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How to use this book

This book contains worked solutions to the questions in the Cambridge International AS & A Level
Mathematics: Pure Mathematics 1 Coursebook. Both the book and accompanying Elevate edition include
the solutions to the chapter exercises. You will find the solutions to the end-of-chapter review exercises,
cross-topic review exercises and practice exam-style paper on the Elevate edition only.

Most of the chapter exercises include questions to help develop your fluency in solving a particular type
of problem by practising the procedure several times. Rather than providing worked solutions for all

of these questions, we have included a worked solution for one or two of the fluency questions, which
can then be used for guidance about the steps required for the related questions. The aim of this is to
encourage you to develop as a confident, independent thinker.

Each solution shows you step-by-step how to solve the question. You will be aware that often questions
can be solved by multiple different methods. In this book, we provide a single method for each
solution. Do not be disheartened if the working in a solution does not match your own working; you
may not be wrong but simply using a different method. It is good practice to challenge yourself to think
about the methods you are using and whether there may be alternative methods.

All worked solutions in this resource have been written by the author. In examinations, the way marks
are awarded may be different.

Some questions in the coursebook
go beyond the syllabus. We have
indicated these solutions with a red
line to the left of the text.

Additional guidance is included in
Commentary boxes throughout the
book. These boxes often clarify common
misconceptions or areas of difficulty.
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Quadratics

1 a x*+3x-10=0
(x+5)(x—2)=0
x+b=0o0rx—2=0
x=-horx=2

f x(10x—13) =3
10x*—13x=3
10x*—13x—-3=0
Bx+1)(2x-3)=0
hx+1=00r2x—3=0

x:—lorx:i
5 2
bx+1 2x—1_
2 ¢ 1 9 =x

Multiply both sides by 4
bx+1-22x—1) =4

Multiplying by 8 will give the same answer.

4> —x—3=0
(4x+3)(x—1)=0
4x+3=00rx—1=0

xz—ior x=1

4
f x32+x11:(x+lix+%
Multiply both sides by (x+ 1) (x+ 2) (x— 1)
S(x+ D(x=1) + (x+ ) (x+ 1) = 1(x—1)
3(—1)+x°+3x+2=x—1
3x =3+ x°+3x+2=x—1
457+ 2x=0

Do NOT be tempted to divide both sides by
X next.
This will lose the solution x= 0.

Factorise
2x(2x+1)=0
2x=0o0r2x+1=0

x=00rx=—(l

2

“Original material © Cambridge University Press 2019. This m4

3x*+x—10 _

: =0
X =Tx+6

Multiply both sides by x* — 7x+ 6
3x>+x—10=0

(3x—B)(x+2) =0

3x—H=0orx+2=0

[s

x=3Sorx=-2

3

Always substitute your answers back into
the original equations to make sure that no
denominators evaluate to 0.

x> —2x—8 v
x>+ 7x+ 10
Multiply both sides by x* + 7x+ 10
¥ —2x—8=0
(x—4)(x+2)=0
(x—4)=0or (x+2)=0
x=4or x=-2
If x=-2, the denominator becomes
(=22 +7(-2) + 10
Which evaluates to zero so x=-2is NOT a
solution
The only solution is x= 4.
2x*+9x—5 _
xt+1
Multiply both sides by x* + 1
2% +9x—5=0
2x—1)(x+5)=0
2x—1=0o0rx+5=0
1

xX=—-orx=-b

2

0

Check: neither of these solutions, when
substituted back into the fraction evaluate to
zero so both are valid.
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4 ¢ 2(%—4,%6):8

Rewrite 8 as 2°

2(%—4;&6) — 2%

Equating powers of 2 gives:
¥ —4x+6=3
¥—4x+3=0

(x=1)(x=3)=0
x—1=0orx—-3=0
x=lorx=3
f (@-7x+11)°%=1
Find the eighth root of both sides of the
equation.

o[~

1
(= 7x+1D)31®=[1]
¥ —Tx+11==%1

Don’t forget the two roots here.

x*>—7x+10=0o0r x*—7x+12=0
(x=2)(x=5)=0or (x—3)(x—4) =0

x=2orx=3orx=4orx=>5

5 a Using Pythagoras:
(2x)2+ (2x+ 1)2 =292
457+ 4x* +4x+ 1 =841
8x*+4x—-840=0

Divide both sides by the common factor of 4:

2x?+ x—210=0

b (x—10)(2x+21)=0
x—10=0o0r2x+21=0
x=10 or x=-10.5
The sides of the triangle are 20 cm, 21 cm
and 29 cm.

Shown

Check that your answers satisfy the original
equation.
(2(10))* + (2(10) + 1)* =297
400 + 441 = 841
841 =841

“Original material © Cambridge University Press 2019. This

Do not automatically reject negative values
for x. In this example x=—1 but this gives
positive lengths when substituted into the
sides of the triangle.

6 Area of a trapezium is %(a +b)h

%Hx—l)+(x+3ﬂx=3575

Multiply both sides by 4:
A(x—1) + (x+3)]x=143
2[2x+ 2]x =143
4x>+4x=143
4x*+4x—143=0
2x—11)2x+13) =0
2x—11=0o0r2x+13=0
x=b.b or x=-6.5

Since x is the length of one of the sides of the
trapezium, x must be positive.

x=b.b

(x* = 11x+29) 02 = ]

Case 1: for any number a we have o’ = 1, so
solve 6x% + x — 2 = 0, for some solutions.

6x+x—2=0
2x—1)(Bx+2)=0
x=% or x=—g

2 3

Case 2: for any number b we have 1°=1, so
solve x* — 11x + 29 = 1 for more solutions.
—11x+29=1

x—11x+28=0

(x—4)(x=7)=0

x—4=0o0rx—7=0

x=4orx="7

not final and is subject to further changes prior to publication.”
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Case 3: (-1)* =1 for any number b, so solve

x* — 11x+ 29 = -1 to see whether the numbers
we get lead to 6x” + x — 2 being an even number.
x—11x+29=-1

xX*—11x+30=0

(x—6)(x—5)=0

x—6=00rx—5=0

x=6orx=>5

Substituting x= 6 into 6x* + x— 2

6(6)2+6 —2=220

a x¥*—6x=(x—3)2-3?

=(x—3)2-9
2 2
g ¥+7x+1= x+% - % +1
(s 7)_45
= x+2 4
b 3x*—12x-1
Take out a factor of 3 from the first two terms:
3(x®—4x) — 1

Complete the square:
3[(x—2)*~4] -1
3(x=2)*-13

C 4-3x—x°
4—(3x+ x?)

Sk

=5

b 3-12x—2x*
3 —2(6x+ x?)
3—2[(3+x)?2— 3
3-2(8+x)?2+18
21 — 2(x+ 3)?

Chapter 1: Quadratics

This gives an even number, so x= 6 is a solution
Substituting x=5 into 6x* + x — 2
6(5)*+5-2=153

This gives an odd number, so x=>5 is nota
solution

Real number solutions are: x= —%,
1

o 4, 6and 7.

5 a 9x°—6x—3

Using an algebraic method:
9x®>—6x—3=(ax+ b’ +¢

= a’x* + 2abx+ 0+ ¢
9=a*...,. 6=2ab ..., -3=0"+c...
So a=13
If a=3,-6=60b so b=-1, then:
-3=(-1)?%+c¢soc=—4
Ifa=-3,-6=—6bso b=1
-3=12+c¢soc=—4
9% —6x—3=(3x—1)"-4=(-3x+1)*-4

6 a ¥ +8x—9=0
(x+4)?-16-9=0
(x+4)*=25
Square root both sides:
x+4=2b

x=-9,orx=1

7 a xX+4x—7=0
(x+2)>-4-7=0
(x+2)2=11
x+2=+11
x=-2+11

ot final and is subject to further changes prior to publication.”
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e 2x%+6x+3=0 3x*+bx—8=0
2 5125
2 x+§) —% +3=0 3(x+6 _36}_8=0
2 5\°_25
olx+3) -F+3=0 3| x+6) ~198=0
2
2 51" _ 121
olx+3] =32 ¥+ 6] =12
2
3)°_3 5)°_ 121
gl =g **6) =36
3 _.\3 5_ 4 /(121
Xty =g e (36
3,3 -3+43 5_11 5__11
x:‘gi 5 or x= 5 x+6 6 0rx+6 6
x lor—%
g Do+t =0 Or:  3x+5x—T=-1
) A
Multiply all terms by (x+ 2) (x— 4): g8y ox—6=0
2
B(x—4) +3(x+2) = 2x+2) (x—4) 3 x+2) gg} 6=0
5x—20+3x+6=2x"—4x— 16 s\t 95
2x* — 12x— 2 = 0 dividing both sides by 2 gives: 3(x+6) 19 6=0
X —6x—1=0 9
o o 5 97
(x—3)2-3"-1=0 3x+6 19
(x—3)2=10 y
-3=+10 x+% gg
x=3+410
X+é:+@
9 Using Pythagoras: 61 6
(2x+5)% + 2 = 102 (5 V97) or (Y07 - 5)
5x>+20x—"75=0 8 1 1
A+ 4x—15=0 x=‘§’1’€(‘5 V97), (V97 -5)
(x+2)*-22-15=0 )
(x+2)'=19 11 5= (¥3)x~ g5
x+2=+V19
x=v19 - 2or a The range is the maximum value of x. This is
. . . when y=0.
x=-V19 — 2 (reject as a negative value is not
valid for the sides of a triangle. _49¢
ot gle.) (V8)x =g =0 -veveee [1]
- 9000(V3)x—49x* = 0
10 3% +5x—7)"=1 49[(9000@ ~ x)“'_ (9000@)2] 0
Taking the 4th root of both sides gives: 98 98
8x%+5x—7==1 9000V3 _ }*_(9000V3)* _
o8 ~*)] |79 |~
Either: 3x*+5x—7=1
9000N3 _ | _(9000V3)*
98 98
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Square root both sides

9000V3 _  __9000\3

98 ¥=+798

x= 9000V3 or x=0 reject
49
xX= 9028\/% = 318 m (3 significant figures)

Factorising is another possible method to
solve Equation [1]

x(9000V3 — 49x) = 0

Either x= 0, (reject) or 90008 — 49x =0

o= 9000V3
49

= 318 m (3 significant figures)

1 a x*-10x-3=0.
Using a=1, b=-10 and ¢=-3 in the
quadratic formula gives:
—(=10) £V(-10)>— 4 x 1 X (=8)
x:
2x1

_10+~112 _10-V112

Y e WA

x=10.29 or x=-0.29 (to 3 sf)

2 x(3x—2)=63

3x*—2x—63=0
—(-2) £V(=2)? - 4 x 3 x (-63)
x:
2% 3

244760  2-760
X—TOYX—T

x=4.928 or x=-4.261 (reject)
x=4.93 to 3 significant figures.

“Original material © Cambridge University Press 2019. This m4

Chapter 1: Quadratics

b The maximum height reached is the largest

value of y.
This occurs when x = 9083\6 since the
highest point on the graph is mid-way in the
flight. So,
9000\3 . . . 9000V3
49 divided by 2 is 03

L . b 4952 . .

Substituting into y= (\/g)x— 9000 &ives:

_ (2190003 49 [9000V3)?
v=(8)=5g 9000\ 98

_ 27000 _ 13500
=798 98

y=138 m to 3 significant figures.

There is another way to approach Question 11,
which you will meet in Chapter 8.

x2x—4)=(x+1)(b—x)
3x2—8x—5=0
) +£V(-8)2— 4 x 3 x (-b)
2x3
8 —\124
6

_ 8+1V124 _
X = 6 or x

x=3.189 or x=—-0.5226 (reject)
x=3.19 to 3 significant figures.

5 2
-3 x+1 =1
Multiplying both sides by (x— 3)(x+ 1) gives:
5(x+1)+2(x—3)=1(x—3)(x+ 1)
¥=9x—2=0

—(=9) £V(-9)2 - 4 x 1 x (-2)
x:
2x1

_9++89 _9-+89

x="g—orx=——g

x=9.22 or x=-0.217 to 3 significant figures.
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5 ax*—bx+c¢c=0
(b)) £V — 4 x ax c
x:
2X a

_bEND - 4ac or b (B —4ac)
B 2a 2a 2a

X

It is best to avoid fractions (if possible)
when using substitution.

x=06-4y

Substitute into [2] gives:
(6—4y)2+2(6—-4y)y=38
8y*—36y+28=0

Divide by 4
2y*-9y+7=0

(-DEy-7=0

y=1 oryzg

Substitute into [1]
If y=1 then x=2

Ify:%then x=-8

Always substitute back into the linear
equation.

Solutions are (—8, 7) and (2, 1)

2
f 4x—3y=5 oo 1]
2+ 3xy=10 ......... [2]

Before you start, look for the least
complicated method.

“Original material © Cambridge University Press 2019. This

C . _ —bENB —4ac
ompare with x= — 9, O
b, N(b* — 4ac)

2a ™ 2a

The solutions both increase by g

Method 1
Make x the subject of [1]
3
V L
Substitute into [2]
5+ 3y\® 5+ 3y
1 ) + 3( 1
5+ 3y)? . 3y(5 +3y)
16 4 a
(5+3y)% + 12y(5 + 3y) = 160
45y*+90y—135=0
»Y¥+2y-3=0
O+3)(p-1D=0
y=-3orl

y=10

10

Substitute back into [1]

4x—3(-3)=band 4x-3(1) =5

x=-1 x=2

Solutions are (-1, -3), (2, 1)

The alternative method below is much easier:
Method 2

From [1], multiply 4x— 3y=>5 by x and then
add the new equation to [2]

4x* — 3xy=bx

x*+ 3xy=10

Adding gives 5x*=5x+ 10 or ¥* —x—2=0
(x=2)(x+1)=0

x=2or—1

not final and is subject to further changes prior to publication.”



Chapter 1: Quadratics

Substituting back into the linear equation [1]

gives

4(2)-3y=5 and 4(-1)-3y=5

y=1 y=-3

Solutions are (-1, =3), (2, 1)

n x+2y=5........ [1]

+y?=10 oo [2]
A common mistake is to rewrite [2] as
x+y="10.

From [1] x=5-2y

Substitute for x in [2]
(5-2y)2+y*=10
5y —20y+15=0
y¥—4y+3=0
(=3)0-1)=0
y=3orl
Substituting back into [1] gives:
x+213)=5 x+2(1)=5

x=-1

and
and x=3
Solutions are (-1, 3), (3, 1)

2 a Letthe numbersbe x and y
X+y=26........... [1]
xy=153 ........... [2]

From [1] x=26—1y
Substitute for x into [2]

(26 —y)y=153
¥ =26y+153=0
O-9N0O-17=0
y=9or 17

Substituting into [1] gives:
x=17o0r 9
The two numbers are 9 and 17

b [1] remains the same and [2] becomes

[2] now becomes:
(26 — y)y= 150 which simplifies to:
32— 26y+ 150 =0

“Original material © Cambridge University Press 2019. This m4

Solving using the formula gives:

—(—26) +V(-26)2 — 4 x 1 x (150)
)= 2x1
y=13-19 and y=18 +19
Leading to the two numbers 13 — V19 and
13+419

3 Let the lengths of the sides of the rectangle be
x and y.

From [1] x=79—y
Substitute for x in [2]
(7.9 -y)y=135
y2=7.9y+13.5=0
—(=7.9) +V(-7.9)2 -4 x 1 x (13.5)
r= 2x1

_ 5
)= 5 Ty

Substituting y= %7 into [2] gives ng

Substituting y = g into [2] gives x= 27

5
The lengths of the sides of the rectangle are
1 2
2§cm and5€cm.

4 Let the sides of the squares be x cm and y cm.

Total perimeter is 4x+4y=50 ............. [1]
Total area is x>+ )*=93.25 ...cocvvvenennn. [2]
From [1] «x= @
Substitute for x in [2]
_ 2
(25 5 )

(25 — 2y)? + 4y* = 373
8y2 — 100y + 252 = 0
2y? —25y+63=0
)= —(=25) £V(-25)2 - 4 x 2 X (63)

2% 2
y=9 or 3%
Substitute y=9 into [1] gives x= 3L

2

ot final and is subject to further changes prior to publication.”
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1
2

From [1] hA=18-17r
Substitute for 4 in [2]

Substituting y=3 & into [1] gives x=9

The squares are each of side length 3 % cm 3r+2r(18 =1 —205=0
and 9 cm 7+ 36r—205=0
(r=5)(r+41)=0
5 Let the two radii be x and y r="5 or r=—41 (reject)
2mx + 21y = 367 ......... (1] Substituting r="5 into [1] gives =13
nx® + Ty =170m ........ [2] Solution r=5, h=13
Simplifying each equation:
R T LD [1] 8 @ y=2— x .. 1]
B4y =170 ..oo.... [2] 5a%—y2=20 ........ [2]
From [1] x=18-y Substitute for yin [2]
Substituting for x in [2] bx?— (2 - x)?%=20
(lg_y)2+y2=170 xX+x—6=0
y2—18y+77=0 (x=2)(x+3)=0
(y—-11D)(y-7=0 x=2orx=-3
y=1lor7 Substituting x= 2 into [1] gives y=10
Substitute y= 11 into [1] gives x="7 Substituting x=—3 into [1] gives y=5
Substitute y="7 into [1] gives x=11 Ais at (2,0)and Bis at (-3, 5) (or vice versa)
The radii are 7 cm and 11 cm. b Using Pythagoras AB=\(2 ——3)?+ (0 — 5)?
AB=
6 x+y=20.5...... [1] \/:/%
The 1 h of ABis 5
5x) = 360 ..ooooon.. [2] ¢ length of ABs 52
From [1] x=20.5-y 9 a 2x+5y=1 oo, [1]
Substitute for x into [2] X +5xy—4y2+10=0 ......... [2]
5(20.5 — y)y= 360 1-5y
5y2— 102.5y+ 360 = 0 From [1]x=—5==
y= —(=102.5) £V(=102.5)2 — 4 x 5 x (360) Substitute for x in [2]
- 2x5 1-5y\! _(1-5y
+5|—5—=|y—4y*+10=0
y=160rg ( 2 ) ( 2 )y ’
1-59)%+10(1 —5y)y—16y>+40=0
Substituting y= 16 into [1] gives x= 4% ( Y ( 2 _41; +41=0
Substituting y= 4l into [1] gives x=16 —41(*-1)=0
2 ~41(y—1)(y+1)=0
41 = —41 =lory=-1
x—4§,y—16orx—16,y—4§ b b
Substituting y=1 into [1] gives x=-2
7 h+r=18 .o, [1] Substituting y=-1 into [1] gives x=3
Llam®) + e + 2mrh = 2057 ........[2] which Alsat(=2,1)and Bisat(3, -1) or
2 vice-versa.

simplifies to:
3 +2rh—205=0
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Chapter 1: Quadratics

_ B ¥—(x+1)=5

b Midpoint of AB is at [ 2;3), (121) or e x—6=0

1 0 (x=3)(x+2)=0
9’ x=3 or x=-2

Substituting x= 3 into [1] gives y=4
11 7y—x=25......... [1]

4+ =25 [2]
From [1] x=7y—-25
Substitute for x in [2]

Substituting x=-2 into [1] gives y=—1
A isat (-2,-1) and Bis at (3, 4)
As AP :PB=4:1

(7y—25)*+y*=25 Point P is % of the way along AB
y¥=T7y+12=0
(»-3)(-4=0 P is at{ —2+%(3——2), -1 +g(4——1)]}
y=3 ory=4
Substituting y=3 into [1] gives x=—4 Pisat(2, 3)

Substituting y=4 into [1] gives x=3 14 a Let the parts be x and y.

A is at (=4, 3) and Bis at (3, 4) or vice-versa.

x+y=10......... [1]
2 _ 9
Midpoint of AB is at ‘4; 3 ) & ; 4) or ® Y00 2]
17 From [1] x=10-y
99 Substitute for x in [2]
Gradient of line AB=2—% or L (10 - y)*=y*=60
—-4-3 7 —20y=-40
Gradient of a line perpendicular to AB is -7 y=2
Equation of perpendicular bisector of AB is Therefore x=8
the line with gradient —7 which passes through b x+y=N .co..... (1]
the point (—1, 7) =y =D ... (2]
2 2 (N=y)*=y*=D
Using (y—y,) = m(x— x,) N?2—-2Ny=D
A R |
b8}l N D
YTONTeN
2y—7=—14(x+é) _N_D
2y—7=—14x-"7 T2
T _Nv_[N_D
The equation is 7x+ y=0 x= 9 9N
_N., D
12 y=x+ 1 o [1] x_§+27N
= y=5 s 2
) = The two parts are Ny D jpaN_ D
From [1], substitute for yin [2] 2 2N 2 2N
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1 a Method 1 (Substitution) 3 a y=2K . i, [1]
X —13x2+36=0 3y= X+ 8 oo, (2]
Let y= x* then: From [1], substitute for yin [2]
¥ = 13y+36=0 3(2Vx) = x+8
O=HG=-9=0 x—6Vx+8=0
i‘z:j:;ry; i 9 b Let y=x then:
x=12 or x=13 y*—6y+8=0
Method 2 (Factorise directly) (y__;()) 9 _:2 =0

x>’=4orx*=9
x=12 or x=1%3

x=4or x=16

Substituting x=4 into [2] gives y=4

P’ + o =1 Substituting x= 16 into [2] gives y=8
8+ 7x*=x° A is at (4, 4) and B is at (16, 8) or vice-versa.
X =Tx"-8=0 ¢ Using Pythagoras AB=(16 — 4)>+ (8 — 4)°
3 3 —
(=8 (x*+1)=0 AB=410
¥=8orx’=-1
x=2orx=-1 4 y=ax+Wx+c
2 b \/;c(\/;c-i- 1) -6 Substituting x=0 and y="7 into y= ax+ Wx+ ¢
x+Vx—6=0 glve;:
c=17,s0
Lzety—\/;then. y=ax+lﬁ/§c+7
y+y=6=0 Substituting x=1and y=0 into y= ax+ WNx+7
(4+3(-2=0 :
a+b=—T7 . ................. [1]
y=-3 or y=2
Vx=-3 (no solutions as \x is never negative) Substituting x = % and y=0into y= ax+ Nx+7
Vx=2 49 7
x=4 0=Td+§b+7 ............ [2]
Simplifying [2]
5 _ . . P )
f ool Vx Q1 P sides by Va Ta+2b=—4 .................[3]
3x—16Vx+5=0 Multiply [1] by 2 and subtract [3]
Lety=\/; then: -5a=-10
32— 16y+5=0 a=2
By-1)(y-5)=0 Substituting =2 into [1]
1 b=-9
y=45o0ry=>5
3 So,a=2, b=-9, c=7
\/;czé orVx=5
xz%or x=25

10
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5 y=a(2®) +b(29 + ¢

Substituting x=0 and y= 90 into
y=a(2%) + b(2") + ¢
90 = a(2°) + b(2%) + ¢

Substituting x=2 and y=0 into
y=a(2*) + (2% + ¢
0=a(2) +b2% +¢

0=16a+4b+c............... [2]
Subtract [1] from [2] and simplify
—-30=5a+b .coueeeeunnnn.... [3]

Substituting x=4 and y= 0 into
y=a(@®) + b2 + ¢

0=a(2® + b2 +¢
0=256a+16b+c........... [4]

1 a y=x"—6x+8isa parabola

Comparing y= x> — 6x+ 8 with y= ax® + bx+ ¢
The value of a=1 so a> 0 which means the

parabola is a U shape.

The x intercepts are found by substituting
y=0 into:

y=x"-6x+8
0=x"—6x+8
0=(x—2)(x—4)

x=2o0rx=4

The x intercepts are at (2, 0) and (4, 0).
The y intercept is found by substituting
x=0 into

y=x—6x+8

y=8

The axes crossing points are (0, 8), (2, 0)
and (4, 0)

The curve has a minimum (or lowest) point
which is located at the vertex.

There is a line of symmetry which passes
midway between x=2 and x= 4, also passes
through the vertex.

Chapter 1: Quadratics

Subtract [1] from [4] and simplify
—6=17a+b .cceveveeune.... [5]

Subtract [3] from [5]

a=2

Substituting a= 2 into [3] gives b=—40
Substituting a= 2, b=-40 into [1] gives ¢=128
So, a=2, b=-40, c=128

Its equation is x=3

Substituting x=3 into y=x* — 6x+ 8 gives
y=3?-6(3) +8

y=-1

The vertex (minimum point) is at (3, —1)

YA

-5

d y=12+ x— «? is a parabola

Comparing y=12 + x— x? with y= ax®+ bx+ ¢
The value of a=-1 so a< 0, which means
the parabola is an M shape.
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The x-intercepts are found by substituting

y=0into
y=12+x— &
0=12+x—«?

0=038+x(4-x

x=—-3 orx=4

The x intercepts are at (=3, 0) and (4, 0).
The yintercept is found by substituting
x=0into:

y=12+ x—?

y=12

Axes crossing points are (0, 12), (=3, 0)
and (4, 0)

The curve has a maximum (or highest)
point which is located at the vertex.

There is a line of symmetry which passes
midway between x=-3 and x= 4 and also
passes through the vertex.

Its equation is xzé

Substituting x:% into y= 12+ x— »® gives

“Original material © Cambridge University Press 2019. This
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a 2x>—8x+5

2(x*—4x)+ 5
2[(x—2)* 221 +5
[2(x—2)2-8]+5
2(x—2)*—3

b The line of symmetry of the graph passes

through the vertex which is at (2, —3).

Line of symmetry is x= 2.

a y=7+bx—x"

y="7—(x*—bx)

B 5\ 25
y—7‘[(’“‘2) Y

_ 53 5\
=4 T|*T e

b Its graph is a M shape.

The curve has a maximum (or highest)
pointi.e. a turning point which is located at

5 53
the vertex (2, 1 )

The maximum point of the curve is at
5 53 1 1
(2, 4) or (2 5, 13 4)

x>—Tx+8

We are asked for the minimum value in this
question. There are two methods which you
can use:

Method 1 factorisation (if possible)
Method 2 completing the square

x> — 7x+ 8 does not factorise so:

Completing the square gives:

2
(x—7) S

Be careful! Here you are asked for the
minimum value, not the minimum point.

Minimum value is —4% [when x=3 %]
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7 y=4x'+2x+5isa U shaped parabola.

Complete the square to find the vertex
(minimum point).

y:4(x2+1x +5
2
2 2
_ 1) _ (1
y=4 (x—i— 1 (4 +5
2
_ 1)_1
y= 4(x+ 4) 1 +5
1\*, 19
The vertex is at (— %, ?), which is above the

X axis.

YA
10

(-0.25, 4.75)

4

2_
T T T T T T |:
8§ 6 4 2 O 2 4 6

8 Graph A has its vertex at (4, 2). The point
(6, 6) lies on the curve.

There are no x-intercepts.

There are three forms of a quadratic equation:

1 y=ad+bx+c
Any three different coordinate points
on the parabola enables three equations
to be formed and solved simultaneously.
However, this is a long method and can be
prone to calculation errors.

Chapter 1: Quadratics

2 y=a(x—d)(x—e)
To use this form you need to know the
location of the x-intercepts (if any) need
to be known.

3 y=alx—f)l+g
To use this form, the location of the
vertex ( f; @) needs to be known, plus one
additional point on the parabola.

Using y= a(x— f)?+ g and substituting

[=4, g=2

y=a(x—4)*+2

Now substituting x= 6, y= 6 gives
6=a(6-4)"+2

a=1

So, y=(x—4)*+2

Graph B The vertex is at (-2, —6).

The x intercepts are not clear.

The point (0, 10) lies on the curve.
Using y= a(x— f)* + g and substituting

f=-2, g=—6
y=a(x—-2)"—6
y=a(x+2)*-6

Now substituting x=0, y= 10 gives
10=a(0+2)*-6
a=4
So, y=4(x+2)*-6
Graph C There are more than three pieces of
information which can be read off the graph.
e.g. the vertex is at (2, 8).
The x intercepts are x=-2, x=6
The point (0, 6) lies on the curve etc.
Using y=a(x— d)(x— e
Substituting d=-2, e=6
y=a(x+2)(x—6)
Now substituting x=2, y= 8 gives
8=a(2+2)(2-6)
1

a=-—5

2
So,y=—%(x+2)(x—6)
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9 y=x"—-6x+13

The graph is a U shaped parabola
Completing the square gives:
y=(x—3)*+4

The vertex is at (3, 4)
y=x2—6x+13is A
y=-x2-6x-5

The graph is an N shaped parabola
Completing the square gives:
y=—(x*+6x) -5
y=—[(x+3)*-9]-5
y=—(x+3)*+4

The vertex is at (-3, 4)
y=—x*-6x-5is G

y=—x*—bx— cis areflection of y=x*+ bx+ ¢ in
the x-axis, i.e. f(x) = —f(x)

y=x*— bx+ cis a reflection of y= &*+ bx+ ¢ in
the y-axis, i.e. f(x) = —f(—x)

You will meet this again in Chapter 2.

Graph Fis y= "+ 6x+ 5 as it is a reflection
of G in the x-axis

Graph D is y=—x*+ 6x— 13 as it is a reflection
of A in the x-axis

Graph E is y=x*+ 6x+ 13 as it is a reflection
of A'in the y-axis

Graph B is y= x* — 6x+ 5 as it is reflection
of Fin the y-axis

Graph Cis y=—x"+6x—5 as itis a reflection
of G in the y-axis

Graph His y=—x*— 6x— 13 as it is a reflection
of E in the x-axis

(There are other ways to reach these solutions.)

10 Using y=a(x— d)(x—¢)

Substituting x=-2 and x = 4 gives:
y=a(x—-2)(x—4)
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Substituting x= 0, y=—24 gives:
—24=a(0--2)(0-4)

a=3

Equation is y=3(x+2)(x—4) or
y=3x"—6x—24

We do not know the x-intercepts nor the

coordinates of the vertex.

We form three equations by substituting the
three given coordinates into

y=ax’+ bx+ ¢ and solve them simultaneously.
Substituting (-2, —3) gives =3 = a(-2)* + H(-2) + ¢
or-3=4a—-2b+c.......
Substituting (2, 9) gives 9 = a(2)*+ b(2) + ¢ or
9=4a+2b+c............
Substituting (6, 5) gives 5 = a(6)* + b(6) + ¢ or
5=36a+6b+ c.......... [3]

[1]-1[2] gives=12=—4bso b=3

[2] = [3] gives 4 =—-32a— 4b

Ash=3,4=-82a-1250 a=—
Substituting a= —% and b=3into [1] gives:
-3=-2-6+csoc=5H

The equation is y=5 + x— Ly

2

Using y=a(x—[)?+g

The vertex is at (p, q).
Substituting f= p and g= ¢ gives:
y=alx=p)*+gq

Expanding gives:

y=a(x* = 2px+ p*) + ¢
y=ax*—2apx+ ap*+ q Proved
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Chapter 1: Quadratics

1 b (x=-3)(x+2)>0 2 a x¥-25=0
Sketch the graph of y= (x—3)(x+ 2) Factorising the left-hand side of the
The graph is a U shaped parabola. inequality:

(x=5)(x+5)=0
Sketch the graph of y= (x—5)(x+5)

The x-intercepts are at x=-2 and x= 3.

y=(x=3)(x+2)
TA The sketch is an U shaped parabola.
The x-intercepts are at x=-5 and x= 5.
+ +
YA
_ 20 -
) o 3 X
+ +
10
For (x—3)(x+ 2) > 0 we need to find (-5, 0) (5.0)
the range of values of x for which the curve 10 0 10 X

is positive (above the x axis).

The solution is x< -2 or x> 3

f (1-30@Q2x+1)<0 A1
Sketch the graph of y= (1 - 3x)(2x+ 1)
The sketch is an M shaped parabola. i
The x-intercepts are at x = —% and x= %
YA 30 -
For x* — 25 = 0 we need to find the range of
values of x for which the curve is either zero
or positive (on or above the x-axis).
+ The solution is x < -5 or x = 5.
e 6x*—23x+20<0
(l 0 Factorising the left-hand side of the
, 3 inequality:
B 7"5 \0'5 ) (3x—4)(2x—5) <0
—0.5- Sketch the graph of y= (3x—4) (2x— 5)
For (1 - 3x)(2x+ 1) <0 we need to find the The sketch is a U shaped parabola.
range of values of x for which the curve is The xintercepts are at x=% and x= %

negative (below the x axis).

The solution is x< — % or x>%
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YA For 6x% — 23x+ 20 < 0 we need to find the
range of values of x for which the curve is

negative (below the x-axis).

The solution is 4 <x< 5

3 2

3 b 15x<x*+56
Rearrange to give:
x?—15x+56>0
Factorising the left-hand side of the inequality:
(x=7)(x—8)>0
Sketch the graph of y= (x—7)(x—8)
The sketch is a U shaped parabola.

The xintercepts are at x=7 and x=8

VA
4,
2 1 + +
(7,0) (8,0)
4 ) o 2 4 6 8 10 ~

For x* — 15x+ 56 > 0 we need to find the range of values of x for which the curve is positive
(above the x-axis).

The solution is x < 7 or x> 8
g (x+4)?2=25
Expand brackets and rearrange:
¥+8x—9=0
Factorising the left-hand side of the inequality:
(x—1)(x+9) =0
Sketch the graph of y= (x—1)(x+9)
The sketch is a U shaped parabola.

The x-intercepts are at x=1 and x=-9

16
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Chapter 1: Quadratics

YA YA
20 20 1

20 (-3,0) (2.5, 0)
10 0 10~

10 -

20 -
Forx*+8x—9 =0, we need to find the The x intercepts are at x=2.5 and x=-3
range of values of x for which the curve (found when solving 2x— 5= 0and x+ 3 = 0)
< eith ..
is eit er. zero or positive (on or above We want (2x— 5)(x+ 3) < 0 s0, we need to find
the x-axis).

The solution is x < —9 or x= 1 the range of values of x for which the curve
- - is negative (below the x-axis).
5 <0 The solution is =3 < x< 2.5
2x°+ x—15
positive value
negative value

5 b ¥*+4x-21<0

<0 (theggferator Bige is Factorising the left-hand side of the

always positive) inequality:
Factorising the denominator gives: (x+7)(x=3) <0
5 0 A sketch of y= (x+ 7)(x— 3) is a U shaped
(2x—5)(x+3) parabola.
5 is a positive value, so we need to find YA
values of x
which make (2x—5)(x+ 3) negativei.e. <0 204
s0, (2x—5)(x+3) <0 + 4
A sketch of y= (2x—5) (x+ 3), is a U shaped 10
parabola. (-7,0) (3,0)
10~
10 +
-0
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The xintercepts are at x=—7 and x=3

For »* + 4x— 21 < 0 we need to find the range
of values of x for which the curve is either zero
or negative (on or below the x axis)

The solutionis -7 < x < 3

matics: Worked Solutions Manual

The x-intercepts are at x=-5 and x=8

For x* — 3x— 40 > 0 we need to find the range
of values of x for which the curve is positive
(above the x axis).

The solution is x<—b5 or x> 8

¥—9x+8>0 «
Factorising the left-hand side of the G 7 a x—1 =3
inequality: Rearrange —>— =3 = (

(x=1)(x—=8)>0

The graph of y= (x—1)(x— 8) is a U shaped
parabola.

The x-intercepts are at x=1 and x=8

For x*— 9x+ 8 > 0 we need to find the range
of values of x for which the curve is positive
(above the x-axis).

The solution is x< 1 or x> 8

— 0
@ o o—
I I I I I I I I I
-8 -6 4 -2 0 2 4 6 8

The diagram shows both solutions to be
true when -7 < x< 1

6 2%—3x—40 >1
Since 20 — 1’ and 21)ositive number >1
We need to solve x* — 3x—40 > 0
Factorising the left-hand side of the inequality:
(x+D5)(x—8)>0

The sketch of y= (x+5)(x— 8) is a U shaped
parabola.

YA
b0
+ +
(-5,0) (8,0)
20 4 20 X
2 .
40

x—1
Write as a single fraction on the lefthand side:

x _3=D_

x—1 x—1
x—3(x—1) _
x—1 =0
3—2x _
x—1 =0

Find the values of x which each make the
numerator and the denominator zero.

1e.3—-2x=0so x=§

2
x—1=0s0 x=1 (if the denominator of a
fraction is zero then its value is undefined)

Use a number line to test numbers around

xziand x=1

2

If x=0 then substituting into
3-2(0)
1

3—-2x

x—1

becomes ———— which is negative.

0—
If x=1.25 then substituting into 3=2x

x—1
3-2(1.25) L o,
Ho5-1 which is positive.
If x=2 then substituting into Sx__le
3-2(2)
1

becomes

becomes ———— which is negative.

2

the value of  the V'klll}e Of,
the fraction is the fraction is
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undefined zero at
atx =1 X = 3
’ 2
x X 1 = 3 for values of x which satisfy:
3
l<xs==
2

18
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x(x—1) -
x+1
x(x—1)
Rearrange BT 0

Write as a single fraction on the left-hand side:

xx—1) 3 xMx+1) 50
x+ 1 x+ 1

Mx—1)— x(x+1) 50
x+1

9 a2
Xox=x-x_
x+1

—2x

x+l>O

Find the values of x which each make the
numerator and the denominator zero.

ie.2x=0s0x=0
x+1=0s0 x=—1 (if the denominator of a
fraction is zero then its value is undefined)

Use a number line to test numbers around
x=0 and x=-1

If x=—2 then substituting into —2x
Cor9) x+ 1
becomes o1 which is negative.
If x= -1 then substituting into '
9 +1

——— which is positive.
-5 +1
2
—2x

If x=1 then substituting into ] becomes

—21) . .
T+1 which is negative.

the value of the
fraction is
zero at x =0

the value of the
fraction is
undefined at x = -1

-1

Mx=1) > x for values of x which satisfy

x+1
-1<x<0
x?;g>

1 =4

2 _

Rearrange -~ _19 -4=0

19
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Write as a single fraction on the left-hand
side:

-9 4x-1) ~0

x—1 x—1

—-9—4(x—1) =0
x—1 -

-9-—dxt+4d _
x—1
¥ —4x—=5
x—1
Find the values of x which each make the
numerator and the denominator zero.
ie. x®—4x-5=0
(x=5)(x+1)=0

sox=borx=-1

=0

x—1=0so0 x=1 (if the denominator of a
fraction is zero then its value is undefined).
Use a number line to test numbers around
x=-—1,x=band x=1

2 Ay
If x=-2 then % becomes
_9)2 _ 4(_9) _
=2) =5 _( 12) 5 which is negative
2 Ay
If x=0 then % becomes
2 4(0) —
w which is positive
If x=2 then % becomes
2-4(2)-5
(2)2%? which is negative
If x=6 then % becomes
2 _ _
W which is positive
-+ - +
| R S . . . — —
-2 -1 0 1 2 3 4 5 6

P T

the value of the value of  the value of

the fraction is the fraction is the fraction is

zero at x =—1  undefined zeroatx=35
atx =1
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% = 4 for values of x which satisfy:
-1 =<=x<lorx=5H
x2—2x— 15 =0
x—2
(x—Db)(x+3) =0
x—2
Find the values of x which each make the
numerator and the denominator zero.
For the numerator, solve (x—5)(x+3) =0
so x=borx=-3
For the denominator, solve x—2=10

so x= 2 (if the denominator of a fraction is
zero then its value is undefined)
Use a number line to test numbers around
x=-3,x=2and x=5
(x—5)(x+3)
x—2
(-4-5)(-4+3)
-4 -2
(x—5)(x+3)
x—2

If x=—4 then

becomes which is negative.

If x=0 then becomes

(0-5)(0+3)

0-9 which is positive.

(x—Db)(x+3)

If x=3 then =0

becomes

3
B-5E+3) which is negative.

3-2
If x=6 then % becomes
%(624_3) which is positive.
- + - +

T T T T T T T T T T 1
-4 3 2 -1 0 1 2 3 4 5 6

T ! T

the value of the value of the value of
the fraction is the fraction is the fraction is

zero at x = -3 undefined zeroatx =15
atx=2

x2—2x — 15 . .

%2 = () for values of x which satisfy:

-3 =x<2o0rx=bH

20
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x>+ 4x—5 <0
x2—4
(x+5)(x—1) _
(x—2)(x+2)
Find the values of x which each make the
numerator and the denominator zero.

0

For the numerator, solve (x+5)(x—1) =0
sox=-borx=1
For the denominator, solve (x—2)(x+2) =0

so x=2 or x=-2 (if the denominator of a

fraction is zero then its value is undefined).
Use a number line to test numbers around
x=-b,x=-2, x=1and x=2

_ o (x+5)(x—1)
If x=—6 then substituting into ICEOEES))

(=6 +5)(=6— 1)

beCOmeSm Wthh iS positive.
_ o (x5 (x—1)
If x=-3 then substituting into =D (xT2)
becomes % which is negative.
_ o (x+5)(x—1)
If x= 0 then substituting into ICEOEES))
O+5)0-1) L. ..
becomes m which is positive.

) Lo (x4 B)(x— 1)
If x= 1.5 then substituting into (x—2)(x+2)
1.5+5)(1.5-1)

S15-9)(15+2)

become which is negative.

(x+5)(x—1)

If x= 3 then substituting into ICEOEES))

B+53-1)

becomes 7(3 9319

which is positive.
+ - + -+

J | I | | | | I | |
-6 -5 4 -3 -2 -1 0 1 2 3

T

the value of the value of  the value of the value of
the fractionis  the fraction is the fractionis  the fraction is
zero at x = -5 undefined zero at x = 1 undefined at x =2
atx=-2

x>+ 4x—b
x> —4

-h=x<—-2o0rl =x<2

< 0 for values of x which satisfy:

not final and is subject to further changes prior to publication.”



f

b

“Original material © Cambridge University Press 2019. This m4

x—3 _ x+2

x+4 x-5
x—3 x+2 _
Rearrange 4 et =0

Write as a single fraction on the left-hand

side:

(x=3)(x—b)— (x+ 2)(x+4) =0
(x+4)(x—5) -

Be careful with the numerator!

x> —8x+ 15— [x>+ 6x+ 8]
(x+4)(x—b)

x*—8x+ 15— x*—6x—8
(x+4)(x—5)
7—14x =0
(x+4)(x— D)

7(1 — 2x) =0
(x+4)(x—5)
Find the values of x which each make the

numerator and the denominator zero.

=0

=0

For the numerator, solve 7(1 — 2x) =0

_1
SO X=—o

2
For the denominator, solve (x+4)(x—5) =0

so x=—4 or x=5 (if the denominator of a
fraction is zero then its value is undefined).

e S

X +5x—36=0
a=1, b=5, c=-36
Substituting into »* — 4ac gives:

52—4(1)(=36) which is >0 so there are two
distinct real roots.

2x*—Tx+8=0
a=2,b=-7,¢c=8
Substituting into »* — 4ac gives:

(=7)% — 4(2)(8) which is < 0 so there are no
real roots.

Chapter 1: Quadratics

Use a number line to test numbers around

x=—4, le and x=5

2
7(1 - 2x)

If x=-b5 then m

becomes

7(1 - 2(-5))
(=5 +4)(-5 - b)
7(1 = 2x)
(x+ %) (x—5)

which is positive.

If x=0 then becomes

7(1-2(0))

m which is negatlve.

7(1 - 2x)

Ifx=1 thenm

becomes

(17(_'_14_)% which is positive.
7(1—-2x)

Ifx=6thenm

becomes

7(1=2(6))
(6+4)(6-5)
+ - + -

I I I UL I I I I

-5 4-3-2 -1011 2 3 4 5

f S f
the value of  the value of  the value of
the fraction is the fraction is the fraction is

which is negative.

1
6

undefined zero at undefined
atx =4 x:l atx =15
: 2
_ + . .
x—3  x+2 for values of x which satisfy:

x+4 x-b

x<—4oré$ x<b

2 9-5x=4
Rearrange and simplify:
bx?—2x+4=0

a=Db, b=-2, c=4
Substituting into »* — 4ac gives:

(-2)? — 4(5)(4) which is < 0 so there are no
real roots.

ot final and is subject to further changes prior to publication.”
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3 (x+5)(x—7) =0 which expanded gives:
x¥—2x-35=0
So, b=-2 and ¢=-3b

4 b 4x*+4(k—2)x+ k=0
So, a=4, b=4(k—2), c=k
For two equal roots #* — 4ac=0
[4(k—2)]* — 4(4) (k) = 0 which simplified
gives:
16%*— 80k + 64 =0 or:
K —5k+4=0
(k=1)(k—4)=0
So,k=1or k=4
e (k+ 1)x2+ kx—2k=0
a=k+1,b="k c=-2k
For two equal roots #* — 4ac=0
kB —4(k+1)(-2k) =0
kP +8k(k+1)=0
9k*+8k=0
KOk +8) =0
k=0 or k=—%
5 b 2x¥-5x=4-k
Rearranging gives: 2x* = 5x+ (k—4) =0
a=2,b=-5,c=k—-4

For two distinct roots 5° — 4ac> 0

(=5)*—=4(2) (k—4) > 0 which simplifies to:

8k—57<0

57
k<?

d kx> +2(k—1)x+ k=0
a=k b=2(k=1),c=k
For two distinct roots * — 4ac> 0
[2(k—D)]*—4(k) (k) >0
—8k+4>0

1
k<2

6 b 3x+bx+k+1=0
a=3,b=5,c=k+1

“Original material © Cambridge University Press 2019. This

For no real roots * — 4ac< 0
52— 4(3)(k+1) <0
-12k+13<0

13

k>ﬁ

e kx*+2kx=4x—06

kx? + (2k— 4)x+6=0

a=k b=2k—4, c=6

For no real roots 0* — 4ac< 0

(2k—4)? — 4(k)(6) < 0 which simplifies to:
4k*— 40k+ 16 < 0 or

B —10k+4<0

The sketch of y=£k*—10k+ 4 is a U shaped
parabola.

k*—10k+ 4 does not factorise so to find
the k-intercepts we must use the quadratic

formula.
—(-10) £V(=10)2— 4 x 1 x (4)
k=
2x1
k= % or k= % which simplify
to give:

k=5+v21 or k=5-+21

The k-intercepts are at k=5 + V21 and
k=5-21

not final and is subject to further changes prior to publication.”
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For k* — 10k + 4 < 0 we need to find the
range of values of k for which the curve is
negative (below the k axis).

The solution is 5 — V21 < k< 5 + V21

T k®+px+5=0
a=k, b=p, c=b5
For repeated real roots * — 4ac=0
=4k (5)=0
k=1

20

8 kx*-bHx+2=0
a=k b=-5, c=2
For real roots * —4ac= 0
(-5)2—4(k)(2) =0
25

h===

9 2kx*+bx—k=0
a=2k, b=D5, c=-k
b* — 4ac is 5* — 4(2k) (—k) which simplifies to:
25 + 8k?
25 + 8k* = 25 for all values of & i.e. it is always
positive
So, b — 4ac> 0 which proves that the roots are
real and distinct for all real values of k.

10 22+ (k= 2)x—2k=0
a=1,b=k—-2, c=-2k
0 —4ac is (k—2)% — 4(1)(-2k)
which simplifies to k* + 4k+ 4 or (k+ 2)?
(k+2)%is always =0

Therefore the roots are real for all values of k.

1 Ify=kx+1isatangentto y=x>—7x+2
then there should only be one solution to
the equation formed by solving y=kx+ 1
and y= x? — 7x+ 2 simultaneously.

Chapter 1: Quadratics

11 X+ kx+2=0

a=1, b=k, ¢=2

For real roots * — 4ac =0

So, ¥ —=4(1)(2) =0o0rk*-8=0

Factorising the left-hand side of the inequality
gives:

(k=8)(k+V8) =0

The sketch of y= (k— \@)(k+ \/§> is a U shaped
parabola.

YA
10 4
+ +
(-242, 0) (22, 0)
10 0 10 k
,10 .

The kintercepts are k=22 and k=-22

we need to find the range of values of k for
which the curve is either zero or positive
(on or above the k axis).

The solution is k < -2V2 or k = 2V2

Therefore the equation has real roots if

k=22,
the other values of k are k< —2V2.

x*—7x+2 = kx+ 1 when rearranged gives:
= (7T+kx+1=0
a=1,b=—(7T+k), c=1

ot final and is subject to further changes prior to publication.”



For one repeated real root v’ —4ac=0
[-(7+R)]P-4(1)(1)=0
B+ 14k+45=0
(k+5)(k+9)=0
k=-bor k=-9

The x-axis has the equation y=10
If y=0is a tangent to y= x> — (k+ 3)x+ (3k+4)
then there should only be one solution to
the equation formed by solving y=0 and
y=x"— (k+ 3)x+ (3k+ 4) simultaneously.
= (k+3)x+ (Bk+4)=0
a=1,b=—(k+3), c=(8k+4)
For one repeated real root »* — 4ac=0
[-(k+3)]*-4(1)(8k+4)=0
K —6k-7=0

(k+1)(k=7)=0
k=-lork=7
If x+ ky= 12is a tangent to y= x%Q then there
should only be one solution to the equation
formed by solving x+ ky= 12

and y= 5 _ . [2] simultaneously.
x—2
12—« o
From [1] y= and substituting for y
in [2] gives:
12—-x_ 5
kT ox—2

Simplifying and rearranging gives:
x*—14x+ (5k+24) =0

a=1,b=-14, c=(5k+24)

For one repeated real root §* — 4ac=0
(-14)*-4(1)(5k+24) =0

k=5

4 a If y= k—3x is atangent to 0= x>+ 2xy— 20

then there should only be one solution

to the equation formed by solving

y=k—3x .....[1]and ¥* + 2xy—20=0.....[2]
simultaneously.

Substituting for y in [2] gives:

If x*+2x(k—3x) —20=0
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Rearranging this equation gives:
5x* — 2kx+20=0
a=D5,b=-2k, ¢c=20
As 0* — 4ac=0 for one repeated root
(—2k)* - 4(5)(20) =0
k=10
b First, substitute k=—-10 into y= k— 3x giving:

y=-10-3x
And then as ¥* + 2xy— 20 = 0 solving these
two equations simultaneously gives:
x+2x(-10-3x) —20=0
—5x*=20x—20=0
This simplifies to:
+4x+4=0

(x+2)*=0

x=-2

Substituting x=-2 into y=-10 — 3x gives:
y=—4
Second, substitute k=10 into y=k— 3x
giving:
y=10-3x
And then as x* + 2xy— 20 = 0 solving these
two equations simultaneously gives:
X+ 2x(10 — 3x) — 20 = 0 and then
simplifies to:
¥—4x+4=0

(x—2)?=0

x=2

Substituting x=2 into y= 10 — 3x gives:
y=4
The coordinates are (2, 4) and (-2, —4)

Substitute for yin [2]
2x—1=x*+kx+3
Rearrange:

X+ (k—2)x+4=0
a=1,b=k-2,c=4

not final and is subject to further changes prior to publication.”
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For two distinct roots b*> — 4ac> 0
(k—2)2-4(1)(4) >0

B—4k-12>0

(k—6)(k+2)>0

A sketch of y= (k—6)(k+2), is a U shaped
parabola.

VA
10 -
+ +
(-2,0) (6,0)
~10 o 10 k
-10

The k-intercepts are at k=-2 and k=6

For k* — 4k— 12 > 0 we need to find the range
of values of k for which the curve is positive
(above the k-axis).

The solution is k< —2 and k> 6.

Substitute for yin [2]

mx+5=x"—x+6

Rearrange:

X¥—1+mx+1=0

a=1,b=—1+m), c=1

If the straight line does not meet the curve,
then there are no real solutions to the equation.
So, *—4ac< 0

-1 +m)]*=4(1)(1) <0

m*+2m—3<0

(m—=1)(m+3)<0

A sketch of y= (m—1)(m+ 3) is a U shaped
parabola.

25

11

12

Chapter 1: Quadratics

YA
10
+ +
3.0 (1,0 .
10 \)/ 10 m

—-10 -

The m-intercepts are at m=-3 and m=1

For m?*+ 2m — 3 <0 we need to find the range
of values of m for which the curve is negative
(below the m-axis).

The solution is -3 < m< 1

y=kx+6
x®+y*—10x+8y=284

Substitute for yin [2]

x*+ (kx+6)* — 10x+ 8(kx + 6) = 84
Simplified and rearranged:

(1+£)x*+ (20k—10)x=0

If the straight line is a tangent to the curve,
then this equation has one root

so b>—4ac=0
a=1+k, b=20k - 10, ¢c=0
(20k—10)>—4(1 + k*)(0)=0

(20k—10)>=0

-1

k=9
P=MXF € v [1]
Y= —4x+ 4 [2]

If the line is a tangent to the curve then there
should be one solution to the equation

mx+c=x>—4x+4

ot final and is subject to further changes prior to publication.”
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13

Rearranged:

X—@E+mx+4-0=0
a=1,b=—4+m), c=(4—-2o)

For one (repeated) root * —4ac=0

[-@4+m]*P-41)(4-0=0
16 +8m+m*—16+4c=0
m? + 8m+ 4¢=0 proved.

Y=MXF C oo [1]
ax’> + by’ = ¢ oo [2]

Substitute for yin [2]
ax’*+ b(mx+ c)?=c¢
Expanded gives:

ax®+ bm*x* + (2bcm)x + bc> — ¢=0

(a+ bm®) x* + (2bem) x+ (bc® — ¢) = 0%
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If a line is a tangent to the curve then an
equation of the form:

ax® + bx+ ¢= 0 should have one solution.
ie. b*—4ac=0
For our equation*
(2bcm)? — 4(a+ bm®)(bc®> — ¢) =0
40°3Em?® — 4ab® + 4ac— 40°Em® + 4bm*c=0
—4abc* + 4ac+ 4bm*c=0
4bm?*c=4abc* — 4ac

e = 4abc® — 4ac
4be
9o abc—a

=4 Proved

dividing each term by 4¢

m

not final and is subject to further changes prior to publication.”





