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In this chapter you will learn how to: -

- -

- '-‘”
. . . . L ¥ _
use displacement, velocity and acceleration vectors to describe motion in two :
dimensions

use some of the constant acceleration formulae with vectors

use calculus to relate displacement, velocity and acceleration vectors in two
dimensions when acceleration varies with time
represent vectors in three dimension using the base vectors i, j and k
use vectors to solve geometrical problems in three dimensions.

Before you start...

Student
Book 1

Student
Book 1

Student
Book 1

Student
Book 1

Chapter 12

314

You should be able to link
displacement vectors to coordinates
and perform operations with vectors.

Consider.the points A(2, 5), B(-1, 3) and
C(7,-2). Letp= AB and q = BC. Write in
column vector form:

asp b.q-p <c 4q d AC.

You should be able to find the
magnitude and direction of a vector.

Find the magnitude and direction of the vector

/)

You should understand the concepts
of displacement and\distance,
instantaneous/and average velocity
and speed and acceleration.

In the diagram, positive displacement is
measured to the right.

A B C

120m 180m

A particle takes 3 seconds to travel from B to C
and another 7 seconds to travel from C to A.
Find:

a the average velocity and

b the average speed for the whole journey.

You should be able to use calculus to
work with displacement, velocity and
acceleration in one dimension.

A particle moves in a straight line with the

velocity v =2 e’— ¢%. Find:

a the acceleration when ¢ = 3.

b an expression for the displacement from the
starting position.

You should be able to use constant
acceleration formulae in one
dimension.

A particle accelerates uniformly from 3 m s™ to
7 m s~ while covering a distance of 60 m in a
straight line. Find the acceleration.

You should be able to work with
curves defined parametrically.

Find the Cartesian equation of the curve with
parametric equations x =1—2¢*, y =1+t¢.
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16 Applications of vectors

Why do you need to use vectors to describe
motion?
In Student Book 1, you studied motion in a straight line. You saw

how displacement, velocity and acceleration are related through
differentiation and integration:

dx

T xzjvdt
dv

a=-qp U:J‘adt

In the special case when the acceleration is constant, you can use the
constant acceleration equations:

v=u+at, v*=u?+2as, s=ut+%at2, s:vt—%atz, s:%(u+v)t
But the real world has three dimensions, and objects do not always move
in a straight line. You need to be able to describe positions and motion
in a plane (such as a car moving around a race track) or in space (for v v
example flight paths of aeroplanes). This requires the use of vectors to

N
describe displacement, velocity and acceleration. | . .
Vectors were introduced in
Student Book 1. Remember
Section 1: Describing motion in two dimefisions that you can also write the
2 . .
When a particle moves in two dimensions, the di$placement, velocity vector [ 3 J as 21+ 3j.
and acceleration are vectors. The distance and speedare still scalars.
WORKED EXAMPLE 16.1
. - 3 1 -2

Points A, B and C have position vectors [ ! ] ,( s j and [ ) ], where

the distance is measured in mettes. A particle travels in a straight line

between each paiyof points. It takes 5 seconds to travel from A to C and

then a further 3§econds to travél from C to B. Find:

a _the average velocityand average speed from C to B

b the final displacement of the particle from A

c theaverage velocity for the whole journey

d theaveragespeed for the whole journey.

a CB=b-c First find the displacement from C to B. This is the

{ 1 j ( 2 j difference between the position vectors.
1 Remember: CB=b—c
_| 3
4

- N N\ A~~~ (Continues on next page -
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o 3. .. displacement
Average velocity = [ 4 J =3 Then use average velocity = T tme
= ! ms™’
1.33
CB=+3?*+4%? =5 Use Pythagoras’ theorem to find the distance CB.
Speed = S _1.67ms Then use average speed = distance
3 time °
b AB :( ; ] —[ 31 ] The displacement from A to B is the diffe €
a their position vectors. It is highlig e in the diagram.
_| 2
o
c Totaltime =5+3=6s Average velocity = final ; -
me

Average velocity = ( _62 ]+ 5]
-0.25 »
= ms
0.75

d AC= [ -2 ] —[ 5 ] get t ance travelled, add the distance from A
e distance from C to B. This is highlighted red in

AC=+5%+2% =29

{3

_ total distance
Average speed = = tme
V29 +425 =10.4m You have already found that the total time is 8 seconds.
. averagéspeed = mT4 =1.3ms™’
316 © Cambridge University Press 2017
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16 Applications of vectors
You can calculate average acceleration by considering the change in
velocity Common error

Notice that the average speed
is not the magnitude of the
average velocity vector. This is
because the particle changes
direction during the motion.

WORKED EXAMPLE 16.2

A particle moves in a plane. It passes point A with velocity (3i — 2j) m s™ and pass
4 seconds later with velocity (2i + 5j) ms™.

Find the magnitude and direction of the average acceleration of the particle be

Average acceleration = ((2i + 5j)— (31 — 2j))+ 4

:(— 1 1+%]) ms?

1V (7Y
The magnitude is | a| = (Z) +(Z)

=1.77ms?

u can use any angle to define the

rection as long as you clearly state
where you are measuring the angle
from. The angle above (or anti-clockwise
from) the vector i is the most common
choice. Draw a diagram to make sure
you find the angle you intended!

NN

its magnitude (speed). This means that the object will not necessarily move Q
in a straight line. If you know how the displacement vector varies with time, The path an object follows is
you can sometimes find the Cartesian equation of the object’s path. also called a trajectory.

&)

The displacement vector gives the parametric equations of the object’s

path, with the parameter being time. See Chapter 12, Section 3 for a
reminder of parametric equations.
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A particle moves in a plane. At time ¢ the particle is at a point and its displacement from the origin O is

_ +2
given by the position vector OP = [ lt . ]

a Prove that the particle moves along a parabola.
b Sketch the parabola.

a The coordinates of P are:
xX=t+2,y=1-1? The two components of the position

t=x-2 You want to find y in terms of x,
sy=1-(x—2) substitute ¢ from the firs

y=-x2+4x-3 equation.
Hence the path of the particle is a parabola.

b v
)

>0, the object covers only a part

You can also look at two particles
about the distance between them, @
this you need to work with posi

plane and ask questions
y ever meet. To do

[ Rewind |

In Worked example 16.4, part
b is an example of proof by
contradiction — see Chapter 1

for a reminder.

WORKED EXAMPLE 16.4

Two particles, A and B, move in the same plane. A starts from the origin and moves with constant velocity
v,=(3i-2j)ms™.

a Write down the position vector of A in terms of ¢.

Particle B starts from the point with position vector (i — 5j) m and moves with constant velocity
vy =(i+3j)ms™.

b Prove that A and B never meet.

¢ Find the minimum distance between the two particles.
- N — N A"\~ (Continues on next page -

318 © Cambridge University Press 2017
The third party copyright material that appears in this sample may still be pending clearance and may be subject to change



a 1, =(3i-2j)y
= 3ti—2¢j
b Position vector of B is
r, = (i-5j)+(i+3))
= (t+1)i+ (3t -b5)j
The particles meet whenr, =1
3ti—2tj=(t+1)i+(3t—-5)j
3t =1t+1
-2t =3t-5

From the first equation:
_ _1
2t=1=t= 2

Check in the second equation:

(-

1 __7
5(5)_5‘ 2

Hencer, # r forallt so the particles

never meet.
c Attimet,
AB=r1,-1,
=(t+1)i+(3t-5)j—
=(1-21)i+ (5t -5)j

AB? = (1- 4t 417 +

The minimum value of y is:

2
29(27) —54(g)+2620.862

29 29
Hence the minimum distance AB is

J0.662 =0.928m

16 Applications of vectors

Use r =1, + vt with r, = 0 as A starts at the origin.

This time r, = i— 5j.

You want to show that A and B are never in the

If two vectors are equa
have to be equal. So
works in both

e distance between the particles is the

agnitude of the displacement between them,
which is found by subtracting the two position
vectors.

This expression has a minimum value when its
square has a minimum value; so look at AB? to
avoid having to work with the square root.

You could complete the square to find the

minimum value, but it is not easy with these
numbers so differentiate instead.

Don't forget that this is the minimum value for AB?.
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EXERCISE 16A

a Points A, B and C have position vectors 4i — 3j, i+ 2j and —5i + j, where distance is measured in metres.
Find the average velocity if the particle travels:

a i from Ato Bin 3 seconds ii from Ato C is 4 seconds
b i from C to B in 5 seconds ii from B to Ain 4 seconds
¢ i from Ato Bin 3 seconds and then from B to C is 5 seconds

ii from C to A in 7 seconds and then from A to B in 4 seconds.

9 Find the average acceleration vector, and the magnitude of average acceleration in each case:

a i The velocity changes from ( 62 ] ms™ to ( 2 j m s~ in 10 seconds.

ii The velocity changes from ( _53 ] ms™ to [ 110 J m s~ in 8 seconds.

b i Aparticle accelerates from rest to (4i —2j) ms™ in 5 seconds.

ii A particle accelerates from rest to (—3i + 4j) m s in 10 seconds.

o Three points have coordinates A(3,5), B(12,7) and C(8, 0).
a A particle travels in a straight line from A to B in 6 seconds.
Find its average velocity and average speed.

b Another particle travels in a straight line from B te:G,in 8' seconds and then in a straight line from
C to B in 5 seconds.

Find its average velocity and average speed.
o A particle moves in the plane sothat its displacement from the origin at time ¢ is given by the vector
t-3
2+t |
a Find the particle’s distance from the origin when ¢ = 2.

b Find the Cartesian equation.of the particle’s trajectory.

e a An object’s velocity.changes from (5i —2j) ms™ to (3i + 4j) m s™ in 3 seconds.
Find the magnitude of its average acceleration.
b Theobject then moves for another 10 seconds with average acceleration (—i + 0.5j) m s
Find its direction of motion at the end of the 10 seconds.
e A particle travels in a straight line from point P, with coordinates (—4, 7), to point Q with coordinates (3, —2).
The journey takes 12 seconds and the distance is measured in metres.
a Find the average speed of the particle.
The particle then takes a further 7 seconds to travel in a straight line to point R with coordinates (2, 5).

b Find the displacement from P to R.
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16 Applications of vectors

¢ Find the average velocity of the particle for the whole journey.

d Find the average speed for the whole journey from P to R.
Explain why this is not equal to the magnitude of the average velocity.

0 Two particles, A and B, move in the plane. A has constant Velocity( _13 ] ms™ and its initial displacement
from the origin is [ 1(;} ] m. B starts from the origin and moves with constant Velocity( ;1 j ms™.

Show that the two particles meet and find the position vector of the meeting point.

e A particle moves in a plane so that this displacement from the origin at time ¢ =0 is given tor
(t-1)i+(6+4t—¢*)jm.
a Find the distance of the particle from the origin when ¢ = 3.
b Sketch the trajectory of the particle.

Q An object moves with a constant velocity (—2i + j) m s™. Its initial displacemen the origin is
(3i—4j) m.

a Find the Cartesian equation of the particle’s trajectory.

b Find the minimum distance of the particle from the origi

@ A particle moves in the plane so that its displacement at time ¢ seconds is

(4 cos(2t)i + 2 sin(2t)j) m

Find the maximum distance of the particle fro

See Student Book 1 for a
reminder of the constant

acceleration formulae.

The list in Key point 16.2 does
not contain the vector version

formulae), aninitial position vector r, is needed in case the particle does
not start at the origin. The second formula is just an extension of the first
part of Key point 16.1, as the velocity is no longer constant here.

of the formula v* = u? + 2as. If
you study Further Mathematics,
you will meet a way of
multiplying vectors (called the
scalar product) that enables
you to extend this formula to
two dimensions as well.
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If you just want the

A particle starts with initial velocity (3i — j) m s™ and moves with
constant acceleration. After 5 seconds its velocity is (1.5 + 2j) m s™.
Find:

displacement from the initial
position and not the final
displacement vector, then use

a the displacement from its initial position displacement = r — .
b the distance from the initial position at this time.

a u=3i-j Write down what you know
v = 1.5 +2j and what you want. Notice
that r, is not known here
t=5 but since you want the
r=1%

displacement from the
initial position, it doesn’t
matter where it starts.

1
I:£o+§(E+Y)t User=r0+%(u+v)t. )
=1, + 5 ((3i-j)+(1.51+2)) x5
=r1,+2.5(4.5i+]j)
=1, +(11.25i+2.5j)
So, displacement fromr, is Displaceme frog s
(11.25i +2.5j)m r-r,
b Distance from starting position: Distancﬂitnde
J11.252 +2.5% =11.5m of the displa ~
Since the particle does not move in'a straight ling, the distance from the B

starting point (which is measuréd'in a straight line) is not the same as
distance travelled (which is along a curve).

You need to be a little careful when solving equations with vectors.
If you are comparing two sides of avector equation, corresponding
components need to be equal. A

WORKED EXAMPLE 16.6

A particle moves with constant acceleration ( -L5 j m s~2. It is initially at the origin and its initial velocity

) .
1S ms .
5

Find the time when the particle is at the point with position vector [ 411 J m.

{3

———— N T —————A———"—_"—"\~~— Continues on next page -
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16 Applications of vectors

a= [ _?5'5 } Write down what you know and what
you want.
1
Ir=
B [ 4 J
r =
L= o
r=1?
r=ro+u+s az‘2 Use r=r, +uf +4at?
N T
5 21 3
First component: The first co e vectors gives
1=2t—-0.75t> i t. This will give
0.75t* -2t+1=0
t=2or %

o check for which of these
of t the second component

Second component:

when t = 2: 51+ (3)* =16

o 1 als 4.
= " o 2 _
whent = 3.51,‘+2 3t =4
o 1 2
The particle is at mwhen { = - seconds.
4 3
WORK IT OUT 16.1
A particle moves with constanta ion, starting from the origin. Its position vector at time ¢ is given by

At the origin both components of | At the origin both
the displacement are zero. components of the

displacement are zero.
When > -3t =0

When t>-3t=0

t=0or3 t=0o0r3
So the particle passes through the | When 2t —15¢ =0 t=0or3
origin once, when ¢ = 3. t=00r75 When 2¢* -15t =0

So the particle passes through the t=00r7.5

origin twice, when t =3 and 7.5 So the particle does not pass
through the origin again.
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You saw in Student Book 1 that Newton’s second law still applies in two
dimensions: F = ma, where F and a are vectors and m is a scalar. This
means that the particle accelerates in the direction of the net force. You
can now use this in conjunction with the constant acceleration formulae
for vectors.

WORKED EXAMPLE 16.7

A particle of mass 2.4 kg moves under the action of a constant force, F N. When ¢ = 0 the particle i the
origin moving with velocity( _52 j m s and when ¢ = 4 seconds its position vector is 12 J e
vector F.

u=| 2 use
- 5
—4 stant, so you can
o ion equations.
2o T O
r=4
a=?
r=r +uf+ I ar?
27 20 i 2 =

®
1o
Il
| =
E\)
Ne—  ~—m
|
/— —
N
Q&

I
Il
(]
N~
3
®
0

] & Rearrange to find a

Now use F = ma.

I
I
3

_| 7.2
4.5
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16 Applications of vectors
EXERCISE 16B

0 In each question the particle moves with constant acceleration. It is initially at the origin.
Time is measured in seconds and displacement in metres.

a i u:( 31 j,a:(_oof ),ﬁndehent:4 ii u=4i+2ja=1.2i-06j, find vwhent=7
. . . . . g .. 3 —0.6 .
b i u=-2i+0.5j,a=0.3i—0.8j, find r whent=5 ii u= lj,a:( o7 }ﬁndrwhent:?)
. . . .. . .. -1 2 :
c i v=2i+5j,s=-2i+j,t=4,findu. ii v= 3 j,s=[2j,t=6,ﬁndu.
d ia=| ! ,u= 2 8= 2 | find t. i a=| 2 ,u= 2 , 8= 8 | find t.
1 3 8 6 -1 18

An object of mass m kg moves under the action of the force F N. The object is initially at rest.
Find the speed of the object at time ¢ seconds, in each case.

a i m=6,t= 5F=24i+6j ii m=2,t=10,F=6i+10j
b i m=0.2,t=7F=6i-2j ii m=0.5£=5,F=-3i+9j

06\ s7? and initial velocity 3:5 ms™.
4 2.4

e An object moves with constant acceleration [

Find its velocity and the displacement from the initial position after 7 seconds.
G A particle moves with constant acceleration (3i—j) m s It is initially at the origin

and its velocity is (2i + 5j) ms™.

a Find the distance of the particle from the origin after 3 seconds.

b Find the direction of motion of the particle atthis time.

e A particle passes the origin with veloeity (2i + 5j) m s™ and moves with constant acceleration.
a Given that 7 secondslater its velocity is (—12i + 15.5j) m s, find the acceleration.

b Find the time when the/pparticle’s displacement from the origin is (—8i + 32j) m.

e An object moyes with constant acceleration. When ¢ = 0 s it has velocity ( _31 J ms™.
When ¢ = 5sits displacement from the initial position is ? m.

Find the magnitude of the acceleration.

o A'particle moves with constant acceleration. Its initial velocity is (3i — 2j) ms™.
8 seconds later, its displacement from the initial position is (—44i + 20j) m.

Find its direction of motion at this time.

0 An object moves with constant acceleration and initial velocity 5jms™.
When its displacement from the initial position is (12.5i + 5j) m, its velocity is (5i — 3j) ms™.

Find the magnitude of the acceleration.
O A particle moves with constant acceleration ( :’2 ] m s~ Given that its initial velocity is [ _21 j ms™, find
. 1 o .. | 180
the time when its displacement from the initial position is 130 |™
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@ A particle of mass 2.5 kg is subjected to a constant force F = (1.2i + 0.9j) N.
The initial velocity of the particle is (0.6i — 1.3j) ms™.

Find the velocity of the particle after 5 seconds.

A particle starts with initial velocity 6j m s and moves with constant acceleration 0.5i m s™.
Prove that the speed of the particle increases with time.

A particle moves with constant acceleration a = (—2i + j) ms=.

When f = 0's the particle is at rest, at the point with the position vector (5i + 3j) m.

Find the shortest distance of the particle from the origin during the subsequent ion.

Section 3: Calculus with vectors

When the acceleration is not constant you need to use differentiation

and integration to find expressions for displacement and velocity.

In Student Book 1, you learnt how to do that for motion in one dimension.
The same principles apply to two-dimensional motion: differentiating
displacement equation gives the velocity equation, and differentiati e
velocity equation gives the acceleration equation. The only difference i
that those quantities are now represented by vectors.

[A) Key point 16.3

To differentiate or integrate a vector, differentiate or in
component separately.

WORKED EXAMPLE 16.8

To find the velocity, differentiate the
displacement vector. Do this by differentiating
each component separately.

(2)

Speed =|v| Speed is the magnitude of velocity.
=122 +27%
=29.5ms™"
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16 Applications of vectors

When using integration with vectors, the constant of integration will also
be a vector.

WORKED EXAMPLE 16.9

A particle moves with acceleration a = ( 22t+ lt ] m s~ The initial velocity is [ _31 j ms™.
sin
Find the expression for the velocity at time ¢.
V= '[ adt To find the velocity, integrate the
acceleration vector Do this by
2t+1 dt integrating each compenent separately.
2 sint
2+t
—2cost
Whent =0, v = [ 51 ] Use the initial velocity to find c.
-1
5
t2+t-1 B . -y
Sov = ms™" You can include the constant within the
—2cost+5 -
existing vector.

Remember that, for two vectersito be equal, corresponding components
need to be equal.

WORKED EXAMPLE 16.10

A patticle starts from point P with the velocity (3i + j) m s™. Its acceleration is given by a = (— i+ 2¢j) ms™.

Show: that the particle never returns to P.

Let 1, beghe pgdition vector of P. You need to find an expression for the
position vector, r, and show that it never

equals r, for £ > 0.

V= J (-ti+2tj)ds First integrate a to find v.

——;t21+t2j+c

e~ N A~~~ (Continues on next page -
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v=3i+j whent=0,s0C=3i+] Use the initial velocity to find c.
'.y:(—%tz +3)1+(t2+1)j
r= J [(— % 2+3 ) i+(2+ 1)j}dt Now integrate the velocity to find the
. position vector. Initially r = 1, so c = r,.
1.5

. 1 .
:(_Et +3t)1+(5t5+t)l+go

Whent =1, Now check if there is any valu

1 (other than ¢ = 0) r=
-=1°+3t=0

6 both components of

s _
g l(-12+18)=0

t=0 or J1&
When t = J/18: o use f=+/18.
1

43 —
5t +t=19.7#0

Hencer # 1, fort > O, so the particle does not return to
the starting point.

WORK IT OUT 16.2

A particle starts from rest and
Find an expression for the velocity ofthe particle.

. 3sint L
1 accelerati = ms=2,
—5cost

ade in the incorrect solutions.

. 3sint
oo j 3sint dr V= J’ dr
= _5cost -5 cost

_3cost =[—3C08t]=c

—5sint —5sin?

. Initially at rest, soc=0
Initially at rest:

0 _3 o -3 cost .
{3 |3

—-3cost+3 o
V= . ms
=5sint
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16 Applications of vectors

When the force is variable (a function of ¢) you can still use F = ma, but
because the acceleration will now be variable, you need to use calculus
rather than the constant acceleration formulae.

WORKED EXAMPLE 16.11

A particle of mass 0.5 kg starts from rest and moves under the action the force ((4¢)i+ (2t —2)j) N.

Find:
a the speed b the direction of motion of the particle after 3 seconds.
a F=ma

Find the velocity by integrating the

(4t)i+(2t-2)j=0.5a acceleration. Use.F = mafirst.

=a=(8t)i+(4t—4)jms?

V= J(&t)i +(4t - 4)j dt
= (412)i+ (2% — 41)j+c
v(0)=0=>c=0 Remembes to find c.

SV = ((412)i+ (212 — 41)j)ms

Whent=3s: You can now use the given value of  to
find the velocity vector.

v =(36i+ 6j)ms™’

The speed is: Speed is the magnitude of the velocity
vector.

v| =367 + 6% = 36.5mMex

The direction is given by the angle with
the vector i.

6 It is always a good idea to draw a
tan 6 = . .
36 diagram to see which angle you are
& an (%) 4 5° looking for.

TBhe direction ofinotion is 9.46° above the horizontal.

EXERCISE 16C

0 For the particle moving with the given displacement, find expressions for the velocity and acceleration
vectors. Also find the speed when ¢ =3 s.

a i r=(3t-sint)i+({-t*)jm ii r=(e*-t)i+(*+ e*)jm
. 4 cos 3t . 3In(t+1)-t¢
b ir= ) m ii r=
3sin 2t t? +In(t +1)
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e For a particle moving with the given acceleration, find expressions for the velocity and displacement vectors.

The initial displacement is zero, and the initial velocity is given in each question. Also find the distance from
the starting point when ¢ = 3.

a i a=(3 -r)i+2tjms?,v(0)=2i+5jms? ii a=(t+1)i+3jms>,v(0)=i—-2jms™!
t _ .
b i a= 3e ms=2,v(0)= 1 ms™! ii a= 3sin2t ms=2, v(0)= 3 ms™
2e 1 3cos 2t 0

¢ i a=2cos(t)i+3sin(t)jms>,v(0)=0ms™? ii a=e*i+3e'jms>,v(0)=0ms™

e A particle moves in a plane with the displacement from the starting point given by r = e?i + (¢ — L)j.
a Find an expression for the velocity of the particle at time ¢.

b Find the speed of the particle when t = 5.

o A particle moves in a plane, starting from rest. Its acceleration varies according to the equation

6t L
a= ms™.
cos 2t

a Find an expression for the velocity of the particle at time ¢.

b Find the displacement from the initial position after 3 seconds:

e The velocity of a particle, in m s™, moving in a plane isgiven by v = (3 =sin (2¢))i+2 cos (2¢)j.
a Find the initial speed of the particle.
b Find the magnitude of the acceleration when ¢ = 12.
¢ Find an expression for the displacement from the initial position after ¢ seconds.

6 A particle starts from rest and moves with acceleration ((2 + e )i+ 4e?'j)ms=
Find its distance from the initial position after 1.2 seconds.

_ 92
a The velocity of a particle meving in aplane is given by v = [ 24t 3t1 j ms™.

Show that the particle never returns to its initial position.

For a particle moeving in two dimensions, the displacement vector from the starting point is given by

33— 4t
r=
=213 +¢

a The components of the displacement vector give parametric equations of the trajectory of the particle,

x=x(t), y=(t). Use parametric differentiation to find the gradient of the tangent to this curve, d—i,
whent =3.

b Find the velocity vector when ¢ = 3. What do you notice?

Q A particle of mass 2 kg moves under the action of the force F = (24 cos(2t)i—24 sin(2¢)j) N.
Its initial velocity is v(0) = (6j) ms™.
a Show that the speed of the particle is constant.

b By considering the x and y components of the displacement vector, show that the particle moves in a
circle.

330 © Cambridge University Press 2017
The third party copyright material that appears in this sample may still be pending clearance and may be subject to change



16 Applications of vectors

@ A particle moves in the plane, from the initial position [ z J m. Its velocity, vm s, at time ¢ s is given by

the equation: v = [ _st )

Find the time when the particle is closest to the origin, and find this minimum distance.

Section 4: Vectors in three dimensions

In the preceding sections you learnt how to use vector equations to
represent motion in two dimensions. Now vector methods will be
extended to enable you to describe positions and various types of motion
in the three-dimensional world.

To represent positions and displacements in three-dimensional space, B
you need three base vectors, all perpendicular to each other. They are
conventionally called i, j, k.

3
You can also show the components in a column vector: AB=| 2 N
4 A

Each point in a three-dimensional space can be represented by

a position vector, which equals its displacement from the origin. AB=3i+2j+4k
The displacement from one point to another is the difference

between their position vectors.

WORKED EXAMPLE 16.12 9 Did you know?

Although our space is three

Points A and B have coordinates (3,—1,2) and (5,0, 3),

. . dimensional, it turns out that
respectively. Write as column vectors:

many situations can be

a the position vectors of Aand B modelled as motion in two

b the displacement vecfor AB: dimensions. For example, it is

possible to prove that the orbit

of a planet lies in a plane, so
The components of the P P

5
a a=| 1 |,BQRO position vectors are the
3 coordinates of the point.

two-dimensional vectors are
sufficient to describe it.

b SAB=b-a Relate AB to the position
5 % vectors a and b exactly as you
- 4 would in two dimensions.
) 2
2
=11
1
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The formula for the magnitude of a three-dimensional vector is
analogous to the two-dimensional one.

@ Key point 16.4

al
e The magnitude (modulus) ofavectora=| a, |is|a|=./a?+a+a?.
as

* The distance between points with position vectors a and b is|b—a|.

WORKED EXAMPLE 16.13

Points A and B have position vectors a = 2i — j+ 5k and b = 5i + 2j+ 3k. Find the exact distance AB.
AB=b-a itude of the
=(5i+2j+3k)—(2i—j+5Kk) ou need to find
=3i+3j—2k
[ /A q
‘ AB|=+3% + 3% + 2% QU se the formula for the magnitude.
=422

Remember that you can use vector addition and subtraction to.combine
displacements.

WORKED EXAMPLE 16.14

The diagram shows points M, Nj, P, Q such that MN = 3i—2j+ 6k, NP = i+ j— 3k and MQ = —2j+5k.
Write each vector in component form. P
a MP b/ PM ¢ PQ.
i+j-3k
M 3i_2j+6k N
a WIB= MN + NB You can get from M to P via N.
2(3i — 2j {4Bk) + (i +j— 3K)
= 2 ek
b PM = _MP . Going from P to M is the reverse of
=—4i+j-3k going from M to P.
¢ PQ=PM+MQ You can get from P to Q via M, using the
= (—4i+j—3k)+(-2j+5k) answers from previous parts.
= —4i—j+2k
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16 Applications of vectors
EXERCISE 16D

o Write each vector in column vector notation (in three dimensions).

i 4i ii —5j
b i 3i+k ii 2j—k
7 5 1
e Leta=| 1 | b=| -2 |andc=| 1 | Find each vector.
12 3 2
a i 3a ii 4b b i a-b ii ' b+c
c i 2b+c ii a-2b d i a+b-2c ii 3a—-b+c

e Leta=i+2j, b=i-k and ¢ =2i-j+ 3k. Find each vector.

a i -5b ii 4a
b i c—-a ii a-b
c i a—-b+2c ii 4c-3b

o Find the magnitude of each vector in three dimensions.

4 1
a=|1 ||b=| -1 |,c=2i—-4j+k,d=j-k
2 0

e Find the distance between each pair of points.in'three dimensions.
a i A(1,0,2)and B(2,3,5) ii C(2,1,7)and D(1,2,1)
b i P(3,-1,-5)and Q(+1,— 42) ii M(0,0,2)and N(0,-3,0)

e Find the distance between the points with the given position vectors.

a a=2i+4j-2kandb=1-2j-6k

3 1
b a=| 7 |andb=| 2
-2 -5
2 0
c \a=| 0 |andb=| 0
-2 5

d a=i+jandb=j-k

0 Given that a = 4i —2j+k, find the vector b such that:

a a-+bisthe zero vector b 2a+3bis the zero vector
c a-b=j d a+2b=3i
© Cambridge University Press 2017 333

The third party copyright material that appears in this sample may still be pending clearance and may be subject to change



-1 5
Giventhata=| 1 |andb=| 3 |find vector x such that3a+4x=Db.
3

Given that a=3i-2j+5k, b=1i-j+2k and c=i+k, find the value of the scalar t such thata+tb=c.

2¢
Find the possible values of the constant ¢ such that the vector| ¢ |has magnitude 12.
—c

p : O

Leta=| 0 |andb=| —1 [ Find the possible values of A such that

® 6 O O

See Support sheet 16for

-1 2 a furtherexample of three-
‘a+ﬂ,b| =542. dimensional vectors.and for
1 o 1 2 moré practice questions.
@ Points A and B aresuchthat OA=| —6 | andOB=| -2 |+t| 1
13 4 -5

where O is the origin. Find the possible values of ¢ such that AB = 3.

@ Points P and Q have position vectors p =i+ j+3k and q = (2+1)i+ (1=£)j+ (1+ k. Find the value of ¢ for
which the distance PQ is minimum possible and find this minimum distance.

Section 5: Solving geometrical problems

This chapter finishes with a review of how you can use vector metheds to

. These results were introduced
solve geometrical problems. You have already used these results:

] in Student Book 1.
¢ the position vector of the midpointof line segment AB is 5 (a+b)

e ifvectors aand b are parallel then there is a scalar k so that b= ka

e the unit vector in the same direction as aisa = é a.
WORKED EXAMPLE 16.15

5
Points A, B, C, and'D have positionvectorsa=| -1 |, b=| 0 |, ¢=| 8 |, d=| 3
3

PointE is the midpoint of BC.

a “Find the position vector of E.
b Showthat ABED is a parallelogram.

C
Draw a diagram to show what is going
on.
D E
A B
Continues on next page -
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16 Applications of vectors

a c . - .
As you are given position vectors, it may
help to show the origin on the diagram.
For this part, you only need to look at
points B, C and E.
E
0
B
OE = OB + BE
_p. ] sit
=0B+ 2 BC
—b+ Ve
=b+, (c-b)
B
=gbtz¢
2.5 3.5
= 0 |+ 4
1.5 -1.5
6
= 4
o
b AD=d-a In a parallelogram, opposite sides are
4 equal and parallel, which means that
= 3 |- the vectors corresponding to those sides
_2 are equal. So you need to show that
AD = BE.
1
=| 4
-3
5
o
o 3
1
=| 4
-3
AD = BE
.. ABED is a parallelogram.
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WORKED EXAMPLE 16.16

1 -3 -2
Givenvectorsa=| 2 | b=| 4 |andc=| p
7 2 q

a Find the values of p and g such that c is parallel to a.

0
b Find the value of scalar k such that a + kb is parallel to vector| 10 |.

23
a Write c =taforsomescalart. If two vectors are para (0) €

Then: vV, =1V,.
-2 1 t
p |=t| 2 |=| 2t
q 7 7t
2=t ors are equal then all their
p= g components are equal.
q="1
Lp=—4,qg=-14
1 -3k 1-3k rite vector a + kb in terms of k and
b a+kb=| 2 |+| 4k |=| 2+4k
7 2k 7+2k 0
thenusea+kb=t| 10 |.
o) 23
Parallelto| 10 |
23
1-3k o
2+4k |=t| 1
7+ 2k

= You can find k from the first equation,
: : but you need to check that all three

2+4 ( 3) =10t =t = 3 equations are satisfied.

Check in the third equation:

LH5:7+2(%)=§

—oz( 1|2
RHS—ZS(S)—

k=2
k=
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16 Applications of vectors
WORKED EXAMPLE 16.17

2
a Find the unit vector in the same directionas a=| —2
1
b Find a vector of magnitude 5 parallel to a.
a Let the required unit vector be a. Find the magnitude of a.
a|=\2Fr 2T =3
a= :‘ Then divide a by its magnitude to produce a vector in the
- same direction as a but of length 1.
2 3
=| 2 |+3=| — é}
1 1

b Letb be parallel toa and | b|=5. To get a vector of magnitude 5, multiplythe unit vector by 5.

Then
3

b=53= _% Note that part b has two
5 possible answers, as b could
3

be in the opposite direction.
To get the second answer you
would take the scalar to be -5
instead of 5.

The midpoint is just a special case of dividing a line segment in a given ratio.

WORKED EXAMPLE 16.18

Points A and B have position vectors a and b. Find, in terms of a and b, the position vector of the point M
on AB such that'AM : MB=2.:3.

A
Always start by drawing a diagram. Since the question is about
M position vectors, include the origin.
0
B
OM = OA+ AM You can get from O to M via either A or B.
:@i+§@ AM:MB:2:3meansmatm=%TB
—a+2(b-
=a + 5 (b @)
_3..2
=gatyg b
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EXERCISE 16E

(8]

(9]

338

2
a i Find aunitvector parallelto| 2
1

ii Find a unit vector parallel to 6i + 6j— 3k.

b i Find a unitvector in the same direction as i + j+ k.

4
ii Find a unit vector in the same directionas| -1 |.
242
3 4
Points A and B have position vectors OA=| 1 |and OB=| -2
-2 5
a Write AB as a column vector.
b Find the position vector of the midpoint of AB.
2 5 3
Points A, B and C have positionvectorsa=| —1 || b=|«1 |and c=|, 1 |. Find the position vector of
4 2
point D such that ABCD is a parallelogram.
2 3 3
Giventhata=| 0 |andb=| 1 |find the value ofthe scalar p such that a + pb is parallel to the vector| 2
2 3 3

Given that x = 2i + 3j+ k and y =41 + j+ 2k find the value of the scalar A such that Ax + y is parallel to
vector j.

2 1
Points A and B have position vectorsa=| 2 |andb=| -1 [. PointC lies on the line segment AB so that
1 3

AC : BC =2 : 3/Find the position vector of C.

Points P and Q'have pesition vectors p=2i—j—3kand q =i+ 4j—-k.
a_Find the position vector of the midpoint M of PQ.
b Point R lies.on the line PQ such that QR = QM. Find the coordinates of R.

Given thata=1i- j+ 3k and b = 24i + j+ gk find the values of scalars p and g
such that pa + b is parallel to vector i + j+ 2k.

4
a Find a vector of magnitude 6 parallel to| —1
1

b Find a vector of magnitude 3 in the same direction as 2i — j+ k.
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16 Applications of vectors

@ Points A and B have position vectors a and b. Point M lieson ABand AM : MB=p:q.
Express the position vector of M in terms of a, b, p and g.

m In the diagram, O is the origin and points A and B have position vectors a and b.
P,Q and R are points on OA, OB and AB such that OP: PA=1:4,0Q:QB=3:2and AB: BR=5:1.

A

p
O
Prove that:

a PQRis a straight line
b Qisthe mid-point of PR.

@ Checklist of learning and understanding

e Constant acceleration formulae in two dimensions:
e v=u+al

. 1'=r(,+ut+%at2

. r:r0+%(u+v)t
¢ To differentiate or integrate awector differentiate orintegrate each component separately.
¢ Vectors in three dimensions can be expressed in terms of base vectors i, j, k using components.

 The magnitude of a vector can be calculated using the components of the vector |a| = \/a, + a, + a; .
« The distance between the pointswith position vectors a and b is given by |b—a|.

¢ The unit vector in the same direction as a is a = ﬁ a.
a
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Mixed practice 16

© 0

340

2 1
The point A has position vector| —3 |and the point B has position vector| —2 |. Find the vector AB.
-1 5
Choose from these options.
1 -1 3 1
A | -1 B 1 C | -5 D | -5
—6 6 4 4

A particle of mass 6 kg moves with constant acceleration (1.6i —0.3j) ms=2.
a Find the magnitude of the net force acting on the particle.
When ¢ = 0 the particle has velocity (—2i + 2.5j) ms™.

b Find the speed and the direction of motion of the particle 5 seconds later.

2
Points A and B have positionvectorsa=| 1 |andb=| —1 4uC€ is the midpoint of AB.
3

Find the exact distance AC.

Points A, B and C have position vectors a = i+ 3j= 4k, b =3i + 2j+ 2k and ¢ = 3i + 3j + 4k.

a Find the position vector of the point D such that/ABCD)is a parallelogram.

b Prove that ABCD is a rhombus.

A particle moves in the plane so that its position ¥ector at time ¢ seconds is

(3.2—1?)i+(—4.6 + 0.2¢3)j m. Find the speed of the particle when t =2.5s.

Points A, B and C have position vectors,a = —7i+11j+ 9k, b =13i— 4j+ 14k and ¢ = 3i + j+ 4k.
a Prove that the triangle ABC'is isosceles.

b Find the position vector of point D such that the four points form a rhombus.

A particleqgmoves with constant acceleration between the points A and B. At 4, it has velocity
(4i92j). m s7. At B, it has velocity (7i + 6j) m s It takes 10 seconds to move from A to B.

a Find the acceleration of the particle.

b Find the distance between A and B.

¢ Find.the average velocity as the particle moves from A to B.

[© AQA 2015]
A particle moves with velocity vector v = (1 —£)i + (3¢ — 2)j.
Find the time at which the particle is moving parallel to the vector i + j.
Choose from these options.
_ _2 _4 _3
A t=1 Bt—3 Cl‘—3 Dt—4
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16 Applications of vectors

Q A particle of mass 0.3 kg starts from rest and moves under the action of a constant force (6i — 2j) N.
Find how long it takes to reach the speed of 12 ms™.

@ A helicopter is initially hovering above the helipad. It sets off with constant acceleration
(0.3i +1.2j) m s, where the unit vectors i and j are directed east and north, respectively.
The helicopter is modelled as particle moving in two dimensions.

a Find the bearing on which the helicopter is travelling.
b Find the time at which the helicopter is 300 m from its initial position.
¢ Explain in everyday language the meaning of the modelling assumption that thehelicopter moves

in two dimensions.

m Points P and Q have position vectors p = 4i — j+11k and q = 3j— k. S is the point on the lifie segment
PQ such that PS: SQ = 3: 2. Fine the exact distance of S from the origin.

@ A particle of mass 2 kg moves in the plane under the action of the force B= (20 sin (2¢) i+ 30 cos (¢)j ) N.
The particle is initially at rest at the origin.

Find the direction of motion of the particle after 5 seconds:

@ In this question, vectors i and j point due east and north, respectively.

A port is located at the origin. One ship starts from theport and moves with velocity
v, =(3i+4j)kmh™.

a Write down the position vector at times# hours:

At the same time, a second ship starts'18 kmmorth of the port and moves with velocity
v, =(3i—5j) kmh.

b Write down the positionwéetor of the seecond ship at time ¢ hours.
¢ Show that after halfan'hour, the distance between the two ships is 13.5 km.
d Show that the ships meet, and find the time when this happens.

e How long after the meeting are the ships 18 km apart?

@ m A particles initially at the point A, which has position vector 13.6i m, with respect to an origin O.

At the point A, the particle has velocity (6i + 2.4j) ms™, and in its subsequent motion, it has a constant
acceleration of (—0.8i + 0.1j) m s™. The unit vectors i and j are directed east and north respectively.

a Findan expression for the velocity of the particle ¢ seconds after it leaves A.

b Find an expression for the position vector of the particle, with respect to the origin O, ¢ seconds
aftef it leaves A

¢ Find the distance of the particle from the origin O when it is travelling in a north-westerly
direction.

[© AQA 2013]
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sin ¢
@ A particle has velocity vector v = + |andis initially at the origin.
e:2
Find the particle’s position vector at time ¢.

Choose from these options.

1—cost —cost cost cost—1
C t D ¢

t L 1 - 1 - 1

2e2 -2 2e?2 Eez Eez_E

@ At time ¢ = 0 two aircraft have position vectors 5j and 7k. The first moves with,constant velo€ity
3i—4j+ k and the second with constant velocity 5i +2j— k.

a Write down the position vector of the first aircraft at time ¢.
Let d be the distance between the two aircraft at time ¢.
b Find an expression for d* in terms of . Hence show that the two aircraftwill not collide.

¢ Find the minimum distance between the two aircraft.

m A position vector of a particle at time ¢ seconds is given by = (5 o8t i + 2 sin ¢ jm).
a Find the Cartesian equation of the particle’s trajectory.
b Find the maximum speed of the particle, andts position vector at the times when it has this

maximum speed.

@ A particle of mass 3 kg moves on a horizontal susface under the action of the net force
F = (36e~'i—96e*'j) N. The particle is initially at the origin and has velocity (—6i + 20j) ms™.
The unit vectors i and j are directed east and north, respectively.

Find the distance of thé particle from the origin at the time when it is travelling in the northerly
direction.

Y

See Extension sheet 16 for
questions on modelling rotation
with vectors.
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