16 c 1:391



Chapter 7 Answers

Exercise 7A

1 a
C

N
pe o6 pe

Geometric r= 2
Not geometric
Geometric r =3
Geometricr=1
135, 405, 1215
7.5, 3.75, 1.875
Piﬁ, p4’ pS

3V3

Exercise 7B

1 a
b

C

486, 39366, 2 X 371
25 25 100

8 128’ 201

-32, —512, (—=2)"!

Not geometric
Geometricr=3
Geometricr= —1
Geometric r = —%
—32, 64, —128
11 1

64, 256, 1024

—8x*, 16x°, —32x°
9V3

TSHaATEmAT

d 1.61051, 2.35795, (1.1)*!

2 10, 6250
3 a=1r=2
4 +
5 —6 (fromx =0), 4 (from x = 10)
Exercise 7C
1 a 220 b 242 c 266 d 519
2 57.7,83.2
3 £18000, after 7.88 years
4 34
5 11th term
6 59 days
7 20.15 years
8 11.2 years
Exercise 7D
1 a 255 b 63.938 (3 dp)
c 728 d 5463
e 5460 f 19680
g 5.994 (3 dp) h 44.938 (3 dp)
2 %I _%
3 264—-1=1.84x10"
4 a £49945.41 b £123876.81
5 a 2401 b 48.8234
6 19 terms
7 22 terms
8 26 days, 98.5 miles on the 25th day
9 25 years
Exercise 7E
1 a % b Doesn't exist
c 63 d Doesn’t exist
e Doesn’t exist f 45
8 Doesn’t exist h 90
. 1 . . . 1
i 17r1f|r|<| j 1+2~9le|9c|<2

| wi
wiro

SN WN
[\
(]

9|
Ol

& wls
Il

—_

w

o

7

4

8 40m

9 r<O0because S, <S;,a=12,r=—3

10 r=:ﬁ
3

Mixed exercise 7F

1

'

SoxNwan

12
13
14
15
16

a

c
e
a
b
c
d
a
c
a
c
b
b
a
a
a
a
c
a
b
a
a
b

Not geometric
Geometric 7 = 3
Not geometric

0.8235 (4 dp), 10 X (0.7)""!

640, 5 x 211
—4, 4 X (—1)"1
—138, 3X (=p)"!
4092

50

9

Doesn’t converge
60.75
200 c 3333
76,60.8 b 0.876
1/ %I _é

0.8 b 10

V' =2000 % 0.85¢

9.9 years

-3 b 3 -2
£12079.98

1 hour 21 mins

136 litres

2015

25 years

c 182.25

b
d
f

& T AT

Wl @

C

]

1

Geometric r=1.5
Geometricr= -2
Geometricr=1

19.98 (2 dp)
3.33 (2dp)
8

d 3.16
d 895x10*
367 d 380

50 d 0.189 (3sf)
£8874.11

14 d 867.62
3 hours 25 mins

872
£23 700 (£23 657)



Chapter 8 Answers

Exercise 8A
1 a
Yy
o\ 80° x
—80°
P
[
YA
f +200°¢
20° 0 X
P
[
N
35° y x
—145°
P
g
Yy
+280°/\
\\fi go°] X
P
i
YA
20° (0] X
P ~160°
K
YA
P
3n¢
i Y 4
T )
0 x

b y
P
+100°
50°\ 1\
(6] X
d
y
p +165°
15°
[6) x
£
y
+225°
%O x
P
h

Y
+330°
o 30°] X
P

80°

[N

m y n
P
HC
(V3
\° J *
_ Saf
3
° y
P
i
9 Lot
NP2
197¢
9
2 a First b Second
d Third e Third
g First h Fourth
Exercise 8B
1 a -1 b 1
d -1 e —1
g8 0 h 0
i O
2 a -1 b -1
d -1 e 1
g8 0 h 0
j O
Exercise 8C
1 a —sin60° b —sin 80°
d —sin 60° e sin 80°
g —cos80° h cos 50°
j —cos5° k —tan80°
m —tan 30° n tanS5°
—sinE —cosz
p 6 1 3
s tanﬁ t —tan—
5 3
v cosﬁ w —sinI
5 7
2 a —sinf b —sino
d siné6 e —sinf
g —sino h —sin6
3 a —cosb b —cos6
d —cosé e cosf
g —tané h —tané
j tano k —tané

4 sin 6 and tan 6 are odd functions

cos 6 is an even function

= e

= e

© = = mh B

e

—— O

Second
Second

[eNeNe)

-1

—sin
sin 6
sin 0

cos 0
—Cos 0
tan 0
tan 6



Exercise 8D

V2 V3 1
1 a 2 b —7 [ —E
3 /3
ES . B3 e 1
2 2
1 N E]
2 2
1 -1
o V3
2
£ CAB = (90° — )
R _AC_ b _
So cos (90 B)fABf Cfsma
900 — g = BC_ a4 _
sin (90 G)fABf Cfcose
o_p_BC_a_ 1 1
tan (90 6)7AC7b7 b\  tan#
a
Exercise 8E
1 y

y = tan6°

~180 -90 90°

180° 6

y = sin6°

T T T
~90 90° 18B\NO° 0
— 1A

Chapter 8 Answers

Exercise 8F

1ailx=0 ii —1,x=180
b i 4,x=90 ii —4,x=270
cilx=0 ii —1,x=180
di4,x=90 ii 2,x=270
e i l,x=270 ii —1,x=90
f il x=30 ii —1,x=90

2y
y = cos 36° y = cos6°
1A
0 180° o [360° ©
71A

3 a The graph of y = —cos 6 is the graph of y = cos 6
reflected in the 6-axis.

YA
14

0/° 180° 27&\36@ G
_14

Meets #-axis at (90°, 0), (270°, 0)
Meets y -axis at (0°, —1)

Maximum at (180°, 1)

Minimum at (0°, —1) and (360°, —1)

b The graph of y = §sin 6 is the graph of y = sin 6
stretched by a scale factor § in the y direction.

O 90° 180N 270°_A60° 0

Meets #-axis at (0°, 0), (180°, 0), (360°, 0)
Meets y -axis at (0°, 0)

Maximum at (90°, b

Minimum at (270°, —3)

¢ The graph of y = sin § 6 is the graph of y = sin 6
stretched by a scale factor 3 in the 6 direction.

YA
14

>

0 90°  180° 270° 360° 0

—14

Only meets axis at origin
Maximum at (270°, 1)



Chapter 8 Answers

d The graph of y =tan (6 — 45°) is the graph of tan 0 Meets ¢-axis at (—1573°, 0), (—112% °,0), (—67% °,0),

translated by 45° to the right. (—223°,0), (223°, 0), (673°, 0), (1123°, 0), (1575°, 0)
y : Meets y-axis at (0, 1)

' Maxima at (=90°, 1), (0, 1), (90°, 1), (180°, 1)

. Minima at (—135°, —1), (—45°, —1), (45°, —1),

i (135°, —1)

d This is the graph of y = sin 6° reflected in the

; y-axis. (This is the same as y = —sin 6°.)

0 T T T T
90° 1 18 270° 1 360° 0
_ 1-/

y
y = sin(—0)°

Meets 6-axis at (45°, 0), (225°, 0)
Meets y-axis at (0°, —1)
(Asymptotes at § = 135° and 6= 315°)

a This is the graph of y =sin 6° stretched by scale
factor —2 in the y-direction (i.e. reflected in the
#-axis and scaled by 2 in the y direction).

~180° —90° O 90° 0° 0

Meets #-axis at (—180°, 0), (0°, 0), (180°, 0)
Maximum at (—=90°, 1)

Y Minimum at (90°, —1)
4 y = —2sin€° 5 a Thisis the graph of y = sin 6 stretched by scale
factor 2 horizontally.
Period = 47
~180° —90° O\ 90° 1f0° @ ’ = sin 19
1 y =siny
=24 T T T T T T Y '0
O 3t —g 3
I\ - % Z w3 2n
Meets #-axis at (—180°, 0), (0, 0), (180, 0)
Maximum at (—90°, 2) —17
Minimum at (90°, —2).
b This is the graph of ¥ = tan ¢° translated by 180° b This is t}11e graph of y = cos 6 stretched by scale
to the left. factor —; vertically (equivalent to reflecting in
. y . 0-axis and stretching vertically by +3).
Ly =tan(@ + 180)° Period =2
E E y
. y= %COS@
f f /\ 2] /‘\
~180° —90° 90> Asoe 0 . . . .
' ' —Zﬂ/Lﬂ -z A\ O / n Q\Zﬂ 0
! ! 2 2 2 2
: : 2
As tan 6° has a period of 180° c This is the graph of y = tan 6 translated by
tan (0 + 180)0 = tan 6° E to the Iight.
Meets 6-axis at (—180°, 0), (0, 0), (180°, 0) 2
Meets y-axis at (0, 0) Period = =

c This is the graph of y = cos 6° stretched by scale
factor § horizontally.

y
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d This is the graph of y = tan ¢ stretched by scale

factor 3 horizontally. Period = 7—27
. ) . A . ) .
ol [iy=tan2e
Sl ) )
2t foat Lt faaafla fz fr  fa fr O
[2 2 B 42 0 (2

a i y=cos(—0)isareflection of y = cos 6 in the
y-axis, which is the same curve, so
cos 6 = cos (—6).

y
= cos6°

A

0 9 180° 0° 360° 450°

ii y =sin (—0) is a reflection of y = sin 4 in the
y-axis.

Y
= sin (—0)°

N/

y = —sin (—0) is a reflection of y = sin (—6) in
the 6-axis, which is the graph of y = sin 6, so
—sin (—6) = sin 6.

y
y = —sin(—6)°

—1%0° 18V0° \9

iii y =sin (0 —90°) is the graph of y = sin 0
translated by 90° to the right, which is the
graph of y = —cos 6, so sin (6 —90°) = —cos 6.

Y y =sin(@ — 90°)

/ —180° -9 O 0° 180° 27%° 360° 0

5 a 300

Chapter 8 Answers

b sin(90° — 6)
= —sin{—(90° — )} = —sin(6 — 90°)
using (a)(ii)
= —(—cos 0) using (a)(iii)
= Ccos 6
¢ Using (a)(i) cos(90° — ) = cos{—(90° — 6)}
= cos(6 — 90°),
but cos(# — 90°) = sin 6, so cos(90° — 0) = sin 6

Mixed exercise 8G

1 a —cosS57° b —sin 48°
¢ +tan10° d +sin 0.84¢

e +cos(—
()

V2
2a -1 -=
a b 2
c -1 d +V3
V3
p— + —_
e 1 f 2
V3
g8 5 h -
i o0 j +3
3 a A stretch of scale factor 2 in the x direction.
b A translation of +3 in the y direction.
¢ A reflection in the x-axis.
d A translation of +20 in the x direction (i.e. 20 to
the right).
4 a
y y=tan(x —7%) .
21 |
14 : y = —2cosx
0 /g A
4 2 3
-1+ E
-2 5

b There are no solutions of tan(x - —) +2cosx =0
in the interval O <x < =, since y = tan(x - E)
and y = —2 cosx do not intersect in the interval.

b 30,1) ¢ 60 d %

6 a The graph is that of y = sinx stretched in the x

direction. Each ‘half-wave’ has interval g
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7 a The four shaded regions are congruent.

y
_ e
T (180 + a)o Y s
\ (360 — a)°
O 0
—14

b sin ® and sin(180 — @)° have the same y value
(call it k)

so sin a° = sin(180 — a)°

sin(180 — «)° and sin(360 — «)° have the same
1y value, (which will be —k)

5o sin ° = sin(180 — «)°

b

= —sin(180 + a)°
= —sin(360 — a)°

y
1~ (180 — a)° y = cosé®
(360 — @)°
a9 0°  360° o
~11 (180 + a)°

y . .
L (180 —q)pe [1 ¥ T tan®”
; | (180 + )

OF o o0° J180°  270° X360° 0
: (360 — @y

i

ii

From the graph of y = cos 6°, which shows
four congruent shaded regions, if the y value
at o° is k,then y at (180 — a)° is —k, y at
(180 — a)° = —k and y at (360 — a)° = +k
so cos a® = —cos(180 — w)°

= —cos(180 + )°

=cos(360 — a)°

From the graph of y = tan 6°, if the y value at
a° is k, then at (180 — @)° it is —k, at (180 + «)°
it is +k and at (360 — @)° it is —k,
so tan ° = —tan(180 — «)°

= +tan(180 + a)°

= —tan(360 — a)°

Chapter 8 Answers




Review Exercise 2 Answers

1 1-—5x+ 10x% — 10x3 + 5x* — x° 20 a —sinx
2 18.28 cm b —sinx
3 a3 b % c sinx
15 6 1
4 y 21 x6—6x+ 15x% - 20+ 5 — —; +
x?2 x* x
1 22 238248 cm?
23 a y : :
R y=sinx || |
-F v -3 3 om0 | i
0 90° x
_1_
5 64a°+ 576a%b + 2160a*b? + ...
6 a 3 radians b 7.85cm ly = tan(x — 90°)
7 b r:%orrzfg b 2
c 8 24 7
8 bn . o . .
. 25 a translation of +45° in the x-direction
b 360 (or @> b stretch of scale factor 3 in the y-direction
n n - - ¢ stretch of scale factor 2 in the x-direction
9 a } +7px + 21p7t + 35p° + ... d translation of —3 in the y-direction
bjs 26 a=2,b=19,¢=70
c 3
10 56(:217112 27 7772:37-r+20r1:3:j22
11500 28 a x=1,r=jandx=-9,r=-3
12 a 5
b 243
b @ c 364.5
2 29 a
c -3 y
13 a 1-8ax+ 28a%?+ ... 15
b a=3,b=252 :
14 a 1.287 radians
= 1.5 cos(x — 60°
b 6.44cm Y ( )
15 a %
b % 0 T T T T X
c 5909.790 90° 80° 270° 360°
16 a cos 260
b cos 20
c —cos 26
17 a 1-—20x + 180x2 — 960x° + ... —1.51
b 0.817
18 a 6cm b 6.70 cm?2 b (0, 0.75), (150, 0), (330, 0)
19 a 180(1.05)" b 2014 30 x =260° x = 320°



Chapter 9 Answers

Exercise 9A
1ax>-3 b x<?
c x<-2 d x<2,x>3
e xeR, x#1 f xeR
g x>0 h x>6
2 a x<4.5 b x>25
c x>-1 d -1<x<2
e —3<x<3 f -5<x<5
g 0<x<9 h -2<x<0
Exercise 9B
1 a —28
b -17
c -
2 a 10
b 4
c 12.25
3 a (-3 —% minimum
b (%, 9%) maximum
[ (—%, 1%) maximum, (1, 0) minimum
d (3, —18) minimum, (7%, %) maximum
e (1, 2) minimum, (=1, —2) maximum
f (3, 27) minimum
g (3, —7 minimum
h (2, —4V2) minimum
i (V6, —36) minimum, (—V6, —36) minimum,
(0, 0) maximum
4 a
y
X
(_%/ _%)
b

G99

yn
(-3 139
/ 0 (1,0) x
d
Yy
(% 39

4

0 x

3, —18)

5 (1, 1) inflexion (gradient is positive either side of
point)

)

6 Maximum value is 27; f(x) < 27

Exercise 9C

1 20m X 40 m; 800 m?
2 20007 cm?
3 40cm
4 800 om
4+ 7

5 27216 mm?

Mixed exercise 9D

1 a x=4y=20
dy 15
2 8

2 (1, —11) and G, —125%)

>0 .. minimum



10

11

a 7%
xlﬁ 1

b ——-2x——-23
3 x

c f'(x)= ( - 1)2 >0 for all values of x.
X

1,4
o=
ay=1-—-—
Y 2 4
c Lmz (0.280 m?)
4+
b t=2
¢ V101 =10.0 (3sf)
b ¥
dzv .
¢ — <0 .. maximum
dx2
23007
27

e 22%%

c x=20V2, S =1200m?

2
£> 0
de
250

x2
(5, 125)
x=+2V2,orx=0
OP = 3; f"(x) > 0 so minimum when x = =2V2
(maximum when x = 0)
b Ais(—1,0); Bis 9%

-

(==
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Chapter 10 Answers

Exercise 10A

2 _ 2
e x2+y2:2 {Or(x+y) +(x y) :1}

1 a sinzg b 5 c —cos?A 4 4
d cosé e tanx? f tan3A Exercise 10B
., .
g 4 h sin®0 i1 1 a 270° b 60°,240° ¢ 60°,300°
2 1 d 15° 165° e 140°,220° £ 135° 315°
3 tanx =3tany g 90°, 270° h 230° 310° i 45.6° 134.4°
i 29 0 o o o o o o
4a1-sn20 b0 ¢ osing j 135° 225 Kk 30° 210 1 135° 315
1 —sin%6 m 131.8°, 228.2°
1—sin%6 - n 90° 126.9° 233.1°
“ing € 1-2sin*6 o 180° 199.5° 340.5° 360°
5 (One outline example of a proof is given) 2 a —120, —60, 240,300 b -171, -8.63
a LHS=sin2 0+ cos? 6+ 2sin 6cos 6 c —144, 144 d -327,-329
=1+ 2sin6cos b e 150, 330, 510, 690 f 251,431
= RH
S 3a -0 m2r p _4m _2m 2m
1—cos?6 sin?6 sin 6 3 33
b LHS=———="——=singXx ¢ /7 ZS7 m 3w d =2
cos 0 cos 0 cos 6 4 ' 4’4 4 ’
=sin #tan 6 = RHS e —0.14, 3.00, 6.14 f 0.59,3.73

sinx® cosx®  sin?x°+ cos?x°
¢ LHS= + =

cosx®  sinx®  sinx°cosx® Exercise 10C
1
= o T RHS 1 a 0° 45° 90° 135° 180°, 225°, 270°, 315°, 360°
SInXCos X b 60°, 180°, 300°
d LHS=cos?A — (1 —cos?A)=2cos’A -1 c 22l 112k 202l° 297l
=2 (1-sin?A)—1=1—-2sin?A = RHS d 300 150° 210° 330°
e LHS=(4sin?§— 4sin §cos 6+ cos? 0) e 3000
+ (sin% @ + 4 sin 6 cos 6 + 4 cos? ) £ 225° 315°
=5(sin? 6 + cos? 6) = 5 = RHS g 90° 270°
£ LHS=2— (sin?f— 2sin 6cos 0+ cos? ) h 50° 170°
= 2(sin? 6 + cos? 0) i 165° 345°
— (sin?0 — 2 sin 6 cos 0 + cos? ) i 650 '2450
=sin2 6+ 2sin # cos § + cos? @ 5 J 250’0 310°
= (sin 6 + cos 6)> = RHS :: 16 9; 123°
g LHS=sin?x(1 — sin?y) — (1 — sin®x) sin?y c _7'7 é° 17.3° 42.7° 103°. 163°
= sin®x = sin’y = RHS d —42.1° 288, 47.9°, 87.1°
. 5 12 7 ’ ’ ’
6 a sinf=-7, cos6="o 3 a _1_7271_%
4 4 _
b sino=" tano=—7 b -0.986, 0.786
T 37
24 7 C O; 5 T 5 2w
[ c050=g,tan9=—ﬁ 2 2
s B d 1.48,5.85
5 2
7 a —— b _2vs
3 5
V3 1 Exercise 10D
8a B b L xercise 10
2 2 1 a 60° 120° 240°, 300°
° V7 b V7 b 45° 135° 225° 315°
a -7 3 c 0° 180° 199°, 341°, 360°
d 77.0°,113°, 257°, 293°
10 a x2+y%= e 60° 300°
b 4?4 D P f 204° 336°
XY= (Or T ) g 30° 60° 120° 150°, 210°, 240°, 300°, 330°
c wty=1 h 0°, 75.5° 180°, 284°, 360°
o i 270°
d =y (1-x) (Or - 1) j 0°,90°, 180°, 270°, 360°
4



Kk 0° 18.4°, 180°, 198°, 360°
1 90°, 104°, 256°, 270°

m 72.0°, 144°, 216°, 288°

n 0° 60°, 300°, 360°

0 194° 270°, 346°

p 0° 360°
a
C
e
g
a

2 +45°, +135° b —-180°, —117°, 0°, 63.4°, 180°
+114° d —127°, —73.4°, 53.4°, 107°
+180°, £60° f *+41.8°, =138°
38.2°, 142° h +106°

3 T 3 b Sm 117 177 23w

22 12 127 127 12

c 0,0983, m 4.12, 20 d 0,2.03, 7 5.18, 27
27 4

0.841, =% =" 544
¢ 373

g 1.11,2.68, 4.25, 5.82

f 4.01,5.41

Mixed exercise 10E

2
1 Using sin? A =1 —cos? 4, sin2A=1—(— /l> =i.
11 11

Since angle A is obtuse, it is in the second quadrant

- . . 2
and sin is positive, so sin A = +—.

Vi1
Then tan A = sin A =i X (— £>= —i_= —%\77.
cosA V11 A\ V7 7
V21 2
z2a 5 b -3
3 a (—240,0), (—60, 0), (120, 0), (300, 0)
y
~360°—270\-180° —9¢° O]  90°\ 180° 270} 360°
_1_

=2

(=270, 0), (=30, 0), (90, 0), (330, 0)
4 a cos?0—sin?6 b sin*30 c1
4+
b tany= _4+tanx
2tanx — 3

6 a LHS=(1+ 2sin 6 + sin?0) + cos? 0
=1+2sin6+1
=2+ 2sin6
= 2(1 +sin 6) = RHS

b LHS=cos* 6 +sin? 0

= (1 —sin% 0)2 + sin2 0
=1—2sin%6 + sin* 0 + sin% 0

(1 —sin? @) + sin* 6

= cos? § + sin* § = RHS

S5al

7 a No solutions: —1<sinf=<1
b 2 solutions: tan # = —1 has 2 solutions in the
interval.
¢ No solutions: 2sin § + 3 cos 6 > =5 so
2sin 6 + 3 cos 0 +6 can never be equal to 0.
d No solutions: tan? § = —1 has no real solutions.
8 a -y +1
b 14.0°, 180°, 194°
9 a 3cos36°
b 16.1, 104, 136, 224, 256, 344

10
11

Chapter 10 Answers

0.73, 2.41, 4.71

2sin 2
a 2sin26=cos20= s 9=

cos 26
=2tan20=1=tan 260 = 0.5

b 13.3,103.3, 193.3, 283.3
12 a 225, 345
b 22.2,67.8,202.2, 247.8
13 a (0, 1)
b 177 237 41w 47w
24’ 24 24’ 24
117 237w
a1
27 S Sw 11a
363" 6
15 30°, 150°, 210°

16
17
18
19

20

36°, 84°, 156°

0°, 131.8°, 228.2°

90 b x =120 or 300
60, 150, 240, 330
i (340,0)

30

At C (45, 0) the curve crosses the positive x-axis
for the first time, so 1 + 2 sin(45p° + 30°) = 0.
This gives (45p° + 30°) = 210°.

c B(15,3),D (75, 0)

ii p=3 =60

STerT e



Chapter 11 Answers

Exercise 11A 9 a 1.59
1a 5! b 10 ¢ 113 d 8} e 60} b Underestimate; curve bends ‘outwards’
2a 165 b 6 ¢ 465 d 1} e 23 10 a i 1.8195 ii 1.8489

42

= i 3.51% ii 1.95%
Exercise 11B

1a 8 b 9% ¢ 199 d 21 e 85
2 4 Mixed exercise 11F
36 : 1a -1,3 b 103
4 103 2 a g=18 b 73}
MRS 3ai3 b 121
3 1 3
4 a 5x—82-%2+c b 2}
. 5a (30 b (1, 4) c 6
Exercise 11C 6 a A=6 B=9
1 s 4
1 135 b x3+3x3+9x+c
2 20§ c 1493
3 40 7 a dx7+2x2
4 13 3 1
2 — 2
5 21117 b 2x §x +c
c 6-2V3
. 8a 2y+x=0 b y=-1j c 2%
Exercise 11D , 9 b (4 16) ¢ 133 (3sh
1 a A(-2,6),B(2,6) b 103 10 a (6, 12) b 13!
; 2, A41,3),BG,3) b 13 11 a A(1,0),B(S,0), C6,5) b 10
3
4 45 12 a 1_
5a (212 b 13! b y=x+1 .
6 a 202 b 17: c A(l—L 0), B(S, 6) d 505
7 ¢c y=x—4 da 8 e 333
8 33 13 a g=-2 b C(6,17) c 13
9 b 72
10 a 213 b 25
Exercise 11E
1 0473
2 233
3 3.28
4 a 4.34 b Overestimate; curve bends ‘inwards’
5 1.82
6 a 1.11 b Overestimate; curve bends ‘inwards’
7 a
y
Y x
b 2
c 2

d Same; the trapezium rule gives an underestimate
of the area between x = —1 and x = 0, and an
overestimate between x = 0 and x = 1, and these
cancel out.

8 2.87



Review Exercise 3 Answers

0<x<2

Vs
2

=—4,x=2
=63.4° 116.6°

N bW N =
K] K8

ai-8 ii0 iii8

b (2, —8) is a minimum point on the graph of
y=fl

8 90°, 150°

9 41

10 (3, 0) and (-3, 2)

11 a 1

a
b 0=74"7

12
ay

1 1.2 1.4 1.6 1.8 2

1 0.833 | 0.714 | 0.625 | 0.556 | 0.5

KR=| K

c 0.70
d overestimate; each trapezium gives an area
slightly larger than the area under the graph
14 30°, 150°, 210°, 330°
15 6%
16 a (3, 2%) and (4, —47)
b G 2%) is a maximum, (4, —47) is a minimum
17 a (0, —-2)
b (45° 0) and (315°, 0)
18 203
19 a (3,0)
c (1,4
20 b x=30° 150°
21 0.65
22 25 cm?
24 a AG Y, B(Y, ¥
285

25 96 7 cm?

26

O TN

b a=5,b=
27 4%
28 both pieces =40 cm
29 a 0.776
c 1.2%
30 3



Practice paper (C2) Answers

17 cm

17.5 cm?

3+2p

32

7
@x=3)x+2)(x+1)
21 840; 3640

6

w
S e T HMPTHTe

5= 1—sin?6 (1 —sin@)(1 +sin0)
sin 6(1 + sin 6) sin (1 + sin 6)
19, 161
5
2V10
£225
6
9.084 25
6V3 -3
0.3
14x7 — 14x
67— 14
(0, 4) maximum, (1, 3) minimum

7}
o

=RHS

o0
e P ogMegoTyT



Examination style paper (C2)
Answers

1 64— 576x + 2160x?
1

2
64

128
3
x =60°131.8°, 228.2°, 300°
81

2

3

x3  7x?

3 5 +10x +c¢

19.5

i (2,-1)

-1

11.5

a=-3,b=5

3x%+4x — 4

(=2, 10) and (3, 77)

6x + 4

(=2, 10) is a maximum, (%, %) is a minimum
1 — the graph only crosses the x-axis once
3.325...cm

2.0 cm?

w
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