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a review exercise
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your learning

After completing this chapter you should be able to:
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After completing this chapter you should be able to:

e add and subtract two or more fractions

e convert an expression with linear factors in the
denominator into partial fractions

e convert an expression with repeated linear factors in the
denominator into partial fractions

e convert an improper fraction into partial fraction form.

Partial fractions

Converting a complex fraction into a sum of simpler
ones has many uses. You will meet some of these uses
later in the book when you study both the binomial
expansion and methods of integration.

The method of partial fractions is used to derive the
general equation of the logistic function. The initial
growth is of this function is approximately exponential,
but it slows down as maturity is reached until growth
finally ceases. It has applications in many fields
including biology and economics.

Number in population

The logistic function can be
used to model the growth of
a population of fish in a shoal.

. F) . |
el -



CHAPTER 1

denominators are the same.

1,1 You can add (or subtract) two or more simple fractions as long as the

1 3
Calculate: —+ —
alculate a3 3

2 1
x+3 (x+1)

1.3
2 378
5 9
gt — b
_é+9
m-h\\\\\\\‘\\\\\\\\\
_17
24
2 1

(x+3) (x+1)

_ 2N i(x+3) /

x+3)x+1) (x+3)x+1)

_2x+ 1) —1(x+3)
C (x+3)(x+1)

_2x+2-1x—3
(x+3)(x+1)

x—1
C(x+3)(x+1)

The lowest common multiple of 3 and 8 is 24.

Multiply  top and bottom by 8 to express in
24ths.
Multiply 3 top and bottom by 3 to express in
24ths.

Add the numerators.

The lowest common multiple is (x + 3)(x + 1),
so change both fractions so that the
denominators are (x + 3)(x + 1).

Subtract the numerators.

Expand the brackets.

Simplify the numerator.




Partial fractions

Express each of the following as a single fraction:

1 1 3 2 3 2
_+_ —_— e — - =
1 3 4 2 4 5 3 x x+1
2 3 4 2 7 2
+ 5 + 6 -
x—-1 &+2) 2x+1) x-—-1) x-3) «+4
3 6 3 2 1 4 2 1
7 ——- 8 —+ + 9 — — +
2 x—-1) x @x+1) @x+2) 3x «x—2) (2x+1)
3 2 4

+ +
x—-1 @+1) x-3)

1,2 You can split a fraction with two linear factors in the denominator into partial
fractions.

x-1 2
x+1)@+3)  x+3) @+l

For example, when split into partial fractions (see

Example 1).

. . . . . 11
B In general, an expression with two linear terms in the denominator such as
x—-3)(x+2)
B

A
can be split into partial fractions of the form + , Where A and B are constants.
x-3) x+2

There are two methods of achieving this: by substitution and by equating coefficients.

Example £}

gI
:

Split into partial fractions by a substitution b equating coefficients.
x—-3)x+1)
Set ox — 2 identical to
Ol N RN @ 3+ 1)
x=3)x+1) x—3) (x+1) A, _ B
_ A +1)+B(x—3) @=3) @+1)
T (x—3)(x+)
ox—2=Ax+1)+Bx—23) Add the two fractions.
6X3—2=AB+1)+B(3—23)
16 = 4A
Because this is an equivalence relation set
A=4 the numerators equal to each other.
66X —1—2=A1+1+B(—1—-23)
—& = —4B

B =2 To find A substitute x = 3.

. 6x—2 4 L2
T x=3)x+1) (x—=3) (x+1) To find B substitute x = —1.




CHAPTER 1

6x — 2
x—2)x+3)

a

4

2 Show that

ex—2=Alx+1)+Bx—3
—Ax+A+5x—55

=(A+ Bx+
Equate coefficients of x:
6=A+5B
Equate constant terms:
—2=A—-3B
@® -@:
& =4B
= B=2

Substitute B= 2 in @ = 6=A+2

ox — 2 _ A n B
(x=3)(x+1) (x—2) (x+1)
_Ax+N)+Bx—3
T (x—3)(x+1)

identical to

6x — 2
Set
x—=3)x+1)
A B
+ .
x-3) &+1)

\ Add the two fractions.

Because this is an equivalence relation set
(A—3B) the numerators equal to each other.

Expand the brackets.
Collect like terms.
Youwant (A+ B)x + A—3B=6x — 2

(4+x)(2—-x)
are constants to be found.

Hence coefficient of x is 6, and constant
term is —2.
Solve simultaneously.

1 Express the following as partial fractions:

2x + 11
x+ 1 +4)
2x — 13
(2x + 1)(x — 3)
7 —3x
—3x—4
2x — 14
x2+2x —15

A B
can be written in the form + where A and B

“4+x) 2-x)

1,3 You can also split fractions that have more than two linear factors in the
denominator into partial fractions.

4
x+Dx-3)x+4)

are more terms.

can be split into

B An expression with three or more linear terms in the denominator such as

A B C

xt 1) + -3 + (x+4),andsoon1fthere




Partial fractions

6x>+5x—2 ) )
Express in partial fractions.
xx—1)2x+1)

6x2+ 5x — 2 A B C The denominators must be x, (x — 1)
X

Let lx(x-—1)(2x-+1)fz +—(x__40 +—(2x_+1) [‘ and (2x + 1).
|

_ A= D@x+ 1)+ Bx(2x +1) + Cx(x — 1)
B x(x — N(2x +1)

Add the fractions.

6x% + 5x — 2
= Alx —N(2x + 1)+ Bx(2x + 1) + Cx(x — 1) =—— Set the numerators equal.

Let x =1 -
©+5—-—2=0+BX1X3+0
9=3B
B=25
Letx =0
O+0—-2=AX-1X1+0+0
—2 = —1A Proceed by substitution OR by
equating coefficients.
A=2
Letx=—%
£-%3-2=0+0+Cx-}Xx-3
~3=3C
C=—4
6x?+bx—2 2 5} 4

0 + -
x(x—N2x+1) x x—1 2x+1

1| Express the following as partial fractions:

a 2x% — 12x — 26 —10x2—8x + 2 c —5x2—19x — 32
(x+ 1) —2)(x+5) x(2x + 1)(3x — 2) (x+ 1D+ 2)x—15)

2 By firstly factorising the denominator, express the following as partial fractions:

6x%2+ 7x— 3 b5x2+15x+8 5x2—15x—8
c
x—x x3 + 3x% + 2x X —4x>+x+6

a




CHAPTER 1

1,4 You can express a fraction that has repeated linear factors in its denominator as
a partial fraction.

6x%—29x — 29
(x + 1(x — 3)?

B An expression with repeated linear terms such as can be split into the form

A B c
G+ T -3 T x-32

11x2+ 14x + 5
(x+1)22x+1)

Split into partial fraction form.

You need denominators of (x + 1),
. > +14x+5 _ A N B N C / (x+1)2and (2x + 1).
(x+122x+1) (x+1) (x+12 (2x+1)

Add the three fractions.

_ Al +N@2x +1) + B2x + 1) + C(x + 1)
B (x + 1)2(2x + 1)

Hence 11x% + 14x + 5
=Alx +N2x+ 1)+ B2x +1) + Clx +1)7?

Set the numerators equal.

Let x = —1

N—14+5=AX0+BX—-1+CXO To find B substitute x = —1.
2=—1B
B=-2

Letxz—%

%_7+55:;4XO+5XO+CX% To find C substitute x = —3.
2=3C
cC=23
M=2A4C Equatezterms inzxz. Term in x? is
N =DA L+ AX 2x% + CX x?.
2A=8 \
N=a Substitute C = 3.
Mx? +14x+5

Hence
(x + N2(2x + 1)
. 2 n 3
S (x A+ (1?2 2+ 1)

Put the following into partial fraction form:

3x2+x+2 —x2—-10x -5 2x2 + 2x — 18 7x% — 42x + 64

x%(x + 1) (x+1)*x—1) x(x — 3)? x(x — 4)?

S5x%—2x—1 2x%+ 2x — 18 2x x>+ 5x+7
x3 —x? x3 — 6x2+ 9x (x + 2)? (x+2)3



Partial fractions

1,5 You can split improper fractions into partial fractions by dividing the numerator
by the denominator.

B An algebraic fraction is improper when the degree of the numerator is equal to, or larger
than, the degree of the denominator. An improper fraction must be divided first to obtain a
number and a proper fraction before it can be expressed in partial fractions.

x2 X3+ 4x2+ 2 and x4
x(x—3) x+ 1 —23) (x— 1D%x + 2)

3x2—-3x—2
(x—1)(x—2)

are all examples of improper fractions.

Express in partial fractions.

2 _ _ 2 _ _
e% 2T = = el 2/ Multiply out the denominator.
x—Nx—-2) x*—-3x+2

l Divide the denominator into the numerator.

)

=x2— 3x + 2)3x2 — Bx — 2

Zx2 — Ox + 6 —— It goes in 3 times, with a remainder of
6x — 8.
ox — &

Therefore R—

Writ ixed b
5x2—5x—255+ Gx — & ‘ rle(x_1)(x_2)asam|xe number
(x—Nx—2) x2—3x+2 fraction.

ox — 5
T o x—2)
\ Factorise xZ — 3x + 2.
ox — & A B
Let

= +
=8 G- G2 Ny
_Ax-2)+Bx—1) (T;Scie):ﬁommators must be (x — 1) and

(x—="N(x—2)

ox —&6=Ax—2)+Bx—1) Add the two fractions.
letx=2, 12—8=AX0+BX]1 \\\\

Set the numerators equal.

B=4
letx=1 6-8=AX—-1+BX0
A=2 Substitute x = 2 to find B.
5x2_5x—2:5+ ox— 86 . . . .
(x=1N(x—2) (x — 1)(x — 2) ubstitute x =1 to find A.

=3+ 2 L 4 Write out full solution.

(x—1 (x—2)




CHAPTER 1

1 Express the following improper fractions as a partial fraction:

x2+3x -2 x%2-10
a

x+1x—-23) x—2)x+1)

x3—x>—x—3 2x2 -1
x(x—1) (x +1)2
2 By factorising the denominator, express the following as partial fraction:

42+ 17x — 11 bx4—4x3+9x2—17x+12

X%+ 3x — 4

x3 — 4x? + 4x

—3x3 —4x>+19x + 8 .
3 Show that can be expressed in the form
x>+2x -3

C D
A+ Bx + + , where A, B, C and D are constants to be found.
x—1) (x+3)

Mixed exercise m

1 Express the following as a partial fraction:

x—3 7x2+2x — 2
a —
x(x—1) x%(x+ 1)
—15x + 21 x2+1
x—2)x+1)x—5) xX(x —2)
2 Write the following algebraic fractions as a partial fraction:
3x+1 2x2+2x — 8
a b —
X2+ 2x +1 x2+2x—3
3x2+12x + 8 d x*
(x+2)3 x2-2x+1

3 Given that f(x) = 2x3 + 9x2 + 10x + 3:

a Show that —3 is a root of f(x).

10 . .
b Express m as partial fractions. G
X

(adapted)




Partial fractions

Summary of key points

1 An algebraic fraction can be written as a sum of two or more simpler fractions. This
technique is called splitting into partial fractions.

2 An expression with two linear terms in the denominator such as can be
x—3)x + 2)
B
split by converting into the form + .
x-3) x+2)
. . : 4
3 An expression with three or more linear terms such as can be
(x+ 1@ —3)x+4)
. L A B C .
split by converting into the form “F “F and so on if there are

x+1) @«x—-3) «x+4
more terms.

6x%2 — 29x — 29 .
(x+ 1)(x — 3)?

4 An expression with repeated terms in the denominator such as an

B C
+ - :
x+1) x-3) (x-3)?

be split by converting into the form

5 An improper fraction is one where the index of the numerator is equal to or higher
than the index of the denominator. An improper fraction must be divided first to
obtain a number and a proper fraction before you can express it in partial fractions.

X2+ 3x+ 4 2 A B
=1+ =1+ + :
x>+ 3x+2 x>+ 3x+ 2 x+1) @x+2)

® For example,




After completing this chapter you should be able to:

e sketch the graph of a curve given its parametric
equation

e use the parametric equation of a curve to solve various
problems including the intersection of a line with the
curve

e convert the parametric equation to a Cartesian form

¢ find the area under a curve whose equation is
expressed in parametric form.

Coordinate geometry
in the (x, y) plane

i

Some very simple-looking curves
are very difficult to describe by

a Cartesian equation, that is, an
equation linking x and y.

Parametric equations can be used
to produce some very beautiful and
intricate curves. This chapter will
introduce you to the topic which
will be studied further in Chapter 4.

Many ancient bridges were reputedly designed on
the cycloid, which can be easily represented by the
parametric equation X = 6 —sin §, Y = 1 — cos 6.



Coordinate geometry in the (x, y) plane

2.1 You can define the coordinates of a point on a curve using parametric equations.
In parametric equations, coordinates x and y are expressed as x = f(t) and
y = g(t), where the variable t is a parameter.

Draw the curve given by the parametric equations x = 2t, y = t2, for -3 <t=<3.

Draw a table to show values of t, x and y.
xX=2t|—06|—4| -2 © +————— Choose values for t. Here =3 <t<3.

y=t2| 9|4 1]|0|1]4]|09

O
N

3
;’ Work out the value of x and the value of y
. for each value of t by substituting values of
8- t into the parametric equations x = 2t and
y=1t.
7_
e.g. fort=2:
67 x =2t y =t
51 =2(2) =2y
4_ \ = 4 = 4
3 So when t = 2 the curve passes through the
point (4, 4).
2_
1_

Plot the points (=6, 9), (—4,4), (-2, 1),
(0,0), (2,1), (4,4), (6,9) and draw the
graph through the points.




2

A curve has parametric equations x = 2t, y = t2. Find the Cartesian equation of the curve.

A Cartesian equation is an equation in terms
of x and y only.

=k To obtain the Cartesian equation, eliminate t
from the parametric equations x = 2t and
X = t2
So t=-— @ J
2
— 42
y=rv @ Rearrange x = 2t for t.

Divide each side by 2.

Substitut t—ﬁ't = t?
y_<£>2* — ubstitute £ = > into y = ¢,

2

X
The Cartesian equation is y = —-\ Expand the brackets, so that
* (2)2 _x x_x

2) 272 a4

S
1 A curve is given by the parametric equations x = 2t, y = — where t # 0. Complete the
table and draw a graph of the curve for -5 <t=<3.

t -5 | -4 | -3|-2|-11]-05] 05| 1 2 3 4 5
x=2t |-10 | -8 -1

5
y== | -1 |-125 10

B
2 A curve is given by the parametric equations x = 2, y = 3 Complete the table and draw

a graph of the curve for —4 <t<4.

t —4 -3 -2 -1 0 1 2 3 4
x =t 16
t3
=— |—12.8
Y 5

3 Sketch the curves given by these parametric equations:

ax=t—2,y=t2+1 for —4<t<4
bx=t?-2y=3-t for -3<t<3
cx=t,y=t5-1 for0<t=<5
dx=3Vt,y=18-2t for0<t<2

ex=0,y=2-tt+3) for-5<t<S5




Coordinate geometry in the (x, y) plane

4 Find the Cartesian equation of the curves given by these parametric equations:

ax=t-2,y=t bx=5-ty=1-1

cx=%,y=3—t,t¢0 dx=2t+1,y=lt,t¢0

ex=22-3,y=9-¢ f x=Vty=1t9 -1

gx=3t—1,y=(t—1)(t+2) hxzt_%,thZ,tiz

ix= ! VY= ! JtF -1, 6+ 2 i3c=—t—,y=—t—,t7&—1,t7él
t+1 t—2 2t—1 t+1 2

5 Show that the parametric equations:
ix=1+2t,y=2+3t fix=———0 y=o 0 t#

represent the same straight line.

2.2 You need to be able to use parametric equations to solve problems in coordinate
geometry.

<

Example [E}

The diagram shows a sketch of the curve with
parametric equations x =t — 1, y = 4 — t2. The curve
meets the x-axis at the points A and B. Find the
coordinates of A and B.

KRY

A 0 B
O y=4—t
Substitute y=0

Find the values of t at A and B.

4—tF=0—w—__

The curve meets the x-axis when y = 0, so

> =4 substitute y = 0 into y = 4 — t? and solve for t.
So t=*X2—
@ x=t—1 Take the square root of each side.
Remember there are two solutions when you
Substitute t=2 take a square root.

x=2—1 e

=1 Find the value of x at A and B.
Substitute t=2and t= -2 intox=t— 1.

Substitute t=-2
x=(-2)—1—
=-3
The coordinates of A and B are (—3, 0)
and (1,0).




2

A curve has parametric equations x = at, y = a(t® + 8), where a is a constant. The curve
passes through the point (2, 0). Find the value of a.

@ y = a(t? + 8) The curve passes through (2, 0), so there is a
value of t for which x =2 and y = 0.

Substitute y=20

3 =
AT HO) =0 e Find t. Substitute y = 0 into y = a(t® + 8)
B+8=0 — and solve for t.
t?=—-6
Divide each side by a.
So t=—2+—_
@ LA Take the cube root of each side. V—8 = —2.
Substitute X=2andt=—2
a(—2) =2 — Find a. Substitute x = 2 and t = —2 into
X = at.
So a=—1—_
(The parametric equations of the curve Divide each side by —2.

arex=—tandy = —(t°+ 8).)

A curve is given parametrically by the equations x = t?, y = 4t. The line x +y + 4 = 0 meets
the curve at A. Find the coordinates of A.

@ x+y+4=0 Find the value of t at A.
, Solve the equations simultaneously.
Substitute Substitutex =2 and y = 4tintox +y + 4 =0.

Patta=00—

(t+22=0—un

T}+2=Oo\
So t=-2

Factorise.

Substitute t=-2

@ x = t?

Take the square root of each side.

=(=2°7 —
=4 Find the coordinates of A.
Substitute t = —2 into the parametric
&) y =4t equations.
—4-2) —
= -5

The coordinates of A are (4, —&).




Coordinate geometry in the (x, y) plane

1 Find the coordinates of the point(s) where the following curves meet the x-axis:
ax=5+ty=6-t
bx=2t+1,y=2t—6
cx=t,y=(1-1tt+3)

dx=%y=va—narﬂit¢0

2t
= y=t—9,t+-1
CrTTY ’

2 Find the coordinates of the point(s) where the following curves meet the y-axis:
ax=2t,y=t-35

bx=W%~4iy—1t¢0

=
cx=0r+2t-3,y=tt—1)

1
dx=27-8,y=——t#1
x V=TT

t-1 2t
t+ry 2+1'

e x t#+ -1

3 A curve has parametric equations x = 4at?, y = a(2t — 1), where a is a constant. The
curve passes through the point (4, 0). Find the value of a.

4 A curve has parametric equations x = b(2t — 3), y = b(1 — t?), where b is a constant. The
curve passes through the point (0, —5). Find the value of b.

5 A curve has parametric equations x = p(2t — 1), y = p(t® + 8), where p is a constant. The
curve meets the x-axis at (2, 0) and the y-axis at A.

a Find the value of p.
b Find the coordinates of A.

6 A curve is given parametrically by the equations x = 3gt?, y = 4(t> + 1), where g is a
constant. The curve meets the x-axis at X and the y-axis at Y. Given that OX = 20Y,
where O is the origin, find the value of q.

7 Find the coordinates of the point of intersection of the line with parametric equations
x=3t+2,y=1-tand the liney + x = 2.

8 Find the coordinates of the points of intersection of the curve with parametric
equations x = 2t> — 1, y = 3(t + 1) and the line 3x — 4y = 3.

9 Find the values of t at the points of intersection of the line 4x — 2y — 15 = 0 with the
parabola x = 2, y = 2t and give the coordinates of these points.

10 Find the points of intersection of the parabola x = t, y = 2t with the circle
x> +y*=9x+4=0.




2.3 You need to be able to convert parametric equations into a Cartesian equation.

A curve has parametric equations x =sint+ 2, y = cost — 3.

a Find the Cartesian equation of the curve. b Draw a graph of the curve.

a x=sint+2 Eliminate t from the parametric equations
x=sint+2andy=cost— 3.

So 5int=x—2\

y=cost—235 Remember sin?t + cos?t=1.

S0 cost =Y+ 3 e

Rearrange x = sin t + 2 for sin t.
As sin®t + cos?t =1, Take 2 from each side.

the Cartesian equation of the

Rearrange y = cos t — 3 for cos t.
curve is (x — 2)*+ (Y + 3)* =1 o« _ Add 3 to each side.

Square sin t and cos t so that
yA sin?t = (x — 2)?
cos’t=(y + 3)%

L5H Remember (x — a)? + (y — b)? = r? is the
equation of a circle centre (a, b), radius r.

_3] Compare (x — 2)> + (y + 3)2 =1 with
\\ (@ — a2+ (y— b2="r2
Herea=2,b=—-3and r=1.
So (x —2)2+ (y + 3)>=1is a circle centre
(2, —3) and radius 1.

A curve has parametric equations x = sin t, y = sin 2t. Find the Cartesian equation of the
curve.
Eliminate t between the parametric
equations x = sin t and y = sin 2t.
Yy =sin2t

— 2 sintcost. ————— Remembersin2t=2sintcost.

s2xcoste—— | x=sint, soreplace sint by x in

y=2sintcost.




sin®t + cos?t =1

cos’t=1—sint e

cos’t=1—x"0____

cost =V1—x%e
So y = 2xV1 — x2

Exercise

1 A curve is given by the parametric equations
x=2sint,y = cost.
Complete the table and draw a graph of the
curve for 0 <t<2m.

Coordinate geometry in the (x, y) plane

Find cos t in terms of x.
Rearrange sin? t + cos? t = 1 for cos t.

Take sin? t from each side.

x =sint, so replace sint by x in
cos’t=1—sin’t.

Take the square root of each side.
Replace cost by V1 —x2iny = 2x cos t.

This equation can also be written in the
form y? = 4x2(1 — x?).

You are unlikely to be asked this kind of
question in your examination. However, here
it will help your understanding of parametric
equations.

¢ o | Z | 7| 7|2 |5m| | 77| 4w 3w Sm 1w,

6 3 2 3 6 6 3 2 3 6
x=2sint 1.73 1.73 -1 -2 0
y=cost 0.87 -1 -0.5 0.5

o . . . T T
2 A curve is given by the parametric equations x =sint, y = tanf, ) <t< > Draw a

graph of the curve.

3 Find the Cartesian equation of the curves given by the following parametric equations:

a x =sint,y=cost
cx=cost—2,y=sint+3

e x=2sint—1,y=5cost+4
g x =cost,y=2cos2t

i x=cost+2,y=4sect

4 A circle has parametric equations x =sint— S5,y = cost + 2.
a Find the Cartesian equation of the circle.
b Write down the radius and the coordinates of the centre of the circle.

5 A circle has parametric equations x = 4sint+ 3, y = 4 cost — 1. Find the radius and the

coordinates of the centre of the circle.

b x=sint—3,y=cost
dx=2cost,y=3sint
f x=cost,y=sin2t
h x =sint,y =tant

j x=3cott,y=cosect




equations.

24 You need to be able to find the area under a curve given by parametric

B The area under a graph is given by fy dx. By the chain rule fy dx = fy —dt.

2 dx
A curve has parametric equations x = 5t2, y = 3. Work out J y—dt.
1

dx dx
—_— = t5— —
dt dt
dx d

— (5t
dt At

X
So  y— =t>X10t

=10t —+—— B

2 dx 2
fy——dtzf 10t* dt
17 dt 1

o —

= 2(2)° — 2(1°
=64 -2
= 62

Example n

The diagram shows a sketch of the curve with
parametric equations x = 2, y = 2t(3 — t),
t=0. The curve meets the x-axis at x = 0 and
x = 9. The shaded region R is bounded by the
curve and the x-axis.

a Find the value of t when
ix=0 iix=9
b Find the area of R.

dt

Find y%. Substitute y = t3.

dx
Work out ot Here x = 5t2.

d 7
=5Xx2¢1
dt(St) 5 t

=10t

Simplify the expression so that
X 10t = 108*!

=10t

Integrate, so that

j10t4dt=—m—f*+1

451

=265

2
Work out [Zts} . Substitute t=2 and t=1

]
into 2t° and subtract.

ylk

<Y




Coordinate geometry in the (x, y) plane

a i x = t?
2 =0 Substitute x = 0 into x = t2.
- Take the square root of each side.
S0 t=0
i x =t Substitute x = 9 into x = 2.
/ Take the square root of each side. V9 = +3,
t? =9
S0 t=2" Ignore t= —3 as t=0.
? icall
b Areaof R = J y dx Integrate parametrically.
)
l Change the limits of the integral.
(° dxdt —— t=0whenx=0
oydt t=3 whenx =9
B . dx .
= f 2t(3 — 1) g%dt — Find fyadt. Substitute y = 2t(3 — ).
6]

dx
= Work out —. Here x = t2.
zf 2t(3—t) X 2tdp —m L
o

dx_i ,
dt dt )
=2t

)
=f (6t — 2t?) X 2t dt
O

Expand the brackets, so that
1) 2t3-1 =2tX3-2tXt

©) — _ 2
=f 1212 — 415 dt e 2
o — 2) (6t—20)x 2t =6tx2t— 22X 2t
2
=4t°> - t*
] 0

=128 — 48

Integrate each term, so that

= [4(3) ~ (3)] ~ [4(0)° ~ (0)" D [1amai—ger

= (108 — 81) — (0 — 0) =ab
@) J'4t3dt =4 p+1

=27 =t

The area of R = 27.

Work out [4t3 - t“r. Substitute t = 3 and
0

t=0 into 43 — t* and subtract.




2

dx
1 The following curves are given parametrically. In each case, find an expression for y —

in terms of t. dt
ax=t+3,y=4t-3 bx=8+3ty==1
1
cx=02t—32%y=1-¢1 dx=6—?y=4t3,t>0
=Vt y=68,1t=0 f oo y=521t<0
ex=\Vt,y=6t,t= X=2= <
1 _3 1
gX=5t2,y=4t 2, t>0 hx=t-1,y=Vt=0
2 2
ix=16—t4,y=3—?,t<0 j x=6t3,y="F
4 dx
2 A curve has parametric equations x = 2t — 5, y = 3t + 8. Work out f y ar dt.
0
S o dx
3 A curve has parametric equations x = t* — 3t + 1, y = 4t2. Work out f ya dt.
-1
. . 1 3 dx
4 A curve has parametric equations x = 3t?, y = 7 + 1, t>0. Work out | y a4t dt.
0.5
. . 2 dx
5 A curve has parametric equations x = 3 — 4t, y = > — 1. Work out J y Edt
-2
4 1
6 A curve has parametric equations x =9¢t3, y =1t 3, t>0.
dx
a Show thaty Fr a, where a is a constant to be found.
S odx
b Work out J y—dt.
37 dt
7 A curve has parametric equations x = Vt, y = 4V83, t > 0.
dx
a Show thaty PP pt, where p is a constant to be found.
6 dx
b Work out f y—dt.
17 dt
8 The diagram shows a sketch of the curve with 1
. . —
parametric equations x = 2 — 3,y = 3t,
t> 0. The shaded region R is bounded by the curve,
the x-axis and the linesx =1 and x = 6.
R
a Find the value of t when
ix=1
ii x=6 o] 1 6 ¥

b Find the area of R.




Coordinate geometry in the (x, y) plane

9 The diagram shows a sketch of the curve with ¥4
parametric equations x = 42,
y =t(5 — 2t), t= 0. The shaded region R is bounded
by the curve and the x-axis. Find the area of R.

10 The region R is bounded by the curve with parametric equations x = 3

x-axis and the linesx = —1 and x = —8.
a Find the value of t when

ix=-1 ii x=-8

b Find the area of R.

Mixed exercise E

1 The diagram shows a sketch of the curve with

_1
Iy 3t21

the

b The point C has parameter t = % Find the exact
coordinates of C.

¢ Find the Cartesian equation of the curve.

2 The diagram shows a sketch of the curve with
parametric equations x = cost,y = 3sin 2t.

y
parametric equations x = 4 cos t,
y=3sint, 0<t<2m. /—
a Find the coordinates of the points A and B.
!
y

0 < t<2m. The curve is symmetrical about both axes. <><>

a Copy the diagram and label the points having

T 3
parameters t =0, t = > t=mand t= -

b Show that the Cartesian equation of the curve is y? = x?(1 — x?).

3 A curve has parametric equations x = sint, y = cos 2t, 0 <t < 2.
a Find the Cartesian equation of the curve.

The curve cuts the x-axis at (a, 0) and (b, 0).
b Find the value of a and b.

1
aQ+n1-0

4 A curve has parametric equations x = 157 y=

t# *=1.

Express t in terms of x. Hence show that the Cartesian equation of the curve is

x2

Y ot

R




5 A circle has parametric equations x = 4sint— 3, y =4cost+ 5.
a Find the Cartesian equation of the circle.
b Draw a sketch of the circle.

¢ Find the exact coordinates of the points of intersection of the circle with the y-axis.

2-3t
6 Find the Cartesian equation of the line with parametric equations x = Tt
3+2t
=——, t#-1
1+t

7 A curve has parametric equations x = t> — 1, y = t — 3, where t is a parameter.
a Draw a graph of the curve for -2 <t=<2.
b Find the area of the finite region enclosed by the loop of the curve.

8 A curve has parametric equations x = t> — 2, y = 2t, where —2 <t<2.
a Draw a graph of the curve.
b Indicate on your graph where i t=0 ii £>0 iii <0
¢ Calculate the area of the finite region enclosed by the curve and the y-axis.

9 Find the area of the finite region bounded by the curve with parametric equations

4
x=8,y= - t # 0, the x-axis and the linesx =1 and x = 8.

10 The diagram shows a sketch of the curve with 1
parametric equations x = 3Vt, y = {4 — t), where
0 <t=<4. The region R is bounded by the curve and
the x-axis. R

3
2

Njw

.

1
a Show thaty% = 6t> —

b Find the area of R.

Summary of key points

1 To find the Cartesian equation of a curve given parametrically you eliminate the
parameter f between the parametric equations.

dx
2 To find the area under a curve given parametrically you use J y A& dt.

xKRY



After completing this chapter you should be able to:
e expand (1 + x)" for any constant n
e expand (a + bx)" for any constants a, b and n

e determine the range of values of x for which the
expansion is valid

e use partial fractions to expand more complex
fractional expressions.

The binomial
expansion

The binomial expansion can
be used to give a polynomial
approximation to a more
complex function.

The mathematician said to have
first discovered the binomial
expansion some 1000 years ago
is Omar Khayyam.




3.1 The binomial expansion is

2 3
1 +x)"=1+nx+n(n—1)%+n(n—1)(n—2)%+...+"c,x’

When n is a positive integer, this expansion is finite and exact. This is not
generally the case when n is negative or a fraction.

Use the binomial expansion to find a (1 +x)*

b (1-2x)}

=14+4x +——
21
4 X3 X 2x3
B

+4x5x2xu4
4]

+4x5x2x1xoﬁ
)

4 X Bx?
=1+ 4o +

+4x5x2x1xoﬁ
120

=14 4x + 6x° + 4x3 + 1x* + 0x°

4 X Bx2

2
4X5X2x5\
+

6oe— 0w

+4X5x%ifl///////
24

]

____— Replace n by 4 in the formula.

~__— Simplify coefficients.

\ All terms after this will also have zero as a
coefficient.

‘ =1+ 4x + 6x% + 4x° + x*




The binomial expansion

b (1—2x)°

Replace n by 3 and x by —2x.
=1+ 3 X (—2x)

B X 2 X (—2x)?
+ a0

+5x2x1x&2@5
5}

+5x2x1xoxﬁ2@4
4l

=1—0x

3 X 2 X 4x°?
* 2

Simplify coefficients.

BAX2X1X —8x?
_|_

©
+5x2x1x0x%ﬁ
24"
=1—06x + 12x% — &x° + Ox*
1 All terms after this will also have zero as a
=1—06x + 12x? — 8x° coefficient.
Example |}
1 —
Use the binomial expansion to find the first four terms of a (T—ij b V(1 — 3x)
x
— =14+ 1) Write in index form.
(1+ x) ( )
=14+ (=1(x)
— — 2
+ (7)(2]2)(@ Replace n by —1 in the expansion.
—N(=2)(—=3)(x)?
P CUCAEO6P

As nis not a positive integer, no coefficient
= —r 12— 13+ . will ever be equal to zero.

The expansion is infinite, and convergent
=1—x+x2—x>+ .. when |z|<1.




b V= 39=(1— 3¢

+ 2
B
oz B(he
2 2
, DA
5)

2

1
3

term in x3.

a (1 —x)%

Find the binomial expansions of a (1 —x)?, b—,
(1 + 4x)?

—_
=1+ (G)(—x)
N 3)(z — N(—x)?
2!
INed oyl _
n @E—NE—2)(—x)° L
5]
e () 4 DB
' 2

1y(—2y(_By(—
L BB x)° L
©

5
e =5 A

I
=
|

ol
=
|
©l-

Expansion is valid as long as | —x| <1

= |x| <1

Write in index form.

Replace n by 3 and x by —3x.

Be careful to write this as (—3x)?, not —3x2.

Simplify terms.

Because n is not a positive integer, no
coefficient will ever be equal to zero.

The expansion is infinite, and convergent
when |x| <3 because |3x| <1

1
up to and including the

State the range of values of x for which the expansions are valid.

Replace n by 3, x by (—x).

~—— Simplify brackets.

Simplify coefficients.

Terms in expansion are (—x), (—x)?, (—x)3.



The binomial expansion

1 Write in index form.
b —
(1 o 4x)2 7
= (1+ 4x)2

Replace n by —2, x by ‘4x’.
=1+ (—2)(4x)

—2Y(—2 — 1)(4x)2 Simplify brackets.
R A o

n (—2)(—2 — 1)5(]—2 = 2)(4x)® n

=1+ (—2)(4x) ‘\
n (—2)(—3)16x* / Simplify coefficients.

2
(—2)(—5)6(—4)64355 i

1 = B+ A8 — DB +/ Terms in expansion are (4x), (4x)?, (4x)3.

Expansion is valid as long as |4x| <1
= |x]| <%

_|_

Find the expansion of V(1 — in up to and including the term in x3. By substituting in
x = 0.01, find a suitable decimal approximation to V2.

V(1 — 2x5 =(1— 2x)% Write in index form.
o
=1+ ()(—2x)
n ()G — 1)(—2x)? —— Replace n by 3, x by (—2x).
2!
L @E=NG=2)(-20° - — Simplify brackets.
2l
=1+ (B)(-20)
(3)(—3)(4x2) Simplify coefficients.
2
NIy —8x3
L @) 62)( )

x? x° : .
S A / Terms in expansion are (—2x), (—2x)?, (—2x)3.
2 2

Expansion is valid if |2x| <1

= |x| <%




- 0.01)2
Vi —2X0.01) ~1-0.01— (OO

2 Substitute x = 0.01 into both sides of
(0.01)® expansion. This is valid as |x | < 3.
-

0.98 =1-=001-0.00005 Simplify both sides.
— 0.0000005 Note that the terms are getting smaller.

95
\/% ~ 09699495 —— L Write 0.98 as 10.

49 X 2
100 w/ Use rules of surds.

7V2
—— =~ 0.95699495 — %10, =7
10 ’
. X
V3 ~ O 9899i95 10 . Simplify.

V2 =~ 1414213571

1 Find the binomial expansion of the following up to and including the terms in x3. State
the range values of x for which these expansions are valid.

1 1
a (1+2x)3 b c V(1 +x) d ———
1—x 1+ 2x)3
— 3 x —4 1
e %(1—336) f (1-10x)2 g(1+— h ——
4 1+ 2x?)
. Lo (1 +x) _ . N
2 By first writing (1—_% as (1 +x)(1 — 2x)~! show that the cubic approximation to
+ X
((1—1_5)) is 1 + 3x + 6x% + 12x3. State the range of values of x for which this expansion
is valid.

3 Find the binomial expansion of V(1 + 3x) in ascending powers of x up to and including
the term in x3. By substituting x = 0.01 in the expansion, find an approximation to V103.
By comparing it with the exact value, comment on the accuracy of your approximation.

1
4 In the expansion of (1 + ax) ? the coefficient of x2? is 24. Find possible values of the

constant a and the corresponding term in x3.

1+x)\
Show that if x is small, the expression /(1——> is approximated by 1 + x + 3 x2.
- X

3
Find the first four terms in the expansion of (1 — 3x)?. By substituting in a suitable
3
value of x, find an approximation to 972.




The binomial expansion

3,2 You can use the binomial expansion of (1 + x)" to expand (a + bx)" for any
constants a and b by simply taking out a as a factor.

1
Find the first four terms in the binomial expansion of a V(4 + x) b (2—+ 302
X
State the range in values of x for which these expansions are valid.
_ 1 S
a m) = (4 + x)? Write in index form.
x\ | L
= [4<1 + 4 ]2 Take out a factor of 4.
_ 4%<1 s z)%
4 1
[ Write 4 as 2.
x\L1
- 2(1 ¥ _)e
4
EAVAREAYELT
T\/x 2)1\2 4
=211+(=)—)+ x\1
2 N2 2l Expand (1 + Z)Z using the binomial

expansion with n=3 and x = —.

BT “

g B

2 )\ 4 2
—— Simplify coefficients.
N3\ =
2 2 2 )\ o4
+ +
©

X X2 52
=2[1+=—=— +
I & 126 1024

Multiply by the 2.

X
Expansion is valid if ‘ Z ‘ <1

X

X\2 /X\3
Terms in expansion are (—|, (—|, (=] -
4) \4 4




(2 + 2x)2

&)

(2 + 3x)~

2

(—zx—ax—4(
+

EZ&)
&
+ ...

o

27x%

1—3x +
[ 2

27x2

+]

27x3

&

27x%
16

1
4
!
1
4

5
= =7
4

X
Expansion is valid if ’?‘

<1

\

Write in index form.

Take out a factor of 2.

1
Write 272 = >

N

3x\-2
Expand (1 i 7) using the binomial

. . 3x
expansion with n= -2 and x = o

Simplify coefficients.

Multiply by the .

3x

. . 3x 2
Terms in expansion are (7), (7) , (

3x

2

f



The binomial expansion

1 Find the binomial expansions of the following in ascending powers of x as far as the
term in x3. State the range of values of x for which the expansions are valid.

- 1 1
a V(4 + 2x) b C d V(O +x)
2+x (4 — x)?
. 1 P 1+x h 2+x\
) 3+ 2x 8 oz (1—x>

—x?

3
2 Prove that if x is sufficiently small, e

may be approximated by 3 + 1t x — x>
What does ‘sufficiently small’ mean in this question?

3 Find the first four terms in the expansion of V(4 — x). By substituting x = 5 find a
fraction that is an approximation to V35. By comparing this to the exact value, state
the degree of accuracy of your approximation.

4 The expansion of (a + bx) 2 may be approximated by § + ;x + cx2. Find the values of
the constants a, b and c.

3.3 You can use partial fractions to simplify the expansions of many more difficult
expressions.

Example B
4 —35x . .
a Express as partial fractions.
1+x)(2—x)
. . ) 4—-5x ) 7x 11 25
b Hence show that the cubic approximation of is2— —+ —x?2— —x°
1+x)(2—-x) 2 4 8

¢ State the range of values of x for which the expansion is valid.

4 — 5x — A + B The denominators must be (1 + x) and
1+x)2—x) (1+x) ((2—-x) (2 —x).

_ A2 —x)+ B(1+ x)
a (1+x)(2 —x) \ Add the fractions.
4—-bx=A2—x)+ B(1+x)

Substitute x = 2 \

Set the numerators equal.
4-10=AX0+BX3

Set x = 2 to find B.

B=-2
Substitute x = —1
4+D5=AX3+BX0O. Set x = —1 to find A.
9 =23A
A=23
4 —bx 3 2

50 = -
I+x)(2—x) 1+x 2-—x




4 — bx 5 2

I+x02—-% (+x) @-x

=301+ x)' = 2(2 — )" |

=3[1+ (-1 + (-2

The expansion of 3(1 + x)™

6]
=3[1l—x+x2—x>+..]

(x)°
+ (—1)(—2)(—3)= + ]

=3—3x+3x2—3x>+ ...

:
The expansion of 2(2 — x)™

i3]
]
el

) -n-2-3)

2!

) (-0-2-3) 5]

5]

S
=IX |1+ +=—+=+ ..
2 4 &

A
=1+-+=+=
2 4 &

Write in index form.

Expand 3(1 +x)~! using the binomial
expansion with n= —1.

Take out a factor of 2.

Expand (1 = §>_1 using the binomial

x
expansion with n= -1 and x = —.



The binomial expansion

H 4 —5x
ence
(1+x)(2 —x)
=3(1+x)"=2(2—x)" ‘Add’ both expressions.

= (3 — 2x + 3x% — 3x%)

i gl g
—(1+=+=+=

£ 4 : Terms are x, x2, x3.
7 1 25
=2——x+—x2——x°
2 4 &
X [X\2 [X\3
3 Terms are —, (—) , (—) .
¢ ———isvalidif|x| <1 2\2) \2
(1+ x)
2 ovalidit| X <1o ] <2
—— s validif | = X
(2 —x) 2
| | | | | Look for values of x that satisfy both
2 1 0 1 2 expressions.

Both expressions are valid provided |x| <1.

Exercise

1 a Express

8x + 4
(1-x)2+x)

as partial fractions.

8x + 4
1-x)(2+x)

b Hence or otherwise expand in ascending powers of x as far as the term

in x2.
c State the set of values of x for which the expansion is valid.

(2 +x)?

2 a Express as a partial fraction.

2+ x)?
constants B and C are to be determined.

1
b Hence prove that can be expressed in the form 0 — 5% + Bx? + Cx?® where

c State the set of values of x for which the expansion is valid.

3 B 6 + 7x + 5x2 tial fracti
a pxpress as a partial 1rraction.
PSS i -—me+r 4P
. 6 + 7x + 5x2 . )
b Hence or otherwise expand in ascending powers of x as far as

; 1+2)(1—-x)2+x)
the term in x3.

c State the set of values of x for which the expansion is valid.




B Mixed exercise m

1 Find binomial expansions of the following in ascending powers of x as far as the term
in x3. State the set of values of x for which the expansion is valid.

- 1 4
a (1-—4x)3 b V(16 + x) c —— d
(1 - 2x) 2+ 3x
4 £ 1+x 1+x\2 h x—3
e ———
V4 —x) 1+3x g(l—x) 1 —-x)( - 2x)

2 Find the1 first four terms of the expansion in ascending powers of x of:

(1-3%)7, |x|<2

and simplify each coefficient. 9

(adapted)
3

3 Show that if x is sufficiently small then ———— can be approximated b

R 5 y m pp y

s mpp— 7

2 167 256"

4 Given that |x| <4, find, in ascending powers of x up to and including the term in x3,
the series expansion of:

[T

b(4—x)%(1+2x) 9
(adapted)

a(4—x)

5 a Find the first four terms of the expansion, in ascending powers of x, of
(2+3%)7", x| <3

b Hence or otherwise, find the first four non-zero terms of the expansion, in
ascending powers of x, of:
1+x

2+ 3x

x| <3

6 Find, in ascending powers of x up to and including the term in x3, the series

1
expansion of (4 +x) 2, giving your coefficients in their simplest form.

7 f)=(1+3x)", |x]| <3
a Expand f(x) in ascending powers of x up to and including the term in x3.
b Hence show that, for small x:
1+x

1+ 3x
¢ Taking a suitable value for x, which should be stated, use the series expansion

in part b to find an approximate value for 103, giving your answer to 5 decimal

places. 9

Obtain the first four non-zero terms in the expansion, in ascending powers of x,

~1-—2x+ 6x%— 18x3.

1
of the function f(x) where f(x) = mz—), 3x2< 1. G

1
Give the binomial expansion of (1 + x)? up to and including the term in x3. By
substituting x = 4, find the fraction that is an approximation to V5.




The binomial expansion

10 When (1 + ax)" is expanded as a series in ascending powers of x, the coefficients of x
and x? are —6 and 27 respectively.
a Find the values of a and n.
b Find the coefficient of x3.
c State the values of x for which the expansion is valid. 9
(adapted)
9x2 + 26x + 20

1 +x)(2 +x)?

11 a Express as a partial fraction.

9x2 + 26x + 20
1+ x)(2 +x)?

b Hence or otherwise show that the expansion of in ascending powers

7x
of x can be approximated to 5§ — > + Bx? + Cx3 where B and C are constants to be

found.

c State the set of values of x for which this expansion is valid.

(]
Summary of key points
; . ; nn—1x?> nn—-1)(n—-2)x3
1 The binomial expansion (1 +x)"=1+ nx + 5] 4 3] + ... can be
used to give an exact expression if n is a positive integer, or an approximate
expression for any other rational number.

(2x)? (2x)° (2x)*
ST T3X2XIX 5= +3X2X1X0X

=1+ 6x + 12x2 + 8x3 (Expansion is finite and exact.)

T -aoab (G (T G

® (1+2x)3=1+32x)+3%x2

2\ 2) 2 2\ 2\ 2) 3!
1 1 1
— — — 42 _ A3 o
1 > x 3 X 16 x>+ ...
(Expansion is infinite and approximate.)
2 3

x x
2 The expansion (1 +x)"=1+nx + n(n — 1)5 +nmn—1)(n- 2); + ..., where n is
negative or a fraction, is only valid if |x| < 1.

3 You can adapt the binomial expansion to include expressions of the form (a + bx)" by
simply taking out a common factor of a:

4x \1-1
eg. ———=0B+4x)'=3(1+ —
(3 + 4x) 3
_3-1f1 4 2\
5
4 You can use knowledge of partial fractions to expand more difficult expressions, e.g.
7+x 2 1

G-nZ+x) G-x @+
=23 -x)"t+2+x)!

2 x\-1 1 x\-1
=s{i-3) +51+3)




After completing this chapter you should be
able to:

e find the gradient of a curve whose equation
is expressed in a parametric form

o differentiate implicit relationships
e differentiate power functions such as @

e use the chain rule to connect the rates of
change of two variables

e set up simple differential equations from
information given in context.

Differentiation

-

A g
. The melting of a snowman can be - "
modelled by a differential equation. ; -




Differentiation

4,1 You can find the gradient of a curve given in parametric coordinates.

When a curve is described by parametric equations

e You differentiate x and y with respect to the parameter t.

e Then you use the chain rule rearranged into the form % = % + %

Example n

Find the gradient at the point P where t = 2, on the curve given parametrically by x = £ + t,
y=£+1,teR.

d_x = 3t2 + 1, d_y =2t First differentiate x and y with respect to the
dt parameter t.
ay
dy dt 2t dy dx dy
dx  dx B+ ’  Use the chain rule - < gt = dt and
dt . dy
rearrange to give —.
dy 4 dx
When t =2, —=—
dx 13 \
. : 2t
A Substitute t = 2 into ————. ~
So the gradient at Fis = 3+ 1

|

T
Find the equation of the normal at the point P where 6 = 5 on the curve with parametric
equations x = 3sin 6, y = 5 cos 6.

dx _ dy _ . First differentiate x and y with respect to the
40 fooat 40 =9l parameter 6.
dy _ —Ssinb

" dx Bcos 6 d dx
N Use the chain rule, d_D(; % PTL and substitute
At point F, where 6

- 5

2 s
. 1 6
e

dx 5 x5 2V3




CHAPTER 4

The gradient of the normal at P The normal is perpendicular to the curve, so

‘  its gradient is L where m is the gradient
m
53

Vo 5 ;
is _5_ and at P, x = _2_ y = . of the curve at that point.

2
The equation of the normal is
. i\/é _ 2@ Y — é Use equation for a line in the form
2 5 2 O —y1) = m(x — x).

5y = 3\2x + 8V3

Exercise m

d;
1| Find a% for each of the following, leaving your answer in terms of the parameter t:

ax=2t,y=02-3t+2 b x =3,y =28 cx=t+32y=4t

1 N
2t—1'7 T 2t—1

2
“ dx=r£-2,y=3 ex=?,y=3t2—2 f x=

o2t 1-F
EX=T Y 1

h x =%,y =2t i x=4sin3t,y=3cos3t

.

j x=2+sint,y=3—-4cost kx=sect,y=tant 1 x=2t—sin2t,y=1— cos2t

2 a Find the equation of the tangent to the curve with parametric equations

x=3t—2sint, y = t> + tcost, at the point P, where t = g

b Find the equation of the tangent to the curve with parametric equations
x =9 —t2, y = 1 + 6t, at the point P, where t = 2.

3 a Find the equation of the normal to the curve with parametric equations
x=e¢l,y=e'+ ¢!, at the point P, where t = 0.

b Find the equation of the normal to the curve with parametric equations

x =1 — cos 2t, y = sin 2t, at the point P, where t = %

4 Find the points of zero gradient on the curve with parametric equations

x——t— -t t#1
1—£y 1-t )

You do not need to establish whether they are maximum or minimum points.




Differentiation

4,2 You can differentiate relations which are implicit, such as x? + y? = 8x, and
cos(x +y) =siny.

Differentiate each term in turn using the chain rule and the product rule, as appropriate:

° i(yn)—n nfld—y By the chain rule
dx Y g '
d d d

o —(y)=x—©O)+y —
dx(xy) X ) ydx(x)

:xd—y +yx1 By the product rule.
dx
dy

=x— +

xdx y

Example B

Find . in terms of x and y where x>+ x +y3 + 3y = 6.

%I

Differentiate the expression term by term

d d / with respect to x.
32+ 1+ 322 132 — o

dx dx
| Use the chain rule to differentiate y3.

d
d—‘Z(SyZ +3) = —3x% — 1
Then make % the subject of the formula.
dy _ (2x*+1)
dx 3(1 —|— y

d
Divide by the coefficient of i and factorise.
Example E’

d
Find the value of ay at the point (1, 1)

i: :

y 4

62 Differentiate each term with respect to x.
where 4xy? + — = 10.
J Use the product rule on each term,
— o 6x2
expressing — as 6x2y .
dy 12x  6x% dy &
(dxX2y—=+4y" )+ ————==0
dx y Yy dx
!

. . d
Substitute x =1,y =1%o gvg | Find the value of d_y at (1, 1) by substituting
x

4 4 _qy=1.
(8—y+4>+12 6 — o =00
dx d

X
Substitute before rearranging, as this
ie. 16 + 2 jy 0 simplifies the working.
X

@ /

Y _

_ dy
Finall ke — the subject of the f la.
ax el el > i sLGjact e ds Yo
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d
Find the value of ay at the point (1, 1) where e*Iny =x +y — 2.

Differentiate each term with respect to x.
1d d /
2rx — 24 4 Imy><2@2x=1—|——y

Y dx dx
! Use the product rule applied to the term on
Substitute x =1,y = 1 to give the left hand side of the equation, noting
— : : o1 dy
d d that Iny differentiates to give — —.
x4 y dx
dx dx
dy
e’ — 1 =1
(2 = 1)

d
Rearrange to make d_y the subject of the
x

d—y = —21— / formula.

B In an implicit equation:

® Note that when f(y) is differentiated with respect to x it becomes f'(y) %

® A product term such as f(x).g(y) is differentiated by the product rule and becomes

0).9'(9) 2+ 99 ().

d
1 Find an expression in terms of x and y for ay, given that:

ax’+y=2 b x2+ 5y? =14 c x>+ 6x — 8y +5y?=13
2y
dy> +3x%—4x=0 e 3y?—2y+2xy=x3 fx=x2_y
. g x—yrt=x+y+5 h ey = xe&’ i Vxy)+x+y>=0

2 | Find the equation of the tangent to the curve with implicit equation x2 + 3xy? —y3=9
at the point (2, 1).

3 Find the equation of the normal to the curve with implicit equation (x +y)® = x% +y at
the point (1, 0).

Find the coordinates of the points of zero gradient on the curve with implicit equation
x%+ 4y? — 6x — 16y + 21 =0.




Differentiation

4,3 You can differentiate the general power function @*, where a is constant.

This function describes growth and decay and its derivative gives a measure of the rate of
change of this growth or decay.

Tm——
Example |3

Differentiate y = a*, where a is a constant.

Sincey = a* .

Take logs of both sides, then use properties ’
Iny = In ax’7 of logs to express In g* as x In a. k-4
Ihy =xlIna .
1d
—& lnha
y dx — | Useimplicit differentiation to differentiate '
Iny.
dy
——=1Ylna
dx y
=alna '
] Replace y by o". ;"o
B Ify=a* then dy _ a®Ina You should learn this result. .
! dx

3

(In particular, if y = e*, then % =e*Ine = e*, as you know from the C3 book.)

1 Find % for each of the following:

ay=3" by=0) c y=xa' dy=—
2| Find the equation of the tangent to the curve y = 2% + 2% at the point (2, 4).

3 A particular radioactive isotope has an activity R millicuries at time t days given by the

dR
equation R = 200(0.9)". Find the value of a’ when t= 8.

4 The population of Cambridge was 37 000 in 1900 and was about 109 000 in 2000. Find
an equation of the form P = Pk’ to model this data, where t is measured as years since

dpr
1900. Evaluate ar in the year 2000. What does this value represent?
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4,4 You can relate one rate of change to another.

You can use the chain rule once, or several times, to connect the rates of change in a
question involving more than two variables.

.- Given that the area of a circle A cm? is related to its radius r cm by the formula A = 772, and

d dA
@  that the rate of change of its radius in cm s™! is given by d_:‘ =35, find ar when r = 3.

A =
dA dA
— =27 As Ais a function of r, find —.
- dar dr
3 dA  dA _ dr
_— >< P

Usihg — =
dt dr dt \ You should use the chain rule, giving the

derivative which you need to find in terms
— =27 X5 of known derivatives.

= 307, when r= 3.

'

The volume of a hemisphere V cm? is related to its radius rcm by the formula V = 5713
and the total surface area S cm? is given by the formula S = 772 + 271> = 3772, Given that

. . dv . .
the rate of increase of volume, in cm3s~!, — = 6, find the rate of increase of surface area

dt
area ﬁ
dt’
; V= % B 210 G = By This is area of circular base plus area of
curved surface.
av ds
— =27 and — = Gmr dv
dr dr \ As V and S are functions of r, find ar
ds  d5  dr 4V ds
Now =2 = &2 & 22 andd—.
dt  dr dvV  dt r
= omr X —1— X 6
—onr 2 Use an extended chain rule together with
18 ! dr _dv

_ e the property that PV




Differentiation

%4
1| Given that V=377 and that % =8, find % when r = 3.

2 Given that A = ;772 and that % = 6, find % when r = 2.

dx d
3 | Given that y = xe* and that G 5, find ?3; when x = 2.

4 Given thatr=1 + 3 cos 6 and that % = 3, find % when 6= %

4.5 You can set up a differential equation from information given in context.

Differential equations arise from many problems in mechanics, physics, chemistry, biology
and economics. As their name suggests, these equations involve differential coefficients and
so equations of the form

dy ds d2y dr
— =3y, —_=2+6t, —/ =-2§ — =10—4P
dx Y dt ar T |
| g
are differential equations (x, y, t, s and P are variables). »
In the C4 book you will consider only first order differential equations, which involve first
derivatives only. r

B You can set up simple differential equations from information given in context. This may
involve using connected rates of change, or ideas of proportion.

In the decay of radioactive particles the rate at which particles decay is proportional to the
number of particles remaining. Write down an equation for the rate of change of the
number of particles.

y 4

Let N be the number of particles and let Note that this is a proportional problem.
t be time. The rate of change of the

dN
humber of particles e decays at a

rate proportional to N.

dN dN
o i

dN —xN—>——=kN
ie.—— = —kN, where k is a positive dt dt
dt . .
k is the constant of proportion.
constant.

The minus sign arises because the
humber of particles is decreasing.
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A population is growing at a rate which is proportional to the size of the population at a
given time. Write down an equation for the rate of growth of the population.
Let P be the population and t be the time.

dr
The rate of change of the population Py
The population is increasing, so there is no

grows at a rate proportionaV minus sign.
daF

i.e. —— = kP, where k is a positive
dt

constant. k is the constant of proportion.

Newton'’s Law of Cooling states that the rate of loss of temperature of a body is proportional
to the excess temperature of the body over its surroundings. Write an equation that
expresses this law.

Let the temperature of the body be
0 degrees and the time be t seconds.

The rate of change of the temperature

a0 . .
— decreases at a rate proportional to (6 — 6p) is the difference between the

i temperature of the body and that of its
surroundings.

(60 — 0,), where 0 is the temperature of
the surroundings.

d0
i.e. —— = —k(6 — 0p), where k is a positive The minus sign arises because the
- dt 1 temperature is decreasing. The question
constant. mentions loss of temperature.

Example [H

: The head of a snowman of radius R cm loses volume by evaporation at a rate proportional
to its surface area. Assuming that the head is spherical, that the volume of a sphere is

3mR3 cm3 and that the surface is 47R? cm?2, write down a differential equation for the rate of
change of radius of the snowman’s head.

The first sentence tells you
av
that i —kA, where Vecm? is the

volume, t seconds is time, k is a positive
constant and A cm? is the surface area
referred to in the question.




Differentiation

The question asks for a differential equation

: — 4,_p>3
Since V'=3mk", in terms of R, and so you need to use the
av expressions for V and A in terms of R.
— =47R?
dR
dv 4V dF dE The chain rule is used here because this is a
— =—X—=47REX — ~ related rate of change.
dat  dR dt at
But d_\/ = —kA
Lt ae dt N Divide both sides by the common factor
47R2,

dR
4mR2 X pr = —k X 47R?

dF This gives the rate of change of radius as

—=—-k.,.  —— 1  required.
Jt a

The last example included four variables, V, A, R and t. You used the chain rule to connect
the rate of change. This is a connected rate of change problem (see Section 4.4).

1 In a study of the water loss of picked leaves the mass M grams of a single leaf was
measured at times t days after the leaf was picked. It was found that the rate of loss of
mass was proportional to the mass M of the leaf.

Write down a differential equation for the rate of change of mass of the leaf.

‘_'._

v

2 A curve C has equation y = f(x), y > 0. At any point P on the curve, the gradient of C is
proportional to the product of the x and the y coordinates of P. The point A with
coordinates (4, 2) is on C and the gradient of C at A is 1.

d X,
Show that & _y'
dc« 16
3| Liquid is pouring into a container at a constant rate of 30 cm3s~!. At time ¢ seconds

liquid is leaking from the container at a rate of 5 V.cm3s~!, where Vcm? is the volume
of liquid in the container at that time.

%
Show that —15 % =2V —450
4| An electrically charged body loses its charge Q coulombs at a rate, measured in
coulombs per second, proportional to the charge Q.
Write down a differential equation in terms of Q and t where ¢ is the time in seconds
since the body started to lose its charge.

5 The ice on a pond has a thickness x mm at a time t hours after the start of freezing. The
rate of increase of x is inversely proportional to the square of x.
Write down a differential equation in terms of x and t.




CHAPTER 4

'6
:3,
“£

A 4
\O

LR

10

-

11

In another pond the amount of pondweed (P) grows at a rate proportional to the
amount of pondweed already present in the pond. Pondweed is also removed by fish
eating it at a constant rate of Q per unit of time.

Write down a differential equation relating P and t, where t is the time which has
elapsed since the start of the observation.

A circular patch of oil on the surface of some water has radius r and the radius increases
over time at a rate inversely proportional to the radius.

Write down a differential equation relating r and ¢, where ¢ is the time which has
elapsed since the start of the observation.

A metal bar is heated to a certain temperature, then allowed to cool down and it is
noted that, at time £, the rate of loss of temperature is proportional to the difference in
temperature between the metal bar, 6, and the temperature of its surroundings 6.
Write down a differential equation relating 6 and t.

The next three questions involve connected rates of change.

Fluid flows out of a cylindrical tank with constant cross section. At time t minutes,
t >0, the volume of fluid remaining in the tank is Vm3. The rate at which the fluid
flows in m3 min~! is proportional to the square root of V.

Show that the depth h metres of fluid in the tank satisfies the differential equation
dh

ar —kVh, where k is a positive constant.

At time tseconds the surface area of a cube is A cm? and the volume is V cm?3.

The surface area of the cube is expanding at a constant rate of 2cm?s™1.
1

dav. 1
how that — =5V3.
Sho tatdt 5

An inverted conical funnel is full of salt. The salt is allowed to leave by a small hole in
the vertex. It leaves at a constant rate of 6 cm3s™1.

Given that the angle of the cone between the slanting edge and the vertical is 30°,
show that the volume of the salt is 5753, where h is the height of salt at time t seconds.
Show that the rate of change of the height of the salt in the funnel is inversely
proportional to h?. Write down the differential equation relating s and t.

Mixed exercise m

1

The curve C is given by the equations
8
x=4t—3,y=?, t>0
where t is a parameter.

At A, t = 2. The line [ is the normal to C at A.

d.
a Find ai—/ in terms of t. b Hence find an equation of I. Q



Differentiation

2| The curve C is given by the equations x = 2t, y = t2, where t is a parameter.
Find an equation of the normal to C at the point P on C where t = 3. e

3 The curve C has parametric equations
x=8,y=1t,t>0

Find an equation of the tangent to C at A (1, 1). Q

4| A curve C is given by the equations
x=2cost+sin2t,y=cost—2sin2t, 0<t<m

where t is a parameter.

a Find % and Q in terms of t.
dt dt

d
b Find the value of ay at the point P on C where t = %

¢ Find an equation of the normal to the curve at P. Q

5| A curve is given by x = 2t + 3, y = t3 — 4t, where t is a parameter. The point A has .
parameter t = —1 and the line / is the tangent to C at A. The line [ also cuts the
curve at B.
a Show that an equation for l'is 2y +x = 7.

b Find the value of t at B. Q

6 A Pancho car has value £V at time ¢ years. A model for V assumes that the rate of
decrease of V at time t is proportional to V. Form an appropriate differential
equation for V. G

7 | The curve shown has parametric equations

x=5cosh,y=4sin0, 0<60<2m

TN
N

a Find the gradient of the curve at the point P at which 6 = g

b Find an equation of the tangent to the curve at the point P.

QY

¢ Find the coordinates of the point R where this tangent meets the x-axis. 9
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8

10

11

The curve C has parametric equations
aa T
x=4 2t,y=3sint, ——<t<-—
cos 2t, y sin > >
A is the point (2, 1), and lies on C.

a Find the value of t at the point A.
. dy .
b Find — in terms of t.
dx

¢ Show that an equation of the normal to C at A is 6y — 16x + 23 = 0.

The normal at A cuts C again at the point B.

d Find the y-coordinate of the point B.

The diagram shows the curve C with parametric ¥

equations
N

x=asin?t,y=acost, 0<t<jm

where a is a positive constant. The point P lies
on C and has coordinates G a, 3 a).

A

d
a Find ay, giving your answer in terms of t.

b Find an equation of the tangent at P to C.

This graph shows part of the curve C with

parametric equations P

x=({t+1)2y=38+3t=-1

P is the point on the curve where t = 2. The R
line / is the normal to C at P.

<
a

Find the equation of I.

The diagram shows part of the curve C with Y4
parametric equations

x=1t,y=sin2t, t=0

The point A is an intersection of C with the x-axis.

a Find, in terms of 7, the x-coordinate of A.

d
b Find ay in terms of t, t> 0.

¢ Show that an equation of the tangent to C at A is 4x + 27y = 72



12

13

14

15

16

17

18

19

20

Differentiation

Find the gradient of the curve with equation
5x% + 5y?>— 6xy =13
at the point (1, 2).

d
Given that e + e% = xy, find ay in terms of x and y.
Find the coordinates of the turning points on the curve y3 + 3xy? — x3 = 3.

d
Given that y(x +y) = 3, evaluate ay when y = 1.

d
a If(1+x)(2+y)=x2+y? find ay in terms of x and y.

b Find the gradient of the curve (1 +x)(2 +y) = x? + y? at each of the two points
where the curve meets the y-axis.

¢ Show also that there are two points at which the tangents to this curve are
parallel to the y-axis.

A curve has equation 7x% + 48xy — 7y> + 75 = 0. A and B are two distinct points
on the curve and at each of these points the gradient of the curve is equal to .
Use implicit differentiation to show that x + 2y = 0 at the points A and B.
Given thaty =x% x>0, y > 0, by taking logarithms show that

dy

— =x%(1+Inx

Pt )

a Given that x = 2!, by using logarithms prove that

dx
= _ ot
ar 2tIn 2

A curve C has parametric equations x = 2f, y = 32. The tangent to C at the point
with coordinates (2, 3) cuts the x-axis at the point P.

. dy
b Find — in terms of t.
dx
¢ Calculate the x-coordinate of P, giving your answer to 3 decimal places.

a Given that ¢* = e, where a and k are constants, a >0 and x € R, prove that
k=1Ina.

b Hence, using the derivative of e, prove that when y = 2*

d
Y mo.
dx

¢ Hence deduce that the gradient of the curve with equation y = 2* at the
point (2, 4) is In 16.

E

o
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21| A population P is growing at the rate of 9% each year and at time f years may be

dp
¢ Find, as a multiple of P,, the rate of change of population ar at time t=T. e
[}
Summary of key points
1 When a relation is described by parametric equations:
® You differentiate x and y with respect to the parameter t.
dy dy dx
® Then you use the chain rule rearranged into the form e _ev —.
dc dtf dt
2 When a relation is described by an implicit equation:
e Differentiate each term in turn, using the chain rule and product and quotient rules
as appropriate.
d dy .
o — (y) = pyn-1 2L By the chain rule.
e =
od() d(y)+ d() dy+ By the product rul
— (xy)=x — — @) =x— :
i Y i ydx a y y the product rule
3 In an implicit equation: J
® Note that when f(y) is differentiated with respect to x it becomes f'(y) ay
® A product term such as f(x).g(y) is differentiated by the product rule and becomes
oy LY /
f().8'() 5~ + 80)£'@).
4 You can differentiate the function f(x) = a*:
dy
® [fy=a* then — =a*Ilna
dx
5 You can use the chain rule once, or several times, to connect the rates of change in a
question involving more than two variables.
6 You can set up simple differential equations from information given in context. This

approximated by the formula
P =Py(1.09), t=0

where P is regarded as a continuous function of t and P, is the starting population
at time t= 0.

a Find an expression for t in terms of P and P,,.

b Find the time T years when the population has doubled from its value at t =0,
giving your answer to 3 significant figures.

may involve using connected rates of change, or ideas of proportion.



After completing this chapter you should be able to:

e know the difference between a scalar and a vector
quantity

e draw vector diagrams

e perform simple vector arithmetic and know the definition
of a unit vector

e use position vectors to describe points in two or three
dimensions

e use Cartesian coordinates in three dimensions, including
finding the distance between two points

e find a scalar product and know how it can be used to
find the angle between two vectors

e write down the equation of a line in vector form

e determine whether or not two given straight lines
intersect (if they do intersect you should be able to find
the point of intersection)

¢ find the angle between two intersecting lines.

Vectors

Vectors are important when studying
science and engineering to higher levels.

They can be used to represent any quantity
that has both a magnitude and a direction.

The flight path of an aeroplane
can be described by a vector.
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5,1 You need to know the difference between a scalar and a vector, and how to write
down vectors and draw vector diagrams.

A scalar quantity can be described by using a single number (the magnitude or size).
B A vector quantity has both magnitude and direction.

For example:

Scalar:  The distance from P to Q is 100 metres.  Distance is a scalar.

Vector:  From P to Q you go 100 metres north. This is called the displacement from P to Q.
Displacement is a vector.

Q
100 m
p
Scalar: A ship is sailing at 12km h™1. Speed is a scalar.
Vector: A ship is sailing at 12kmh~!, on a This is called the velocity of the ship.
bearing of 060°. Velocity is a vector.
N
-1
60° 12kmh

Show on a diagram the displacement vector from P to Q, where Q is 500 m due north of P.

This is called a ‘directed line segment’.
The direction of the arrow shows the
Q direction of the vector.

. . _—
. '//// The vector is written as PQ.
N PQ

The length of the line segment PQ
represents distance 500 m. In accurate

P diagrams a scale could be used (e.g. T cm
represents 100 m).




Vectors

Sometimes, instead of using the endpoints P
and Q, a small (lower case) letter is used.

_——— In print, the small letter will be in bold

A a type. In writing, you should underline the

small letter to show it is a vector:

aora

B Vectors that are equal have both the same magnitude and the same direction.
Q
/ S
P /
R

B Two vectors are added using the ‘triangle law’.

Q Hint: Think of displacement vectors.
If you travel from P to Q, then from Q to R,
the resultant journey is P to R:
PQ + QR = PR
R
P

When you add the vectors a and b, the
resultant vector a + b goes from ‘the start of
a to the finish of b’.

Here]?z)=R_S).

This is sometimes called the triangle law for
vector addition.

The diagram shows the vectors a, b and c¢. Draw another diagram to illustrate the vector
addition a+ b + c.
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First use the triangle law for a + b, then use
it again for (a + b) + c.

The resultant goes from the start of a to the
finish of c.

B Adding the vectors ﬁ)) and a’) gives the zero vector 0. R)) + a’) =0

Q

Hint: If you travel from P to Q, then back
from Q to P, you are back where you started,
so your displacement is zero.

The zero displacement vector is 0.
It is printed in bold type, or underlined in
written work.

You can also write a)’ as —P_Q).

So PQ+ QP =0 or PQ — PQ = 0.

B The modulus of a vector is another name for its magnitude.

e The modulus of the vector a is written as |a|.

e The modulus of the vector PQ is written as | PQ|.

Example [E}

The vector a is directed due east and |a| = 12. The vector b is directed due south and

|b| = 5. Find |a + b|.

la+ b|2 =122 + 52 = 169
la+b|l=13

Use the triangle law for adding the vectors a
and b.

Use Pythagoras’ Theorem.
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Q

In the diagram,@)’=a,@%)=b,@=candﬁ=d. a
b
Find in terms of a, b, ¢ and d: s
aPS bRP cPT dTS
R
_— —_— —>
a PS=FPR+Q5=—-a+c._ d
=c—a T
Add vectors using APQS.
— —_— —
b RF=RRQ+QF =—-b+ta._
=a—b
Add vectors using ARQP.
— — —
¢ PFT=PR+RT =(b—a)+d._
=b+d—a
\ Add vectors using APRT.
PR=-RP=—-(a—b)=b —a.
dT_S)Zﬁ)Q+R_5)=—d+(R—Q)+@)\ Use PR=—R (a—-b)=b-a
=—d+(-b+te¢)
=c—b—d Add vectors using ATRS and also ARQS.

1 The diagram shows the vectors a, b, ¢ and d.
Draw a diagram to illustrate the vector

additiona+ b + ¢+ d. b /
a d

2 The vector a is directed due north and |a| = 24. The vector b is directed due west and
|b| =7. Find |a + b|.

C
N

3 The vector a is directed north-east and |a| = 20. The vector b is directed south-east and
|b| =13. Find |a + b|.

4 In thi)diagram,P_()Q=a,E§)=b,§%)=c <
and PT = d. Find in terms of a, b, ¢ and d: a b

a QT
b PR P
c TS
d TR
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5 In the diagram, WX = a, WY = b and
WZ=c ltis given that XY =YZ.
Prove that a + ¢ = 2b.

(2b is equivalent to b + b).

5.2 You need to be able to perform simple vector arithmetic, and to know the
definition of a unit vector.

Example B

The diagram shows the vector a. Draw diagrams /a/
to illustrate the vectors 3a and —2a.

Vector 3ais a + a + a, so is in the same
3a direction as a with 3 times its magnitude.
¢ The vector a has been multiplied by the
scalar 3 (a scalar multiple).

—2a
Vector —2a is —a — a, so is in the opposite
direction to a with 2 times its magnitude.

B Any vector parallel to the vector a may be written as Aa, where A is a non-zero scalar.

Show that the vectors 6a + 8b and 9a + 12b are parallel.

9a + 12%// Here A = %

=3 (6a + &b)

.. the vectors are parallel.

B Subtracting a vector is equivalent to ‘adding a negative vector’, so a — b is defined to be
a+ (—b).

a a b Hint: To subtract b, you reverse the
b direction of b then add.
a

- b

B A unit vector is a vector which has magnitude (or modulus) 1 unit.
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Example

The vector a has magnitude 20 units. Write down a unit vector that is parallel to a.

| Divide a by the magnitude. In general, the

a

The unit vector is — or — a.
20 20

. . a
unit vector is —.
lal

B If Aa + pb = aa + Bb, and the non-zero vectors a and b are not parallel, then A = @ and
m=p.

The above result can be shown as follows:

Aa + ub = aa + Bb can be written as (A — @)a = (8 — )b, but two vectors cannot be equal

unless they are parallel or zero.
Since a and b are not parallel or zero, (A—a)=0and (83— u)=0,s0 A=a and B = pu.

Example E

Given that 5a — 4b = (2s + t)a + (s — t)b, where a and b are non-zero, non-parallel vectors,
find the values of the scalars s and t.

+t=5 |
2ot t=0 Equate the a and b coefficients.
s—t=—4
Py — Solve simultaneously (add).
5 =

Example ] P 3a Q

In the diagram, ﬁ = 3a, @) =b, SR = 4a and 17() = kPR.

b
Find, in terms of a, b and k: X
a PS b PX C S_Q) d sX S
S “a R

Use the fact that X lies on SQ to find the value of k.

B

aF

—

F_) —

— PR+ R3=PAQ+ QR + RS
9a+b—4a=b—a

Add using the triangle law.

—_— —
FQ+ QR=2%a+b

—_—

b FR = N N
— — Find PR and use PX = kPR.
FX = kPR = k(3a + b)
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—
c SQ=4a—b Use the triangle law on ASRQ.

— — —
d 5X = SF+ FX

=—(b—a)+ k(%a + b) Use SP = —E)S and the answers to parts (a)
and (b).

= —b+a+k®a+b)
= (Bk+Na+ (k— Db

Xlies on SQ, s0 g? and g(arc parallel.

_ _ _ Use the fact that, for parallel vectors, one is
Elear g (k=1 = Aea =) a scalar multiple of the other.

(Bk+1a+ (k— )b =4Aa — Ab

So (Bk+T)=4Aand (k—1)=—Ae—u a and b are non-parallel and non-zero, so
(Bk+1) =401-k equate coefficients.

3
k=70

Eliminate A and solve for k.

1 In the triangle PQR, ﬁl) = 2a and @) = 2b. The mid-point of PR is M.
Find, in terms of a and b:

a PR b PM cQ—]\)/I.

2 ABCD is a trapezium with AB parallel to I DC and DC = 3AB.
M is the mid-point of DC, AB = a and BC = b.
Find, in terms of a and b:
a AM b BD c MB d DA.

3 In each part, find whether the given vector is parallel to a — 3b:
a 2a—6b b 4a—-12b c at+t3b
d3b-a e 9 - 3a f 7a—3b

4 The non-zero vectors a and b are not parallel. In each part, find the value of A and the
value of u:

a a+3b=2\a—ub
bA+2a+(u—1b=0

c 42da—-5b-a+ub=0

d (1+XMNa+2\b=pga+4ub

e Br+5a+b=2ua+(1-3)b
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5 In the diagram, OA = a, OB = b and C divides AB in the A c_B
ratio 5:1.

a Writgl)own, in terms of a and b, expressions for xﬁ, AC
and OC. E

Given that &:’ = Ab, where A is a scalar:

b Write down, in terms of a, b and A, an expression for CE.

Given that OD = w(b — a), where u is a scalar:

¢ Write down, in terms of a, b, A and u, an expression for ED. 0]
Given also that E is the mid-point of CD:

d Deduce the values of A and w. 9

6 In the diagram OA = a, OB = b, 30C = 204 and 40D = 70B. o) B
The line DC meets the line AB at E.

a Write downﬂ)l terms of a and b, expressions for

i AB ii DC C F
Given that DE = ADC and EB = Mﬁ where A and u are constants:
b Use AEBD to form an equation relating to a, b, A and p.

Hence:
c Show that A =7;.  d Find the exact value of u.
e Express OF in terms of a and b.

The line OF produced meets the line AD at F.
Given that OF = kOE where k is a constant and that AF = 15 (7b — 4a):
f Find the value of k. e

7 In AO_A)B, Pis the_n)lid-point of AB and Q is the point on OP such that Q = %P Given
that OA = a and OB = b, find, in terms of a and b:

a AB b OP c O_Q) d E

The point R on OB is such that OR = kOB, where 0 <k < 1.

e Find, in terms of a, b and k, the vector ﬁ

Given that AQR is a straight line:

f Find the ratio in which Q divides AR and the value of k. 9

@

8| In the figure OE:EA=1:2, AF:FB=3:1and
OG:0B = 3:1. The vector OA = a and the vector OB = b.
Find, in terms of a, b or a and b, expressions for:
a OF b OF c EF
d BG e FB f FG B
g Use your results in ¢ and f to show that the points
E, F and G are collinear and find the ratio EF:FG.
h Find EB and AG and hence prove that EB is parallel 0 Ii" A

to AG. e
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5,3 You need to be able to use vectors to describe the position of a point in two or
three dimensions.

B The position vector of a point A is the vector O_A), where O is the origin. OA is usually written
as vector a.

OA=a

M AB=b- a, where a and b are the position vectors of A and B respectively.

A
Hint: Use the triangle law to give
AB=A0+0B=-a+b
B SoAB=b-a

o
o
=~

Example m
In the diagram the points A and B have P
position vectors a and b respectively
(referred to the origin O). The point P divides a
AB in the ratio 1:2. B
Find the position vector of P. b
(0]

—

AB=b—a

—_— —_— —

FP=0A+ AP OP is the position vector of P.

e i

AP =3(b— a) ——

a; gl b2 Use the 1:2 ratio (AP is one third of AB).

= (b —
p=2,.1

You could write p=%a + 1b.

1 The points A and B have position vectors a and b respectively (referred to the origin O).
The point P divides AB in the ratio 1:5.
Find, in terms of a and b, the position vector of P.
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2 The points A, B and C have position vectors a, b and ¢ respectively (referred to the
origin O). The point P is the mid-point %B.
Find, in terms of a, b and ¢, the vector PC.

3 OABCDE is a regular hexagon. The points A and B have position vectors a and b
respectively, referred to the origin O.
Find, in terms of a and b, the position vectors of C, D and E.

5,4 You need to know how to write down and use the Cartesian components of a

vector in two dimensions.

B The vectors i and j are unit vectors parallel to the x-axis and the y-axis, and in the direction
of x increasing and y increasing, respectively.

Example il

The points A and B in the diagram have coordinates (3, 4) and (11, 2) respectively.
Find, in terms of i and j:

a the position vector of A b the position vector of B ¢ the vector AB
YA
6_
A
4_
a
24 B
b
0 2 4 6 8 10 12 %
—
a a=0A=23i+4j i goes 1 unit ‘across’, j goes 1 unit ‘up”:
— j
b b=0B=1+2j
i
—_—
c AB=b—a
= (i + 2j) — (3i + 4)) You can see from the diagram that the

= 8i — 2 . 7 vector ABgoes 8 units ‘across’ and 2 units

‘down’.
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B You can write a vector with Cartesian components as a column matrix:

xi+yj= (x ) Hint: This standard notation is easy to read
and also avoids the need to write out lengthy
expressions with i and j terms.

Example B

Given that a = 2i + 5j, b = 12i — 10§ and ¢ = —3i + 9j, find a + b + ¢, using column matrix
notation in your working.

Add the numbers in the top line to get 11

_ (M
- <4> "/’ (the x component), and the bottom line to

get 4 (the y component). This is 11i + 4j.

B The modulus (or magnitude) of xi + yj is Vx2 + y2

Hint: From Pythagoras’ Theorem, the
magnitude of xi + yj, represented by the
hypotenuse, is Vx? + y2.

Example m

The vector a is equal to 5i — 12j.
Find |a|, and find a unit vector in the same direction as a.

la| = VB2 + (—12)2 = V169 =13

Unit vector is a Look back to Section 5.2.

_5i-12)
13

= (5i — 12))

5., 12,
orizl — i3]

[ B
ol —12
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Example m
Given that a = 5i + j and b = —2i — 4j, find the exact value of |2a + b)|.
2a+b = 2(5) - (‘2)
1 —4
_(10)\ (-2
2 —4
[ &
-2
|2a + b| = V&2 + (—2)?
=Vob
= V417 You must give the answer as a surd because
//// the question asks for an exact answer.
= 2V17

1| Given thata=9i+ 7j, b=11i — 3j and ¢ = —8i —j, find:
aatb+c
b2a-b+c
c 2b+2c—3a

(Use column matrix notation in your working.)

2 The points A, B and C have coordinates (3, —1), (4, 5) and (—2, 6) respectively, and O is
the origin.

Find, in terms of i and j:

a the position vectors of A, B and C
b AB

¢ AC

Find, in surd form:

d [OC|

e |AB|

f |AC|
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3 Given that a = 4i + 3j, b = 5i — 12j, ¢ = —7i + 24j and d =i — 3], find a unit vector in
the direction of a, b, c and d.

4 Given that a = 5i+ j and b = Ai + 3j, and that |3a + b| = 10, find the possible values
of A.

5,5 You need to know how to use Cartesian coordinates in three dimensions.

Cartesian coordinate axes in three dimensions are usually called x, y and z axes, each being
at right angles to each of the others.

The coordinates of a point in three dimensions are written as (x, y, z).
Z A

Hint: To visualise this, think of the x and y axes
being drawn on a flat surface and the z axis
sticking up from the surface.

Find the distance between the points P(4, 2, 5) and Q(4, 2, —95).

P(4,2,5) X

The point A(4, 2, 0) is on the ‘flat surface’
(the xy plane).

(4, 2, 5) is 5 units ‘above the surface’.
(4, 2, —5) is 5 units ‘below the surface’.

P

A(4,2,0)

So the line joining these 2 points is parallel
to the z-axis.

|
|
|
|
|
Q4,2,-5) %

The distance between the points (4, 2, 5)
and (4,2, =5) is 5 + 5 =10 units.
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Example m
Find the distance from the origin to the point P(4, 2, 5).
Let A be the point (4, 2, O).
A
2
0 4 x
OA2 = 42 4 D2« Use Pythagoras’ Theorem in the xy plane.
OA = V(42 + 27)
P
5 Next look at AOAP, with OA on the xy plane
and AP parallel to the z-axis.
]
O Je+2y A , .
____— Use Pythagoras’ Theorem again.
OP = V(OA? + 52) /
_ 2 2 2 Notice this method just gives the three-
Sl \/(4 2RSS dimensional version of Pythagoras’ Theorem.
OP = V45 =9 V5 = 3V5,

B The distance from the origin to the point " - o _ _
@, %, 2) is \/m + 22 Pythagoras’ Theorem in three dimensions.

Example

Find the distance from the origin to the point P(4, —7, —1).

OA = V42 + (=7)2 + (—1)? Straight from the formula.
OA=V16 +49 +1=V606
= 812 (2dp)

B The distance between the points (x;, ¥;, ;) and (x,, ¥,, z,) is
V@, — 2,2+ (31— 32)% + (21 — )2

This is the three-dimensional version of the formula V(x, — x,)? + (Y1 —y2)%
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1 decimal place.

AB=V(1— 872+ (3 — 62+ (4 — (—5))?

= V7P + (87 + OF

=139 = 11.8 (1d.p.)

Find the distance between the points A(1, 3, 4) and B(8, 6, —35), giving your answer to

*— Straight from the formula.

The coordinates of A and B are (5, 0, 3) and (4, 2, k) respectively.
Given that the distance from A to B is 3 units, find the possible values of k.

AB=V(B—4)2+(0—2)2+ (3 —kZ=23

VI+4+(9—-6k+k)=3

1+4+9—06k+ k=9

Square both sides of the equation.

Solve to find the two possible values of k.

K—6k+5=0
(k=B)k—1N=0°
k=1ork=5

a A(3,0,5)and B(1, —1, 8)

b A8, 11, 8) and B(—3, 1, 6)

¢ A3, 5, —2) and B(3, 10, 3)
d A(—1, -2, 5) and B(4, —1, 3)

1 Find the distance from the origin to the point P(2, 8, —4).
2 Find the distance from the origin to the point P(7, 7, 7).

3 Find the distance between A and B when they have the following coordinates:

4 | The coordinates of A and B are (7, —1, 2) and (k, O, 4) respectively.
Given that the distance from A to B is 3 units, find the possible values of k.

5 The coordinates of A and B are (5, 3, —8) and (1, k, —3) respectively.
Given that the distance from A to B is 3V10 units, find the possible values of k.
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5,6 You can extend the two-dimensional vector results to three dimensions, using k
as the unit vector parallel to the z-axis, in the direction of z increasing.

Extending the results gives the following key points:

B The vectors i, j and k are unit vectors parallel to the x-axis, the y-axis and the z-axis and in
the direction of x increasing, y increasing and z increasing, respectively.

x
B The vector xi + yj + zk, may be written as a column matrix (y)
z

B The modulus (or magnitude) of xi + yj + zk is Va2 +y2+ 22

Example P1)

The points A and ﬁ) have position vectors 4i + 2j + 7k and 3i + 4j — 1k respectively, and O is
the origin. Find |AB| and show that AOAB is isosceles.

4 3
|O_)| =a=|2],|0B|]=b=| 4 Write down the position vectors of A and B.
7 —1
3 4 —1
B=b—a=| 4|-(2]= 2 |——— UseAB=b-a.
—1 7 -8

—

|AB| = V(=12 + 22 + (—8)2 = V69 Use the vector magnitude formula.

—>

OA|=V&#+22+72=V69 |

|O_5)| —\/=2 f 42 1 (_1)2 _ @J Find the lengths of the other sides OA and

OB of AOAB.
So ANOAB is isosceles, with AB = OA.

Example m

The points A and B have coordinates (t, 5, t — 1) and (2t, t, 3) respectively.
a Find |ﬁ |.

b By differentiating |1ﬁ|2, find the value of t for which |1@)| is @ minimum.
¢ Find the minimum value of |E|

t 2t
a a= S5landb=| ¢t Write down the position vectors of A and B.
t—1 5
2t t t
aB=| t]- 5|=|t—5]) 7 UseAB=b-a.
5 t—1 4—t

e
|AB| = V2 + (t— B2 + (4 — t)2 Use the vector magnitude formula.
=VE+ 1 —10t+25+16 — &t + 7

= V312 — 16t + 41
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—
b |AB|? = Bt? — 18t + 41 Call this p, and differentiate.
d
P _er-18
dt
- dp
For a minimum, —= 0
dt .
50 6t—18=0"* Use the fact that d—’; =0 at a minimum.
t=5
d_ZP Use the fact that if the second derivative is

= ©, positive, .. minimum.

dt2 positive, the value is a minimum.
—
¢ |AB|= V312 — 18t + 41\
= V27 — 54 + 4

Substitute t = 3 back into IA_él.

= Vi4

1 Find the modulus of:
a3i+5j+k b 4i— 2k cit+tj—k
d S5i— 95— 8k e i+t5j—7k

5 2 7
2| Given thata—(O), b—( 1) andc-(4), find in column matrix form:
2 -3 2
aa+b bb-c cat+b+c
d3a—-c e a—-2b+c f |a—2b + ¢

3 The position vector of the point A is 2i — 7j + 3k and AB = 5i+ 4j — k.
Find the position of the point B.

4 Given that a = ti + 2j + 3k, and that |a| = 7, find the possible values of t.

5 Given that a = 5ti + 2tj + tk, and that |a| = 3V10, find the possible values of t.

2 2t
6 The points A and B have position vectors (9) and ( 5) respectively.

a Find E L 3t

b Find, in terms of |E|
¢ Find the value of t that makes |E| a minimum.
d Find the minimum value of |1TB) |.

2t+1 t+1
7 The points A and B have position vectors| t+ 1 | and 5 | respectively.

a Find AB. 3 2
b Find, in terms of ¢, |ﬂ§|.

¢ Find the value of t that makes |ﬂ3)| a minimum.

d Find the minimum value of |E |.
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5,7 You need to know the definition of the scalar product of two vectors (in either
two or three dimensions), and how it can be used to find the angle between
two vectors.

On the diagram, the angle between the
vectors a and b is 6.

Notice that a and b are both directed away
from the point X.

a

Find the angle between the vectors
a and b on the diagram: X 20° P

T/

For the correct angle, a and b must both be
pointing away from X, so re-draw to show

20°
this.

T /N

The angle between a and b is
160° — 20° = 160"

B The scalar product of two vectors a and b is written as a.b (say ‘a dot b’), and defined by
a.b=|a||b|cos 0
where 0 is the angle between a and b.
A
You can see from this diagram that if a and b

are the position vectors of A and B, then the
a angle between a and b is ZAOB.

0 > B
b

B If a and b are the position vectors of the points A and B, then

cos AOB = a%b
lallbl

If two vectors a and b are perpendicular, the angle between them is 90°.
Because cos 90° = 0, then a.b = |a| |b| cos 90° = 0.




CHAPTER 5

B The non-zero vectors a and b are perpendicular if and only if a.b = 0.

Also, because cos0° =1,

B If a and b are parallel, a.b =|a| |b|. —— |a||b| cos 0°

® In particular, a.a=|a|% « |a||a| cos0°
Example E
Find the value of
aij b kk c (4j).k + (3i).(30)

i and j are unit vectors (magnitude 1), and
are perpendicular.

aij=1X1Xcos90°=0 -

b kk=1X1Xcos0° =1 k is a unit vector (magnitude 1), the angle
between k and itself is 0°.

¢ (4j)k + (30).(30)
= (4 X1Xc0590°) + (3 X 3 X cos O)
=0+9=9

It can be shown that:
i ab=baandii a.(b+c)=ab+a.c

Because of these results, many processes which you are familiar with in ordinary algebra can
be applied to the algebra of scalar products.

The proofs of results i and ii are shown below:

i a.b=|a||b| cos §, where 6 is the angle between a and b.
b.a = |b||a| cos = |a| |b| cos 6
So a.b=b.a.

ii From the diagram,

a.(bb+c)=|a||b+c|cosb

P b
but cos 0 = ,s0 a.(b +c)=|a] X PQ
b+ cl , ! |
PR 0\ | :
a.b =|a||b| cosa, but cosa= —,soab=|a| XPR , “ I:I > FQ
1] a
a.c = |al||c| cos B,
MN ’RQ\ Since MN is parallel to RQ, the angle between c and a is
but cos g = Tl Tl the same as that between ¢ and MN, i.e. B.

so a.c = |a| X RQ
so a.(b+ ¢) = |a| X PQ = |a| X (PR + RQ) = (|a] X PR) + (|a] X RQ) = a.b + a.c

~a(b+c=ab+ac
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a; b,
Given thata=\|a, ) and b=| b, | find a.b

as b;

ab = (ai+ ay + a:k).(bji + by + bsk)
= ai.(bi + byj + bzk)
+ a,j.(bji + byj + bsk)
+ azk.(bji + byj + bsk)
= (ail)-(bil) + (aii).(b)) + (a10)-(bsk)
+ (220)-(bii) + (22))-(b2)) + (22))-(bsk)
+ (ask).(bii) + (azk).(P2))
* (9k).(bok) Use the results for parallel and perpendicular
= (ap)ii + (ab,)ij + (abs)ik unit vectors:
+ (ab)ji + (aby)jj + (abs)jk [ Hi=hi=kk=1
- (asb)ki + (asbo)kj + (asbs)kk ij=ik=ji=jk=ki=kj=0

= 21b1 2y 32172 2y 35[75

The above example leads to a very simple formula for finding the scalar product of 2 vectors
that are given in Cartesian component form:

B If a=qi + a,j + a;k and b = b;i + b,j + b;k,

aq b-|
a.b =la). bz = a1b1 + azbz + a3b3
as by

Example E

Given that a = 8i — 5j — 4k and b = 5i + 4j — k:

a Find a.b

b Find the angle between a and b, giving your answer in degrees to 1 decimal place.

& 5
aab=|—"59]1. 4 Write in column matrix form.
—4 —1

=(6XD)+ (=5 X4)+ (—4 X —1)
\ Use a.b = a,b, + a,b, + a3b
=40 —20 + 4 : N2y T @Rlen i Q2

=24
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b ab=la| |b|cos 6
la|= V82 + (—5)2 + (—4)2 = V105
b|=VEZ+ 42+ (—12=Va2

V105 V42 cos 6= 24 +

o4
g= — 7
€02 Y= Vo5 Vaz

6= 66.8° (1d.p.)

Example X3

Use the scalar product definition.

Find the modulus of a and of b.

Use a.b = |al Ibl cos 6.

Given that a= —i + j+ 3k and b = 7i — 2j + 2k, find the angle between a and b, giving

your answer in degrees to 1 decimal place.

4 7
ab=| 1].| 2|=-7-2+6=-3
3 2

la| =V(—1)2+ 12+ 32=V11
b| = V(=7)2 + (—2)2 + 22 = V57

VI VB7 cos = —3

-3
0=
6 =969 (1d.p)

Example

For the scalar product formula, you need to
find a.b, lal and |bl.

Use a.b = lal Ibl cos 6.

The cosine is negative, so the angle is
obtuse.

Given that the vectors a = 2i — 6j + k and b = 5i + 2j + Ak are perpendicular, find the value

of .

2 5

ab=| "6 2

1 A

=10 —-12+ A
=—-2+A ]

—2+A=0

A=2

Find the scalar product.

For perpendicular vectors, the scalar product
is zero.
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Given that a = —2i + 5j — 4k and b = 4i — 8j + 5k, find a vector which is perpendicular to
both a and b.

Let the required vector be

xi + yj + zk.
x X
a|Y|=0andb. |V |=0 Both scalar products are zero.
z z
=2 X 4 X
5|.\¥|=0and| ~&|.|¥]|=0
—4 Z 5 %

—2x+5y—4z=0
4x — &y +5z=0

Llet z=1+ Choose a (non-zero) value for z (or for x, or
_ for y).
—2x+5y =4 (X2)
4x— 8y = -5
—4x + 10y =&
4x — 6y = —5
Adding, 2y =3 Solve simultaneously, by multiplying the first
. equation by 2, and eliminating x.
y=2
—2x+8=402x=1
7
X =7z
60x=%,y=%andz=1

A possible vector is %i - %j +k

You can multiply by a scalar constant to find
another vector which is also perpendicular
to both a and b.

Another possible vector is 4(%i + %j + k) —
=7i+ 6j + 4k
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1 The vectors a and b each have magnitude 3 units, and the angle between a and b is

60°. Find a.b.

In each part, find a.b:
aa=>35i+2j+3k b=2i—j— 2k

b a=10i - 7j + 4k, b =3i — 5j — 12k
ca=itj—k b=-i—-j+4k

d a=2i-k, b=06i-5j— 8k

e a=3j+9k b=i+ 12— 4k

In each part, find the angle between a and b, giving your answer in degrees to
1 decimal place:

aa=3i+7j,b=5i+j

b a = 2i — 5j, b = 6i + 3j
ca=i-7j+8k,b=12i+2j+k
da=-i—j+5k b=11i-3j+ 4k
e a=6i—7j+12k,b=-2i+j+k
f a=4i+ 5k, b=6i-2j

g a=-5i+2j—3k, b=2i—-2j+ 11k
ha=it+tj+k b=i-j+tk

Find the value, or values, of A for which the given vectors are perpendicular:
a 3i + 5§ and )i + 6

b 2i+ 6j — k and Ai — 4j — 14k

c 3i+Aj—8kand 7i— S5j+k

d 9i — 3j + Sk and Xi + Aj + 3k

e Ai +3j— 2k and Ai + Aj + Sk

Find, to the nearest tenth of a degree, the angle that the vector 9i — 5j + 3k makes
with:
a the positive x-axis b the positive y-axis

Find, to the nearest tenth of a degree, the angle that the vector i + 11j — 4k makes
with:

a the positive y-axis b the positive z-axis

The angle between the vectors i + j+ k and 2i +j + k is 6.
Calculate the exact value of cos 6.

The angle between the vectors i + 3j and j + Ak is 60°.

Show that A = * \/?
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9 Simplify as far as possible:
a a.(b+ ¢) + b.(a— ¢), given that b is perpendicular to c.
b (a+ b).(a + b), given that lal = 2 and |bl = 3.
c (a+ b).(2a — b), given that a is perpendicular to b.

10 Find a vector which is perpendicular to both a and b, where:
aa=it+tj—3k,b=5i—-2j—-k
b a=2i+3j— 4k, b=1i- 6j+ 3k
c a=4i—4j—k, b=-2i-9j+ 06k

11 The points A and B have position vectors 2i + 5j + k and 6i + j — 2k respectively, and
O is the origin.
Calculate each of the angles in AOAB, giving your answers in degrees to 1 decimal
place.

12 The points A, B and C have position vectors i + 3j + k, 2i + 7j — 3k and 4i — 5j + 2k
respectively.

a Find, as surds, the lengths of AB and BC.
b Calculate, in degrees to 1 decimal place, the size of ZABC.

13 Given that the points A and B have coordinates (7, 4, 4) and (2, —2, —1) respectively,
use a vector method to find the value of cos AOB, where O is the origin.

Prove that the area of AAOB is 5—\/2@

14 AB is a diameter of a circle centred at the origin O, and P is any point on the
circumference of the circle.
Using the position vectors of A, B and P, prove (using a scalar product) that AP is
perpendicular to BP (i.e. the angle in the semicircle is a right angle).

15 Use a vector method to prove that the diagonals of the square OABC cross at right
angles.

5,8 You need to know how to write the equation of a straight line in vector form.

Suppose a straight line passes through a R
given point A, with position vector a, and
is parallel to the given vector b. Only one
such line is possible.

Since AR is parallel to b, AR = th, where

t is a scalar.

The vector b is called the direction vector
of the line.

So the position vector r can be written as
a+th. 0

You can find the position
vector of any point R on
the line by using vector
addition (AOAR):

r=a+AR
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B A vector equation of a straight line passing through the point A with position vector a, and
parallel to the vector b, is

r=a+tb
where tis a scalar parameter.

By taking different values of the parameter £, you can find the position vectors of different
points that lie on the straight line.

Example B33

Find a vector equation of the straight line which passes through the point A, with position
vector 3i — 5j + 4k, and is parallel to the vector 7i — 3k.

3 7
Here a = —5 and b = 0 b is the direction vector.
4 =8

An equation of the line is

3 7
r= —5 I B 0
4 =3

or = (3i— 5j+4k) + £(7i — 3k)

or r=(3+7t)i+ (—H)j+ (4—3t)ke—
> You sometimes need to show the separate x,

5+ 7t / ¥, z components in terms of t.
-5

4 -5t

or r=

Now suppose a straight line passes through two given points C and D, with position vectors
c and d respectively. Again, only one such line is possible.

You can use CD as a direction vector for the line: You can now use one of the two given points
. and the direction vector to form an equation
CD =d — c (see Section 5.3). for the straight line.
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B A vector equation of a straight line passing through the points C and D, with position
vectors ¢ and d respectively, is

r=c+t(d-c)

where t is a scalar parameter.

You could also have used the point D, giving r=d + t(d — c).

Example E}Y

Find a vector equation of the straight line which passes through the points A and B, with
coordinates (4, 5, —1) and (6, 3, 2) respectively.

4 ©
a—= 5 b= 5 Write down the position vectors of A and B.
—1 2
5] 4 2
b—a=[3]-| B|=| -2 Find a direction vector for the line.
2 —1 3
4 2 ) )
5 _5 Use one of the given points to form the
r= 1 +t 5 equation.

The equation could be written in other ways:

r= (4i + 5 — k) + 1(2i — 2j + 3k)
r=(4+20i+(5—-20j+ (-1 + 30k

4+ 2t
r= 5-2t
-1+ 3¢t

The straight line I has vector equation r = (3i + 2j — 5k) + (i — 6j — 2k).
Given that the point (a, b, 0) lies on /, find the value of a and the value of b.

3+t
P= 2 —ot You can write the equation in this form.
-5 -2t

—-5—-2t=0+—— | Usethe z-coordinate (zero) to find the value
f t.
t=—2} oft

a=5+t=% T
b=2—-06t=17

aZ%amd b=17

Find a and b using the value of t.
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The straight line / has vector equation r = (2i + 5§ — 3k) + £(6i — 2j + 4k).
Show that another vector equation of I is r = (8i + 3j + k) + t(3i — j + 2k).

%) 3
Since | 72 | =2| , these two vectors
4 2
are parallel.
3
So _21 can also be used as the

direction vector.

S0 another form of the equation of |is

2 3
P = Sl+c| 71
=2 2

& You need to show that (8, 3, 1) lies on /.
Fr=2r=|2 Look for a t-value that gives the position
1 vector of this point.

So the point (&, 3, 1) also lies on |.

S0 another form of the equation of |is

& 3
r= 5 T & _1.
1 2

Exercise m

1 Find a vector equation of the straight line which passes through the point A, with
position vector a, and is parallel to the vector b:

aa=6i+5j—-k b=2i-3j—-k
ba=2i+5,b=itjtk
ca=-7i+6j+2k, b=3i+j+2k

MONE
RENE
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2 Calculate, to 1 decimal place, the distance between the point P, where t =1, and the
point Q, where t =5, on the line with equation:

ar=Qi—j+k) +3i—-8j—k
b r=(i+ 4j + k) + 1(6i — 2j + 3k)
c r=(2i + 5k) + t(~3i + 4j — k)

3 Find a vector equation for the line which is parallel to the z-axis and passes through
the point (4, —3, 8).

4 | Find a vector equation for the line which passes through the points:
a((2,1,9 and 4, -1, 8)
b (-3,5,0)and (7, 2, 2)
c (1,11, —=4) and (5, 9, 2)
d (-2, -3, -7)and (12, 4, —3)

5 The point (1, p, q) lies on the line I. Find the values of p and g, given that the equation

is I is:
ar=2i-3j+ k) +t(i—4j— k)

b r = (—4i+ 6j — k) + t(2i — 5j — 8k)
c r=(16i — 9j — 10k) + £(3i + 2j + k)

5,9 You need to be able to determine whether two given straight lines intersect.

When you need to deal with more than one straight line in the same question, use a
different parameter for each line.

The letters t and s are often used as parameters.
Greek letters A and u are also commonly used as parameters.

In three dimensions, two straight lines will not generally intersect. The next example,

however, deals with two straight lines that do intersect, and shows you how to prove this.

Example m
Show that the lines with vector equations

r= (3i+ 8 — 2k) + t(2i — j + 3k)
and r = (7i + 4j + 3k) + s(2i + j + 4k)

intersect, and find the position vector of their point of intersection.
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5+ 2t 7+ 25
r= &=1% r= 44+ 35
-2+ 3t 3+ 45

At an intersection point,

S5+ 2t 7+ 25

&—t|=| 4+s

—2+ 3t 3+ 4s
Z4+2t=7+25 | Equate the x components.
8—t=4+5 _| Equate the y components.

S+2t=7+2s
16—2t =6+ 25

19 =15+ 45 Solve simultaneously.
5 =1
S3+2t=7+2
t=23 ]
If the lines intersect, —— z components must also be equal

—2 + 3t =3 + 45 must be true.

—2+5t=-2+9=7 Check that s=1, t = 3 gives equal
R z components.

The z components are also equal, so the
lines do intersect.

The intersection point has position vector:

3+ 2t
8-t
—2+ 3t
9
Witht=2:r=(2 | orr=9i+ 5+ 7k
7

In each question, determine whether the lines with the given equations intersect. If they do
intersect, find the coordinates of their point of intersection.

O
(e (-3
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5,10 You need to be able to calculate the angle between two straight lines.

B The acute angle 0 between two straight lines is given by

a.b

cosf=|——
lallb]

where a and b are direction vectors of the lines.

Find, to 1 decimal place, the acute angle between the lines with vector equations

r=2i+j+k)+t3i—8j—k)
and r = (7i + 4j + k) + s(2i + 2j + 3k)

3 2
a=| &)andb=|2]" Use the direction vectors.
—1 &
ab ]
cos 0 = Find the angle between the 2 vectors.
lallb]

3 2

—1 &

=6-16-3=—13
la| = V32 + (—8)2 + (—1)2=\74
|b| = V22 + 22 + 32 = V17

13
cos 0 = — \/ﬂ \/1—7 Use the formula for cos 6.
0 =085 (1d.p.) This is the angle between 2 vectors.

So the acute angle between the lines is
180° = M5 =685° (1d.p.)
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In Questions 1 to 5, find, to 1 decimal place, the acute angle between the lines with the
given vector equations:

1 r=Qi+j+k) +t3i-5j— k)
and r = (7i + 4j + k) + s(2i + j — 9Kk)

2 r=>{—j+ 7k) + t(—2i—j + 3k)
and r= (8i + 5j — k) + s(—4i — 2j + k)

3 r=QCi+5j—k)+tit+jt+k)
and r= (—i+ 11j + Sk) + s(2i — 7j + 3k)

4 r= (i + 6j — k) + t(8i — j — 2k)
and r = (6i + 9j) + s(i + 3j — 7k)

5 r= (2i + k) + t(11i + 5j — 3k)
and r= (i +j) + s(=3i + 5j + 4k)

6 The straight lines /; and I, have vector equations
r=(i +4j+ 2k) + (8i + 5j + k) and r = (i + 4j + 2k) + s(3i + j) respectively, and P is the
point with coordinates (1, 4, 2).
a Show that the point Q(9, 9, 3) lies on ;.
b Find the cosine of the acute angle between /, and /,.

¢ Find the possible coordinates of the point R, such that R lies on I, and PQ = PR.

Mixed exercise m

1| With respect to an origin O, the position vectors of the points L, M and N are
(4i + 7j + 7k), (i + 3j + 2k) and (2i + 4j + 6k) respectively.
a Find the vectors ML and MN.
b Prove that cos ZLMN = 1. 9

2 The position vectors of the points A and B relative to an origin O are
Si + 4j + k, —i + j — 2k respectively. Find the position vector of the point P
which lies on AB produced such that AP = 2BP. 9

3 Points A, B, C, D in a plane have position vectors a = 6i + 8j, b = sa,¢c=6i+ 3§,
d =3 c respectively. Write down vector equations of the lines AD and BC and find
the position vector of their point of intersection. G

4 Find the point of intersection of the line through the points (2, 0, 1) and
(—1, 3, 4) and the line through the points (—1, 3, 0) and (4, —2, 5).
Calculate the acute angle between the two lines. 9
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5 Show that the lines
r=(—2i+5j— 11k) + X(3i + j + 3k)
r = 8i + 9j + w(4i + 2j + Sk)
intersect. Find the position vector of their common point. e
6 Find a vector that is perpendicular to both 2i + j— k and i + j — 2k. e

7 | State a vector equation of the line passing through the points A and B whose
position vectors are i — j + 3k and i + 2j + 2k respectively. Determine the position
vector of the point C which divides the line segment AB internally such that
AC = 2CB. 9

8 Vectors r and s are given by
r=Ai+2r-1j—-k
s=(1—-Ni+3Aj+¢@r— 1Dk
where A is a scalar.
a Find the values of A for which r and s are perpendicular.
When A =2, r and s are the position vectors of the points A and B respectively,
referred to an origin O.
b Find AB.

¢ Use a scalar product to find the size of ZBAO, giving your answer to the
nearest degree. e

9 With respect to an origin O, the position vectors of the points L and M are
2i — 3j + 3k and Si + j + ck respectively, where c is a constant. The point N is
such that OLMN is a rectangle.

a Find the value of c.
b Write down the position vector of N.
¢ Find, in the form r = p + fq, an equation of the line MN. e

10 The point A has coordinates (7, —1, 3) and the point B has coordinates (10, —2, 2).
The line I has vector equation r=1i+ j+ k + A(3i — j + k), where A is a real
parameter.

a Show that the point A lies on the line /.
b Find the length of AB.

¢ Find the size of the acute angle between the line I and the line segment AB,
giving your answer to the nearest degree.

d Hence, or otherwise, calculate the perpendicular distance from B to the line ,
giving your answer to two significant figures. 9
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11

12

13

14

Referred to a fixed origin O, the points A and B have position vectors (5i — j — k)
and (i — 5j + 7k) respectively.

a Find an equation of the line AB.
b Show that the point C with position vector 4i — 2j + k lies on AB.
¢ Show that OC is perpendicular to AB.

d Fﬂc)l the ﬂ))sition vector of the point D, where D # A, on AB such that
|OD| = |OA|. Q

Referred to a fixed origin O, the points A, B and C have position vectors (9i — 2j + k),
(6i + 2j + 6k) and (3i + pj + gk) respectively, where p and g are constants.

a Find, in vector form, an equation of the line / which passes through A and B.

Given that C lies on I:
b Find the value of p and the value of q.

¢ Calculate, in degrees, the acute angle between OC and AB.

The point D lies on AB and is such that OD is perpendicular to AB.
d Find the position vector of D. G

Referred to a fixed origin O, the points A and B have position vectors (i + 2j — 3k)
and (5i — 3j) respectively.

a Find, in vector form, an equation of the line /; which passes through A and B.
The line I, has equation r = (4i — 4j + 3k) + u(i — 2j + 2k), where u is a scalar
parameter.

b Show that A lies on I,.

¢ Find, in degrees, the acute angle between the lines /; and I,.

The point C with position vector (2i — k) lies on /,.

d Find the shortest distance from C to the line [,. 9

Two submarines are travelling in straight lines through the ocean. Relative to a fixed
origin, the vector equations of the two lines, I; and I,, along which they travel are

r=3i+ 4j — Sk + A(i — 2j + 2k)
andr=9i+j— 2k + pM@i+j—k)
where A and w are scalars.
a Show that the submarines are moving in perpendicular directions.

b Given that I, and /, intersect at the point A, find the position vector of A.

The point B has position vector 10j — 11k.
¢ Show that only one of the submarines passes through the point B.

d Given that 1 unit on each coordinate axis represents 100 m, find, in km, the
distance AB. Q
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Summary of key points

1 A vector is a quantity that has both magnitude and direction.
2 Vectors that are equal have both the same magnitude and the same direction.

3 Two vectors are added using the ‘triangle law’.

4 Adding the vectors ﬁ)z and @5 gives the zero vector 0.
(PQ+QP=0)

5 The modulus of a vector is another name for its magnitude.
® The modulus of the vector a is written as |a|.
® The modulus of the vector ﬁ)) is written as |ﬁ)2|.

6 The vector —a has the same magnitude as the vector a but is in the opposite direction.
7 Any vector parallel to the vector a may be written as Aa, where A is a non-zero scalar.
8 a — b is defined to be a + (—b).

9 A unit vector is a vector which has magnitude (or modulus) 1 unit.

10 If A\a + ub = aa + Bb, and the non-zero vectors a and b are not parallel, then A = «
and u = B.

11 The position vector of a point A is the vector M, where O is the origin. OA is usually '
written as vector a. i

12 AB=b - a, where a and b are the position vectors of A and B respectively. e

13 The vectors i, j and k are unit vectors parallel to the x-axis, the y-axis and the z-axis
and in the direction of x increasing, y increasing and z increasing, respectively.

14 The modulus (or magnitude) of xi + yj is Vx? + y2.

x
15 The vector xi + yj + zk may be written as a column matrix (y)
z
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16 The distance from the origin to the point (x, y, z) is Vx? + y2 + z2.

17 The distance between the points (x;, ¥,, z;) and (x5, y,, Z,) is
Ve, — %2 + 01 — )% + (21 — 29

18 The modulus (or magnitude) of xi + yj + zk is Vx? + y2? + 22.

19 The scalar product of two vectors a and b is written as a.b, and defined by
a.b = |a| |b| cos 6,

where 6 is the angle between a and b.

20 If a and b are the position vectors of the points A and B, then

a.b

AOB= 2D
08 |al | b|

21 The non-zero vectors a and b are perpendicular if and only if a.b = 0.

22 If a and b are parallel, a.b = |a| |b|.

® In particular, a.a = lal2

23 If a= a,i + a,j + ask and b = byi + b,j + b3k

a\ (b
a.b = 612 o bz = albl TP azbz + a3b3
as/ \bz

24 A vector equation of a straight line passing through the point A with position
vector a, and parallel to the vector b, is

r=a+th
where t is a scalar parameter.
25 A vector equation of a straight line passing through the points C and D, with position
vectors ¢ and d respectively, is
r=c+tld-c

where t is a scalar parameter.

26 The acute angle 6 between two straight lines is given by

a.b

cosf=|——
|al bl

where a and b are direction vectors of the lines.



After completing this chapter you should be able to
integrate:

e a number of standard mathematical functions
e using the reverse of the chain rule

e using trigonometrical identities

e using partial fractions

e by substitution

e Dby parts

e to find areas and volumes

e to solve differential equations.

In addition some functions are too difficult to integrate
and hence you should be able to

e use the trapezium rule to approximate their value.

Integration

‘.;4 o o
R A

The ability to integrate and solve differential equations has
many fascinating uses in the world. Did you know that
Forensic Investigators can use Newton’s Law of Cooling
(see page 44) to help solve cases?



6.1 You need to be able to integrate standard functions.

You met the first result in the list below in your C1 book. The others are the reverse of ones
you have already met in Chapter 8 of C3.
B You should be familiar with the following integrals:

n+1

@ x"=£—+c

n+1
1
@ f e*=e"+C Hint: When finding f — dx it is usual to write the
x
1 answer as In |x|. The modulus sign removes
@ f —=In|x|+C difficulties that may arise when evaluating the
x integral. This will be explained in more detail in
@ j cosx = sinx + C Section 6.5 but this form will be used throughout this
- chapter.

@ fsinx= —cosx + C

@ fseczx =tanx + C

(7) Jcosecx cotx = —cosecx + C

fcoseczx =—cotx +C

@ Jsecx tanx =secx + C

Find the following integrals:

a f(ZCOSOC-I-%—\/Z)_C)dx b f( o5 % —Zex)dx

sinZx

Integrate each term separately.

a fZGoexdx =25inx~\
B u .
f—dx=5m|x|-\ e @
* Use (3).

3

1 2
f\&dx=[x2dx=%x2 T Use (D).

5}
60J<2006x+;—\/§>dx

[NI[€

This is an indefinite integral so don‘t forget

+C the +C.

=2sinx+3ln|x|—5x



COsX  CO5 X 1

sinx  sinx sinx

f(cotx cosec X) dx = —cosec x
JZ@" dx = 2¢*

Ccos X
So f(_z_ — 26x> dx
sin= Xx

= —cosecx —2¢*+ C

1 Integrate the following with respect to x:

5 2
a 3sec’x+ — + —
X

xZ
C 2(sinx — cosx + x)

2
e 5¢*+4cosx — —

x2

i 2cosecxcotx —sec’x

2 Find the following integrals:

af ! +l dx
(coszx xz)

1+ cosx 1+x
¢ [(— +
sin?x x?2

)dx
e J’sinx(l + sec?x) dx
g fcoseczx(l + tan?x) dx

i J’seczx(l + e* cos?x) dx

= cot x cosec x ——— functions and express the integrand in terms

Integration
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Look at the list of integrals of standard

of these standard functions.

Remember the minus sign.

b 5¢* — 4sinx + 2x3
2
d 3secxtanx — —
X
1
f — + 2cosec?x
2x

h e+ sinx + cosx

. 1 2
j e+ — —cosec*x
x

sinx
b [
COS* X

df LI AN
(sinzx x)

f J’cosx(l + cosec?x) dx

+ 2ex>dx

h J’seczx(l — cot?x) dx

1+ sinx
j J’ + cos?x secx | dx
cos?x




6.2 You can integrate some functions using the reverse of the chain rule.

Find the following integrals:

ajcos(2x+3)dx bfe‘*x”dx

a Consider y = sin (2x + 3)
d
So —y=coe(2x+5)><2
dx

60[009(2x+5)dx =Zsin(2x +3) + C

Ax+1

b Consider y=¢

dy
dx

So ="t X 4

60j64x+1 dx = %64x+1 +C

¢ Consider y = tandx

c fsec2 3x dx

d
So —y=56025x><5ﬁ
dx

50J6662 Bx dx=+tan3x + C

Example 2 illustrates the following general rule:

0 Jf’(ax+b)dx=laf(ax+b)+c

This technique only works for linear transformations of functions such as f(ax + b).

Recall (4). So integrating a ‘cos’ function
gives a ‘sin’ function.

Let y =sin (2x + 3) and differentiate using
the chain rule.

Remember the 2 from the chain rule.

This is 2X the required expression so you
divide the sin (2x + 3) by 2.

Recall (2). So integrating an ‘exp’ function
gives an ‘exp’ function.

Let y = e¥*! and differentiate using the
chain rule.

Remember the 4 comes from the chain rule.

This answer is 4 times the required
expression so you divide by 4.

Recall (6). Let y = tan 3x and differentiate
using the chain rule.

This is 3 times the required expression so
you divide by 3.
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You can generalise the list in Section 6.1 to give:

(ax + b)™+!
n+1

(10 J’(ax+b)"dx— +C

@ J’eax+bdx= 15 eax+b+c

a2 [

a3 fcos(ax+b)dx=la sin (ax + b) + C

ax+b %In|ax+b|+C
fsin(ax+b)dx=—la cos (ax + b) + C

@ fsecz(ax+b)dx=1;tan(ax+b)+c
fcosec(ax+b)cot(ax+b)dx=—% cosec(ax + b) + C
@ J’cosecz(ax+b)dx=—la cot(ax + b)+ C

J’SGC(ax+b)tan(ax+b)dx=% sec(ax + b) + C

In C4 it is probably best to learn how to work out these results using the chain rule, rather
than trying to remember lots of formulae.

Find the following integrals:

1
al——d& b[e+3rd
3x+2

1
———dx=3In[3x+ 2|+ C
Zx + 2

Use (2.

Use 40

b f(2x+5)4dx=%(2x+5)5+6

You can only use the results in the list above for linear transformations of functions.
1
Integrals of the form f cos (2x% + 3) dx do not give an answer like ™ sin (2x% + 3) since

differentiating this expression would require the quotient rule and would not give
cos (2x2 + 3). Expressions similar to this will be investigated in Section 6.5.
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1

Integrate the following:

a sin(2x + 1) b 3e*
d cos (1 — 2x) e cosec?3x
g 3sin(Gx+1) h sec? (2 —x)

j cos3x —sin3x

Find the following integrals:

a f(ez"—%sin(Zx— 1)) dx
C fsec2 2x(1 + sin 2x) dx

e f[e3*x +sin (3 —x) + cos (3 —x)] dx

Integrate the following:

1 1
a b ———

2x+ 1 (2x + 1)?
.3 3

1 4x (1 — 4x)?
. 6 . S
;6

3 — 2x)* V3%

Find the following integrals

a j(ssin(Zx+1)+ inl)dx

1 1 1
C J + + dx
sin?2x 1+ 2x (14 2x)?

C 4ex+5
f sec4x tan 4x

i cosec2x cot 2x

b [ +17dx
3 — 2 cos ()
d dx
f( sin? (3x) )
3
c (2x + 1) d
dx —1
3 + 2)° 3
g (x+2) (1 — 2x)°
b [ + (1 -2 dx
1
df[(3x+z)2+—(3x+2)2]

6,3 You can use trigonometric identities in integration.

Before you can integrate some trigonometric expressions you may need to replace the
original expression with a function you can integrate from the lists on pages 90 and 91. You
can do this using trigonometric identities.
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Find f tan?x dx.

You cannot integrate tan?x but you can
integrate sec2x using (6) in the list on
Then  tan®x =sec®x — 1 page 00.

So Jtanzxdx = J(@eczx— 1) dx

Since sec?x =1+ tan’x

Use (6).

|
=f56c2xdx—f1dx

=tanx —x+C

In Book C3 you met identities for cos 2x in terms of sin?x and cos?x. To integrate sin?x or
cos?x you need to use one of these identities.

Example [B}

Find f sinZx dx.

You cannot integrate sin?x but you can

102
Reezlll - cop 25 S = Bl / write this in terms of cos 2x.
So sin2x =% (1 — cos 2x)

So feimzxdx =f(1§—%0052x)dx

I Remember when integrating cos 2x you get
an extra 3. Use 3.

1 1.
=zx—z8hn2x+ C

Find:
a fsin 3x cos 3x dx b f(secx + tanx)? dx C fsin 3x cos 2x dx

a Remember sin 2A = 2 sin Acos A, so

w / sin 6x = 2 sin 3x cos 3x.
f@in 3x cos dx dx= JE sin ©x dx

:—%Xécoz6x+6

Use (14).

_ _1
= —pcosox + C Simplify 3 X ¢ to 15.




(sec x + tan x)?
=sec?x + 2sec xtanx + tan?x «———————— Multiply out the bracket.

=sec’x + 2secxtanx + (sec?x — 1)

226602x+26ecxtanx—1\ .
Write tan?x as sec2x — 1. Then all the terms

, are standard integrals.
5o |(sec x + tanx)? dx

ZJ(26602x+26ecxtanx—1)dx
! !
=2tanx +29ecx —x+C

Integrate each term using (6) and (9).

c
. . Remember sin (A = B) = sin Acos B = cos Asin B.
sin (3x + 2x) = sin 3x cos ?x So you need to use A= 3x and B= 2x to get a
+ cos dx sin 2x sin 3x cos 2x term.
sin (3x — 2x) = sin 3x cos 2x
— €05 OX sin 2x

Adding gives
sin bx + sin x = 2 sin 3x cos 2x

So f sin dx cos 2X dx
= f%(ein 5x + sin x) dx
1

Zg(—lcoe5x—cozx)+c

1 1
= —pcosbx —zcosx + C

Exercise

1 Integrate the following:

a cot’x b cos?x C sin 2x cos 2x

d (1 +sinx)? e tan?3x f (cotx — cosecx)?
. . . 1

g (sinx + cosx)? h sin?x cos?x i

sin?x cos?x

j (cos2x —1)2



2 Find the following integrals:
af 1-—sinx & bf 1+ cosx & CICOSZJC
( cos?x ) ( sin?x ) cos’x
cos’x (1 + cosx)? (1 + sinx)?
d e f
f sin?x J sin?x J cos?x
g f(cotx — tanx)?dx h J(cosx —sinx)?dx i J(cosx —secx)?dx
f COSs 2x
1 — cos?2x

Find the following integrals:

a fcostcosxdx
desiansinSxdx
ngcos4xsin4xdx

bstinchosBxdx
e 4fcos3xcos7xdx
hstin4xsin4xdx

Integration
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C f251n3xcosSxdx
f f2cos4xcos4xdx

6,4 You can use partial fractions to integrate expressions.

In Chapter 1 you saw how to split certain rational expressions into partial fractions. This
process is helpful in integration.

Example
Use partial fractions to find the following integrals:
f x—35 18x2—19x+1 f 2
dx
(x+ 1Dx—2) (2x + 1)(x — 2)? 1—x?

Split the expression to be integrated into

x—5 A B . partial fractions.

a = +
x+NHx—2) x+1 x—2

Sox—5=Ax—2)+Bx+1)
—0=A(—3)s0 A
—5=B(3) s0 B=

Put over the same denominator and
> compare numerators.
—1:|\ Letx = —1 and 2.
Rewrite the integral and integrate each term

x—5
S0 J (x + N(x —2) o8 / as in Section 6.2.
e

Let x = —1:

Let x = 2:

x+1 x—-2 Remember to use the modulus when using

. Inin integration.

=2h|x+1—-Ilnjx—2|+C

’\ The answer could be left in this form, but

(x + 1)2 sometimes you may be asked to combine

— C the In terms using the rules of logarithms
x—2 met in Book C2.

=In




I 8 — 19% + 1 It is sometimes useful to label the integral as I.
xXc — 19X

b LevI= |
° (2x + 1)(x — 2)2
&xt—19x+1 A B

= +
— )2 _ o2
(2x +1)(x = 2) 2x+1 (x=2) Remember the partial fraction form for a
C repeated factor on the denominator.

x—2

2 _ = — 22
g = ez | SAE=Ee B Put over same denominator and compare

+ C(2x + 1)(x —2) /———————— numerators, then find the values of A, B
and C.

Let x =2
Then =5 =0 +5B+ 050 B= —1

Let x = —3

Then 125 = %fA+O+OeoA 2
Rewrite the integral using the partial

letx=0 Then 1=4A—2C+ B fractions. Note that using I saves copying
the question again.
So 1=6—-—2C—1s0C=23

2 1 3

I= f - + ax Don’t forget to divide by 2 when integrating
2x+1 (x—2)2 x—2 :

——— and remember that the integral of

1
I=%n|2x +1]+——+3hjx—2[+C 2t
-

1
————— does not involve In.
1 (x—2)y
I=ln|2x+1|+——2+ln|x—2|5+c
X —

I=1In|2x+1)(x—2)% + S +C Simplify using the laws of logarithms.
Y —

c Let I= f—— dx
(1—x?)
2 2 A B :
= = + Remember that (1 — x?) can be factorised
(I—-x9 (-x0+x) T-x I1+x using the difference of two squares.

2=A(1+x)+ B(1—x)
x = —1gives 2=2Bso B=1

x =1gives 2=2As0 A=1 Rewrite the integral using the partial

1 1 l fractions.
S0 :J —qp ———|| @l 2
T+x 1—x

I=n|T+x|—In|1—x|+C

Notice the minus sign that comes from

- , T
or I=Inl——1|+C integrating ——.
1 1-x
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You should notice that because the modulus sign is used in writing this integral, the answer
could be

+C

x_

since |1 — x| = |x — 1|. This can be found from line : in the above example.
1 1
1= + dx
1+x 1-x
Since LS
[= f 11 da 1-x x-1
1+x x-1

So I=In|l+x|—-Injx—-1|+C

Notice that no extra minus sign is needed when

integrating

So I=In +C Z—1

x—1

This use of the modulus sign, mentioned in Section 6.1, means that both cases can be
incorporated in the one expression and this is one reason why the convention is used.

To integrate an improper fraction, you need to divide the numerator by the denominator.

Example ]
) 9x2 —3x+ 2
Flndf
9x%2— 4
9x? —3x + 2
Let [ = f >
i —4 — First divide the numerator by 9x2 — 4.
1
92— 4) )ox? —3x +2 9x2 + 9x2 gives 1, so put this on top and
( ) 9 p p
9? 4 subtract 9x2 — 4. This leaves a remainder of
gr 7T —3x + 6.
—5xt6 |
©— 2x
so I = f T+ ——")dx
Ox? — 4
6 — 3x _ A + B, Factorise 9x? — 4 and then split into partial
M2 —4 Bx—2 Bx+2 fractions.

xX=-£=8=-4BsoB= -2
xX=%2=4=4As0 A=1

Rewrite the integral using the partial fractions.
So I = f (1 + )dx

Zx—2 Bx+2
So I=x+zh[Zx—2|—3In|3x+ 2|+ C

Integrate and don’t forget the 3.

5x — 2
— 1
Or I =x+3zln (3x + 2)? +C Simplify using the laws of logarithms.
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1 Use partial fractions to integrate the following:

3x+ 5 3x —1 2x— 6 3

a C d
x+1Dx+2) 2x + 1)(x —2) @x+3)x—1) 2+x)(1—x)
4 3x+1) 3 -5 x2-3
e g h
2x + 1)(1 — 2x) 9x2 -1 (1—-x)2 - 3x) 2+x)(1+x)?
S+ 3x . 17 — 5x

(x+2)(x + 1)% 3+ 2x)(2 — x)?

2 Find the following integrals:

fZ(x2+3x—1) fx3+2x2+2
x+1)2x—1) x(x+1)
x2 x2+x+2
C dx d
jx2—4 f3—2x—x2
. f6+3x—3c2
x3 + 2x2

6.5 You can use standard patterns to integrate some expressions.

1
In Section 6.2 you saw how to integrate 13 but you could not apply the technique to

1
integrals of the form i1 However there are families of expressions similar to this that
X

can be integrated easily.

Find:
2x X
a|——dx bf COS, dx cJ’3cosxsin2xdx d |x(x?>+5)>3dx
x2+1 3+ 2sinx
2X
a Let I=|——dx
X2+ 1

Consider y =In|x*+1|
Remember the 2x comes from

ay 1 / differentiating x2 + 1 using the chain rule.
Then ——=—X2x
X

S5 T = [ |x2 ++C Since integration is the reverse of
differentiation.




Integration

Try differentiating y =In 13 + 2 sinx|.

cos X
b Let I=f :
5+ 2sinx

The 2 cosx comes from differentiating

Let y=1In|3+ 2sinx| / 3 + 2 sinx with the chain rule.
d 1
. A — X 2c0s X

dx - 3+ 2 sinx This is 2 times the required answer so, since

., —— integration is the reverse of differentiation
So I = %IH 13+ 2sinx|+ C you need to divide by 2.

_ 2
9 1 d JB ORI eE e Try differentiating sin®x.

Let y = sin’x

The cosx comes from differentiating sinx in

W s iroosr . the chain rule.

dx
So [ =sinPx+C
d Let I = Jx(x2 + B5)° dx Try differentiating (x? + 5)*.
Let y =(x*+5)*

The 2x comes from differentiating x? + 5.
d /
% _ 42+ 5)° X 2x
dx

This is 8 times the required expression so
= &x(x% + 5)° you divide by 8.

S0 I=5(x*+5)*+C

f'(x)

You should notice that these examples fall into two types. In a and b you had k =
X

, for

some function f(x) and constant k. In ¢ and d you had kf'(x)[f(x)]"” for some function f(x),
constant k and power n.

B You should remember the following general patterns:
f'(x)
f(x)

® To integrate expressions of the form fk dx, try In|f(x)| and differentiate to

check and adjust any constant.

® To integrate an expression of the form fkf’(x)[f(x)]" dx, try [f(x)]"*! and differentiate
to check and adjust any constant.

Find the following integrals:

f cosec?x

2 + cotx)’ b IS tanx sect*x dx




f cosec? x
(2 + cot x)?

Lety = (2 + cotx)~?

=2(2 +cotx)”

Let y = sect x

dy _
dx

=4sectxtanx

So I=2sec*x+ C

X
x2+ 4

COS 2x
3 +sin2x

a

jto

sec’x tan’x j

C j sin® 3x cos 3x dx

. J sinx cosx
i

— dx
Vcos2x + 3

Notice that 2 + cotx is f(x) and
f'(x) = —cosec’x, n= —3.

3 c05ec2 X o This is 2 times the required answer so you

need to divide by 2.

So I =%(2+cotx)2+C

b let [ = f5 tan x sec® x dx If f(x) = secx, then f'(x) is secx tanx,

son=3and k= 5.

97 3 )
= 4sec” x X sec x tan x Use the chain rule.

\ This is % times the required answer so you

need to divide by %.

1 Integrate the following functions:

eX x d ex
c —— -
e*+1 (x> + 4)3 (e* + 1)
sin 2x
g xe* h cos 2x(1 + sin 2x)*
(3 + cos 2x)3

sec?x(1 + tan®x)

2 Find the following integrals:

af(x+1)(x2+2x+3)4dx bfcosecZZxcothdx

d f cosxesin® dx

e 3
ejelmrsdx £ [x@?+1) de
S 2% + 1
2x + 1)Vx2 +x + S5dx h dx
gJ( Vo= + f\/x2+x+5

. f sinx cosx
cos2x + 3
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substitution.

6.6 Sometimes you can simplify an integral by changing the variable. This process is
similar to using the chain rule in differentiation and is called integration by

Use the substitution u = 2x + 5 to find [xV(2x + 55 dx.

Let I =fo(2x + 5) dx

Let u=2x+5

du ===
So — =2

dx

5o ‘dx’ can be rcplaccd’by‘%du’./
— 1
V(2x + D) =Vu=u?

w-%5_. OO
TE——

2

_5 1
So I= u——uZX%du
2

1
ZJ%(u—fj)uz du

3 1
=J%(u2 —5u®)du

oot

5 I=
© 10 &

You need to replace each ‘x’ term with a
corresponding ‘u’ term. First replace dx with
a term in du.

So dx = 1§du.

Next rewrite the function in terms of
u=2x+25.

Rearrange u = 2x + 5toget 2x =u — 5 and

u-—->5
hence x = ——.
2

Rewrite I in terms of u and simplify.

Multiply out the bracket and integrate using
rules from your C1 book.

Simplify.

Finally rewrite the answer in terms of x.




Use the substitution u = sinx + 1 to find f cosx sinx (1 + sinx)3 dx.

First replace the ‘dx’.

Let I= Jcoe x sin x(1 + sin x)° dx

Let U =sinx +1 Notice that this could be split as du = cosx dx.
The cosx term can be combined with the dx
du B | when substituti
—— =cosx when substituting.
dx

So substitute ‘cos x dx’ with ‘du’.

(sin x + 1)8 = u? ‘I Use u = sinx + 1 to substitute for the
remaining terms, rearranging where
sin x =u—1J required to get sinx =u — 1.
So I= J(u — Nu®du Rewrite I in terms of u.
= f(u‘* — u?) d;‘
. 4 Multiply out the bracket and integrate in the
_w_w n CJ usual way.
5 4
sinx +1° (sinx +1)*
So I= ( 5 F i ) +C

Notice that this example might have been disguised by asking you to use the substitution

u=sinx + 1 to find fsin 2x(1 + sinx)3 dx. You then need to write sin 2x as 2 sinx cosx

and then proceed as in Example 12. Similar examples might appear in the C4 examination.

In the previous examples the substitution was given. In very simple cases you may be left to
choose a substitution of your own.

Use integration by substitution to find f 6xe*” dx.

Since you know how to integrate fe“ du, try
substituting u = x2.

Let u = x°
So ég - Zx\ First aim to replace the dx. You can also use

dx the x and a 2 from the expression. This

Let = f@xcxzdx.-—/

2
So replace 2x dx with du and replace leaves 3e™.
Be* with Bet.
©0 I= f56” dife—————— Write [ in terms of u.

= e+ C
So [=3%e" + Co— Rewrite the answer in terms of x.
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Notice that this integral is one that could have been answered by the methods of

Section 6.5. All the integrals in that section can be answered by using substitution but if
you can learn how to identify those forms then it is quicker to use the method outlined in
that section.

Sometimes implicit differentiation may be needed to help you in the first step of an
integration by substitution.

Use the substitution u? = 2x + 5 to find [xV2x + 5 dx. (This solution should be compared
with Example 11.)

First aim to replace the dx.

Let I=fxv2x+5dx

u?=2x+5
du L o

ou—=2 Using implicit differentiation, cancel 2 and
dx rearrange to get dx = udu.

So replace dx with udu.

V2x+5=u Substitute the remaining expressions. You will
W2 —5 need to make x the subject of u? = 2x + 5.
and x = ———
2

2—-5
So I=J(u—2—)u X udu

u*  bu*
N\ T o du Multiply out the brackets and integrate.
@ me
10 ©
5 3
_ (ex+5)2 5(2x +5)?
go U= 10 - 6 +te Rewrite answer in terms of x.

If you compare this solution with Example 11 the integration step is a little easier (since
you are dealing with integer powers not fractions) but the first and last steps you might
consider a little more difficult. Unless the substitution is specified in the question you can
choose which sort of substitution you wish to use.

Integration by substitution can also be used to evaluate definite integrals by changing the
limits of the integral as well as the expression being integrated.

Example m
Use integration by substitution to evaluate:

2 z _
a j x(x+1)3dx b f cosxV1 + sinx dx
0 0




2
a lLet I=J x(x + 1)°dx
o)
Let u=x+1
dau
- :’l
dx
50 replace dx with du and replace
(x + 1)® with u®, and x with u —1.

X u
2 |5
O |1

=484 —20=2564

b jEcoe xV1 + sinx dx
0

l, du
u=1+ sin x:>d— = cos X, g0 replace
X

cos x dx with du aqd replace

V(1 + sinx) with uZ.

u

X
7
2
o)

S0 I=%(2V2-1)

2 1
So I—fu%lu»\
1
ERIE

Replace each term in x with a term in & in
the usual way.

Change the limits. When x = 2,
u=2+1=3andwhenx=0,u=1.

Note that the new u limits replace their
corresponding x limits.

Multiply out and integrate. Remember there
is no need for a +C.

The integral can now be evaluated using the
limits for u without having to change back
into x.

Useu =1+ sinx.

Remember that limits for integrals involving
trigonometric functions will always be in
radians.

m
x=? meansu =1+1=2andx =0,

meansu=1+0=1.

Rewrite the integral in terms of u.

3
Remember that 22 = \/8 = 2V2.
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1 Use the given substitution to find the following integrals:

a [xV1+xdx,u=1+x bf%dx;u=1+x
X

1+ sinx .
cf—dx;u=smx d |[x3+2x)°dx; u=3+2x
COsX

¢ J’sin3x dx; u=cosx

2 Use the given substitution to find the following integrals:

a |xV2+xdx; u2=2+x f——dx u=\x
W(x

c fseczxtanx\/1+tan;dx; =1+ tanx
Vx2 + 4

df dx; u2=x2+4 e fsec4xdx;u=tanx

3 Evaluate the following:

5 z —

a fox+4dx b f;secxtanszecx—i-de
(0}

cfs ! dx; letu2=x—-1 df%ﬂlz—ede letu=1+coso
2 1+Vx—1 ’ o1+ co
1 4 1

e | x(2+x)3dx f | ———— dx;letu=Vx
J’o @+2) L Va(dx — 1)

6,7 You can use integration by parts to integrate some expressions.

In the C3 book you met the product rule for differentiation:

4 () =v— du +u dv

dx dx dx
Rearranging gives

dv du

oLy -y

dx dx dx

Now integrating each term with respect to x gives

fu%dxzf%(uv)dx—fv%dx

Now, since differentiating a function and then integrating it leaves the function unchanged,

you can simplify f ai— (uv) dx to uv, and this gives the integration by parts formula:

[ | fu%dx=uv—fv?—d‘:dx




d
This formula enables you to exchange an integral which is complicated ( f u a‘% dx) for a
simpler one ( f v% dx) You will not be expected to produce this proof in the C4

examination.

Example m

Find [x cosx dx.

Let IZchoexdx Let u = x and %}=cosx.
du
Uu=x =>—=1 du dv
ax Complete the table for v, v, — and —.
v dx dx

U =s5inXx &—=c05X . : . dv
dx o Take care to differentiate u but integrate o
x

Using the integration by parts formula:
, dw . .
I=xsinx— Jein X X 1dx Notice that fv . dx is a simpler integral

dv
=xsinx+cosx+C thanfuadx.

In general you will usually let u = any terms of the form x”, but there is one exception to
this and that is when there is a Inx term. In this case you should let u = the Inx term.

Example

Find [x%2Inx dx.

Since there is a Inx term, let # = Inx and
dv

Let I=fx21r1xdx dx_xz-
du 1
Uu=hx=-—=—
dr X du dv
% Complete the table for v, v, — and —.
X dov ; dx dx
0 == — =X
3 dx dv
Take care to differentiate « but integrate —.
x° x° 1 dx
I=—hx—| —=X—dx
3 3 x \
X3 x2 Apply the integration by parts formula.
=—Inx—| -dx
x° x° Simplify the p <
=" hx——+¢ implity t evdx term.
3

Sometimes you may have to use integration by parts twice.



Find |x%e* dx.

Let = sze" dx

U=x2=—=2x
dx

do
U:6x<=d—:6x
X

So [ = x%e* — foex dx —
Apply the integration by parts formula.

du
U=2x=>—=2

dax

do
V=& —=¢"

dx

So [ = x%e* — [2xex — fZex dx}

= x%e¥ — 2xe* + f26" dx

= x%e¥ — 2xe* + 2e¥ + C

Integration by parts involves integrating in two separate stages (first the uv term then the

f v%dx). Any limits can be applied separately to each part.

2
Evaluate f Inx dx, leaving your answer in terms of natural logarithms.
1

2 2
LetI=f[nxdx =J Inx X 1dx
1 1

dau 1
U=hx=—=—

ax x
do

v=x &—=1
dax

2 1
Iz[xlmx]f—f xX;dx
1

=(2Im2)—-UInU-—JQ1dx
=2In2— [x 1
=2In2—2—1
=2In2—1

Integration

Fh 2

There is no Inx term so let u = x2 and

v _
dx
du dv
Complete the table for u, v, — and —.
dx dx

dv
Take care to differentiate « but integrate o
X

Notice that this integral is simpler than I but
still not one you can write down. It has a
similar structure to I and so you can use
integration by parts again with « = 2x and
dv

— =¢".
dx

Apply the integration by parts formula a
second time.

Write the expression to be integrated as

dv
Inx X1, thenu =Inx and — =1.
dx

Complete the usual table.

Apply the limits to the uv term and to

fv% dx.

Evaluate the limits on uwv and remember
In1=0.




B The following integrals should be given in your formulae booklet and they can easily be
verified by differentiation. Some of them are used in the next exercise.

° ftanxdx=|n|secx|+C
° fsecxdx=|n|secx+tanx|+C
° fcotxdx=ln|sinx|+C

° fcosecxdx = —In|cosecx + cotx| + C

1 Find the following integrals:
a |xsinx dx b |xe*dx c fxseczxdx

X
d |xsecxtanxdx e fz—dx
sin®x

2 Find the following integrals:

a |x?’Inxdx belnxdx C fl—ngdx
x
d [(nzpdx e [@+ nxde
3 Find the following integrals:

a sze*xdx b |x?cosx dx C f12x2(3+2x)5dx

d fozsiandx c foZSeCthanxdx

4 Evaluate the following:
In 2 o > 2lnx
a xeZ dx bfzxsinxdx C fzxcosxdx d n—zdx
0 0 0 1 X

1 T a
e f4x(1 +x)3dx £ fxcos Gx)dx g F sinx In (secx) dx
(0} (0} 0

6,8 You can use numerical integration.

In the C2 book you met the trapezium rule for finding an approximate value for a
definite integral. In C4 you may be asked to use the trapezium rule for integrals involving
some of the new functions met in C3 and C4.

Ya
B Remember: the trapezium rule is _
y = f(x)
b
Jay dx =3 hlyo+2(y 1+ Yo+ oo +¥p1) + 30l )
b—a .
where h = W and y; =f(a+ ih) -




P 2¥

Integration

For the integral I = J isecx dx:

a Find the exact value of I.
b Use the trapezium rule with two strips to estimate I.

¢ Use the trapezium rule with four strips to find a second estimate for I.

d Find the percentage error in using these two estimates for I.
Use the formulae booklet or see Section 6.7.

z
2]

a I=J sec X dx:
0

= [ln |sec x + tan x|]g
0 m__1 _ 1 _ @
: : sec 3 7 05 2 and tan 3 V3.
= (Inl2+V3l) = (nl1+ 0l 3
=In(2 + V3)
b T T
x | O — -
© ) .
Complete the table to find the values of y.
y |1 1155 | 2

Iz%%m +2 X 1155 + 2]

T
=—XDb31=1390...
12

=139 (3 sf)
c
T T T T
1% |2 | |3 |B
Complete the table to find the values of y.
y |1 1.035 | 1155 [ 1414 | 2

[~ %% [ + 2(1.035 + 1165 + 1414) + 2]

w
= —[10.208]
24

= 1336 224 075 ... = 1.34 (3 o.f)




d
Fercentage error in using b is
(1390 ... — Inl2 + V3])

|]’]|2+\/5| X100 = 5.6%

Fercentage error in using ¢ is

(1336 ... — In |2 + V3l)
Inl2 + V3l

So ¢ is more accurate.

X100 = 1.5%

1 Use the trapezium rule with #n strips to estimate the following:

3
a f In(1+x?)dx;n=6
(0}

bjiV(1+tan_x)dx;n=4

C jz—l——dx'n=4
oVer+1)

1
d f cosec2(x2+ 1)dx; n=4
—1

1.1
e J Vcotxdx; n=35
0.1

4
a Find the exact value of I = f x lnx dx.
1

b Find approximate values for I using the trapezium rule with
i 3 strips ii 6 strips
¢ Compare the percentage error for these two approximations.

1
a Find an approximate value for I = f e*tanx dx using
(0]
i 2 strips ii 4 strips iii 8 strips.

b Suggest a possible value for I.

2
a Find the exact value of I = f x V(2 —x)dx.
0
b Find an approximate value for I using the trapezium rule with
i 4 strips ii 6 strips.
¢ Compare the percentage error for these two approximations.
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6,9 You can use integration to find areas and volumes.

In the C2 book you saw how to find the area of a region R between a curve and the x-axis:

B Area of region between y = f(x), the x-axis and x = a and x = b is given by:
b
Area = f y dx

This area can be thought of as a limit of a sum

of approximate rectangular strips of width é&x Hint: Since the strip is roughly rectangular the
and length y area is approximately yox.

Thus the area is the limit of 2 yéx as &x — 0. The integration symbol f is an elongated ‘S’ to
represent this idea of a sum.

If each strip is now revolved through 27 radians (or 360 degrees) about the x-axis, it will
form a shape that is approximately cylindrical. The volume of each cylinder will be my28x
since the radius is y and the height is éx.

The limit of the sum Zwyzax, as &x — 0, is given by = f y?dx and this formula can be used

to find the volume of the solid formed when the region R is rotated through 27 radians
about the x-axis.

B Volume of revolution formed when y = f(x) is rotated about the x-axis between x = a and
x = b is given by:

b
Volume = wf y2dx

Example m

The region R is bounded by the curve with equation y = sin 2x, the x-axis and the lines
w
=0andx =—.
X andx = -
a Find the area of R.

b Find the volume of the solid formed when the region R is rotated through 27 radians
about the x-axis.

a Area= szin 2X dx
= [—%coe Zac]E
(0]
=(—z(=1) — (~32)
=1




b Volume =

@ Use cos2A=1 — 2sin? A.
|

2
2
in i i
. 2x dx Rearrange to give sin?A= ...

71
= WJZ—O — c0s 4x) dx
02 \

1 1 7
=a|—x— —sindx
|

R

Note that 2 X 2x gives 4x in the cos term.

Multiply out and integrate.

Sometimes the equation of the curve may be given in terms of parameters. You can
integrate in terms of the parameter by changing the variable in a manner similar to that
described in Section 6.6.

Example m

The curve C has parametric equations

x=t1+1

where t is the parameter and t= 0.
The region R is bounded by C, the x-axis and the lines x = 0 and x = 2.

a Find the exact area of R.

b Find the exact volume of the solid formed when R is rotated through 27 radians about
the x-axis.

You need to change the integral into one in

2
a AreaZJ Y dx terms of t.
o
o= [y ae
X=|y—
Yy L

By the chain rule

dx
x=tl+t)= E =1+2t Write x = t + t2 and then differentiate.

x=0s0t(l+t)=0s0t=0or —1,
but since t=0,t =0

_ 2 _ o=
x=2s0t°+t—2=0 Change the limits.

so(t+2)(t—1)=0,s0t="10r —2,
but since t=0, t="1
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ax
S0 Area = nydt

= 1ETi¥—5(1+-2t)dt

Divide (1 + t) into the numerator.
[l e L

1
= [21:— In 1 +t|]

0

Simplify using algebraic division.

=(2—1n2)— (0 —In1)
=2—In2

By the chain rule as above.
dx /
b Volume = ijzdx = WJyZEdt

1 Limits will be the same as for the area.
Volume = —— (1 +2t)dt
o (1+ 1) z (1 +20)

1+ 2t A B . .
= 4F Use partial fractions.
1+t)? (+8)2 (1+1)

1+m=A+Bm+5}

B=2 Substitute values of t or compare coefficients.
A=—1 J
2 1
S50 Volume = Wj — dt
o\1+t (1+1t)?

1 T
=m2nll+tl + ———
1+19]

=a[(2In2+3) — (0+1)]
=722 —3)

1 The region R is bounded by the curve with equation y = f(x), the x-axis and the lines
x =a and x = b. In each of the following cases find the exact value of:
i the area of R,
ii the volume of the solid of revolution formed by rotating R through 27 radians about

the x-axis.
af)——2—:a=0,b=1 b f(x) =secx; a=0, b=—
1+x 3
c fx)=Inx;a=1,b=2 df(x)zsecxtanx;azO,b=7T

4
e fx)=xV4—-x%a=0,b=2




2 Find the exact area between the curve y = f(x), the x-axis and the linesx =a and x =b

where:
4x + 3 X
a f(x) = ;a=1,b=2 b f(x ——,a—Ob 2
2 (x+2)(2x—1) () = (x+ 1)
¢ f(x)=xsinx; a=0, b—; d f(x) = cosx Zsinx+—1;a=0,b=%

e fx)=xe ™, a=0,b=In2

3 The region R is bounded by the curve C, the x-axis and the lines x = —8 and x = +8.
The parametric equations for C are x = 3 and y = 2. Find:
a the area of R,

b the volume of the solid of revolution formed when R is rotated through 2= radians
about the x-axis.

4 The curve C has parametric equations x = sint, y =sin2t, 0 <t < g
a Find the area of the region bounded by C and the x-axis.
If this region is revolved through 2= radians about the x-axis,

b find the volume of the solid formed.

6.10 You can use integration to solve differential equations.

In Chapter 4 you met differential equations. In this section you will learn how to solve
simple first order differential equations by the process called separation of variables.

B When ol = f(x)g(y) you can write

dx

This is called separating
the variables.

f y = [f) dx

d
Find a general solution to the differential equation (1 + x?) ay =x tany.

Write the equation in the form P = f(x)g(y)
dy X / dx
—— =——tany

dx 1+«
Now separate the variables so that
/ ——dy = f(x) dx.
[y =[5 90)
tany y T+ x
) L 1
X Use coty = —.
fcotydy=J1—+¥dx tany

Integrate, remembering that the integral of

In[siny| = %[n 1+ x2| + C// coty is in the formulae book (or see page 108).



Integration

Don’t forget the + C which could be written

or In|siny|=zIn|1+ x|+ Inks

as In k.
ln|siny| = In|kV1+ x?| Combining logs.
50 siny = kV1 + x? Finally remove the In. Sometimes you might

be asked to give your answer in the form

y = f(x). This question did not specify that so
it is acceptable to give the answer in this
form.

Sometimes boundary conditions are given in a question which enable you to find a
particular solution to the differential equation. In this case you first find the general solution
and then apply the boundary conditions to find the value of the constant of integration.

Find the particular solution of the differential equation
dy _ -30-2)
dc (2x+ 1)(x+2)
given that x = 1 when y = 4. Leave your answer in the form y = f(x).

First separate the variables.
dx

1
=
jy—z Y=l e+ N+ 2)
—3 A B Use partial fractions for this integral.

Gt )xt2) @t (x+2)
—3=A(x +2) + B(2x + 1)

x = —2 gives —5=—%Bso B=1

x=—-05gves —3=5A s0 A=—2

So Rewrite the integral using the partial fractions.
1 1 2 /
Jy_—_zdyzfﬁz_zx o

+1 Integrate and use + In k instead of +C.
nly—2l=Inlx+ 2] —Inl2x + 1] +'Ink

/ Combine In terms.

Remove In.

K +2)

(2x +—1)

x+2
y-2=k(-—= 5
2x +1 Use the condition x = 1 when y = 4 by

substituting these values in the general
4— 0 = /<<1—+—2> — k=2 solution here, and solve to find .
2+1

x+2 / Substitute k = 2 and write the answer in the
So y=2+2 (——) form y = f(x) as requested.

Iy — 2| =In




1 Find general solutions of the following differential equations. Leave your answer in the

form y = f(x).
ag_(l‘l—)(l—ZJC) bd—y— tanx
dx Y a7
d
C Coszacilz =y?sin’x d & 257
dx dx

e x2%=y+xy

2 Find a general solution of the following differential equations. (You do not need to
write the answers in the form y = f(x).)

ly . d X cosy
a — =tanytanx b sinycosx — =—=
dx dx CcosXx
d
c (1 -i-xz)gxZ =x(1-y? d cosysin 2x ay = cotx cosecy

e e“ygz =x(2+ &)
dx

3 Find general solutions of the following differential equations:

d d
a —y=yex b —y=xey
dx dx
c Y Cosx d d—y—xcos
a7 dx J
d d
e ay=(1+cos2x)cosy f ay=(1+C052y)cosx

Find particular solutions of the following differential equations using the given
boundary conditions.

a —y=sinxcoszx'y=0 x=2
dx ’ ’ 3
dy ) ) _ o

b » = sec’x sec y,y—O,x—4
d

C ay=2coszycoszx;y=%,x=0

dy
d (1—x2)a=xy+y;x=0.5,y=6

dy 1
e 2(l+x)—=1-y3x=5,y=3
( )1 y y=3
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6," Sometimes the differential equation will arise out of a context and the solution
may need interpreting in terms of that context.

Example E

dr
The rate of increase of a population P of microorganisms at time f is given by Frin kP,

where k is a positive constant. Given that at t = O the population was of size 8, and at t=1
the population is 56, find the size of the population at time ¢ = 2.

{ = kP ¢ Separate the variables.
dt
1
f;df? = Jk dt Integrate and include the +C.
In|P| =kt +C - 
Notice that there are 2 unknown letters, k
t=0,FP=56givesn&=C and C. Use t=0 and P = 8 to find C.

So In|P|=kt+1In&

Or In g| =kt Use properties of logs to simplify.

t=1F=56gives In7 =k —

Now use t=1 and P = 56 to find k.

P
So In —|=t|r17
&
t = 2 gives
P Now let t = 2.
In g|=2ln7

f?
but 21H7=|H49=>g=49

So P=8X49 =392

Many of the examples in the next exercise are related to differential equations met in
Section 4.5.

Exercise m

1 The size of a certain population at time t is given by P. The rate of increase of P is given

dpr
by Frin 2P. Given that at time t = O, the population was 3, find the population at time

t=2.




2 The number of particles at time t of a certain radioactive substance is N. The substance

dN N
is decaying in such a way that a3

Given that at time ¢ = 0 the number of particles is N, find the time when the number
of particles remaining is 3N,
3 The mass M at time ¢ of the leaves of a certain plant varies according to the differential
dMm
equation —— = M — M2.
dt
a Given that at time t =0, M = 0.5, find an expression for M in terms of t.

b Find a value for M when t=1n 2.
¢ Explain what happens to the value of M as t increases.

4 The volume of liquid Vcm? at time t seconds satisfies

_15ﬂ =2V — 450.
dt
Given that initially the volume is 300 cm3, find to the nearest cm? the volume after
15 seconds.
. . s : dx 1 )
5 The thickness of ice x mm on a pond is increasing and — = ——, where t is measured

dt  20x?’
in hours. Find how long it takes the thickness of ice to increase from 1 mm to 2 mm.

dh
6 The depth h metres of fluid in a tank at time f minutes satisfies FTin —kVh, where k is

a positive constant. Find, in terms of k, how long it takes the depth to decrease from
9m to 4m.

k
7 The rate of increase of the radius r kilometres of an oil slick is given by —3—; =2 where k

is a positive constant. When the slick was first observed the radius was 3 km. Two days
later it was 5 km. Find, to the nearest day when the radius will be 6.

B Mixed exercise m

N 3 48
1 [Itis given thaty =x2 +—x—,x>().

a Find the value of x and the value of y when % =0.

b Show that the value of y which you found is a minimum.
3 48
The finite region R is bounded by the curve with equation y = X7+ —, thelinesx=1,x=4
X
and the x-axis.

¢ Find, by integration, the area of R giving your answer in the form p + gInr, where
the numbers p, g and r are to be found.
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2 The curve C has two arcs, as shown, and the equations Y4 C
x =3ty =28, P
where f is a parameter.
a Find an equation of the tangent to C at the point P where
t=2.

The tangent meets the curve again at the point Q. 5 >

b Show that the coordinates of Q are (3, —2). Q

The shaded region R is bounded by the arcs OP and OQ of the

curve C, and the line PQ, as shown.

C
¢ Find the area of R. G

3 a Show that (1 + sin 2x)% = 5(3 + 4 sin 2x — cos 4x).

b The finite region bounded by the curve with equation y =1 + sin 2x, the x-axis, the y-axis

m
and the line with equation x = e is rotated through 2 about the x-axis.

Using calculus, calculate the volume of the solid generated, giving your answer in

terms of .
4 YA
/
R
0 5 1 x

This graph shows part of the curve with equation y = f(x) where
1
fx) =e0% + =, x> 0.
x

The curve has a stationary point at x = a.
a Find f'(x).
b Hence calculate f'(1.05) and {'(1.10) and deduce that 1.05 < o < 1.10.

¢ Find [f(@) dv.

The shaded region R is bounded by the curve, the x-axis and the lines x = 2 and x = 4.
d Find, to 2 decimal places, the area of R. e

5 a Find fxe*xdx.

b Given thaty = g at x = 0, solve the differential equation

X
¢ dx sin 2y’ 9



6 The diagram shows the finite shaded region Ny
bounded by the curve with equation

y =x%+ 3, the lines x = 1, x = 0 and the x-axis. /
This region is rotated through 360° about the x-axis. /

Find the volume generated.

7 a Find —1—dx
x(x+1)

1
b Using the substitution u = e* and the answer to a, or otherwise, find f e dx.

¢ Use integration by parts to find [x?sinx dx. @

8 a Find |xsin 2x dx.

d;
b Given thaty=0atx = g, solve the differential equation ay = x sin 2x cos?y. @

9 a Find |x cos 2x dx.
b This diagram shows part of the curve with
1

equation y = 2x2 sinx. The shaded region in
the diagram is bounded by the curve, the x-axis

and the line with equation x = g This shaded

region is rotated through 2= radians about the
x-axis to form a solid of revolution. Using
calculus, calculate the volume of the solid of
revolution formed, giving your answer in
terms of .

-
<Y

@

A curve has equation y = f(x) and passes through the point with coordinates (0, —1).
Given that f'(x) = 3% — 6x,

a use integration to obtain an expression for f(x),
b show that there is a root « of the equation f'(x) = 0, such that 1.41 <« < 1.43. G

1 2
f(x) = 16x2 — . x>0.
a Solve the equation f(x) = 0.

b Find [£(x) dx.

4
¢ Evaluate f f(x) dx, giving your answer in the form p + gInr, where p, g and r are
1

rational numbers. e
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Shown is part of a curve C with equation y = x? + 3. The shaded region is bounded by C, the
x-axis and the lines with equations x = 1 and x = 3. The shaded region is rotated through
360° about the x-axis.

Using calculus, calculate the volume of the solid generated. Give your answer as an
exact multiple of . Q

a Find [x(x? + 3)° dx

el 2
b Show that | —Inxdx=1-—
1x e
P 1 4p -2
¢ Given that p > 1, show that f dxz%lni— G
1(x+1)2x—1) p+1
Sx2-8x+1 A B C

=—+ +
2x(x—1)> x x—-1 (x—1)?

a Find the values of the constants A, B and C.

f(x) =

b Hence find f f(x) dx.

9
¢ Hence show that f f(x)dx = ln(% - 2% 9
4

P
x=5cos6,y=4sin6 0<60<2m. /—\R
a Find the gradient of the curve at the point P at !_/

T
hich 6§ = —.
whic 1

. . ¥4
The curve shown has parametric equations

RY

b Find an equation of the tangent to the curve at
the point P.

¢ Find the coordinates of the point R where this tangent meets the x-axis.
The shaded region is bounded by the tangent PR, the curve and the x-axis.

d Find the area of the shaded region, leaving your answer in terms of . e



16 a Obtain the general solution of the differential equation

—=xy%, y>0.
] Y5y

b Given also that y = 1 at x = 1, show that

2
y=—-—,-V3<x<\V3
3—x?

is a particular solution of the differential equation.
2
The curve C has equation y = Fopeiias V3, x#V3
-

¢ Write down the gradient of C at the point (1, 1).
d Deduce that the line which is a tangent to C at the point (1, 1) has equation y = x.

e Find the coordinates of the point where the line y = x again meets the curve C. 9
17,
N
C
P
9] x

The diagram shows the curve C with parametric equations

x =asin?t,y =acost, 0 <t<jm,
where a is a positive constant. The point P lies on C and has coordinates (%a, %a).
a Find %, giving your answer in terms of t.

b Find an equation of the tangent to C at P.
¢ Show that a cartesian equation of C is y? = a®> — ax.

The shaded region is bounded by C, the tangent at P and the x-axis. This shaded region is
rotated through 27 radians about the x-axis to form a solid of revolution.

d Use calculus to calculate the volume of the solid revolution formed, giving your
answer in the form kma3, where k is an exact fraction.

a Using the substitution u =1 + 2x, or otherwise, find
4x
- dx,
(1 + 2x)?
o
4

1+ 2P 0O
dx sin?y

x>_%'

b Given that y = — when x = 0, solve the differential equation
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The diagram shows the curve with equation y = xe%, -3 <x <3.

YA

R>

(SIS

Ry 0]

[ Y e e

The finite region R; bounded by the curve, the x-axis and the line x = —} has area A,.
The finite region R, bounded by the curve, the x-axis and the line x = } has area A,.

a Find the exact values of A; and A, by integration.

b Show that A;: A, = (e —2):e. e
Find [x?e *dx.

. . . . dy -
Given that y = 0 at x = 0, solve the differential equation o xZed ¥, @
The curve with equation y = e3* + 1 meets the line y = 8 at the point (h, 8).

a Find h, giving your answer in terms of natural logarithms.

b Show that the area of the finite region enclosed by the curve with equation y = e3* + 1,
the x-axis, the y-axis and the linex =his 2 +3In7.

a Given that
x2 B C
+

find the values of the constants A, B and C.

b Given that x = 2 at £ = 1, solve the differential equation

dx 2
—=2-—,x>1.
dt x?
You need not simplify your final answer. G

The curve C is given by the equations
x=2t,y=1=t,
where t is a parameter.

a Find an equation of the normal to C at the point P on C where £ = 3.

The normal meets the y-axis at the point B. The finite region R is bounded by the part of
the curve C between the origin O and P, and the lines OB and BP.

b Show the region R, together with its boundaries, in a sketch.




0 1 X
Shown is part of the curve with equation y = e* — e™*. The shaded region R is bounded by

the curve, the x-axis and the line with equation x = 1.

Use calculus to find the area of R, giving your answer in terms of e. Q

d.
a Given that 2y =x — sinx cosx, show that axz = sin?x.

b Hence find f sin?x dx.
¢ Hence, using integration by parts, find f x sin?x dx. e

The rate, in cm3s™!, at which oil is leaking from an engine sump at any time ¢t seconds is
proportional to the volume of oil, V.cm3, in the sump at that instant. At time t =0, V = A.

a By forming and integrating a differential equation, show that
V=Aek
where k is a positive constant.

b Sketch a graph to show the relation between V and t.
Given further that V=34 att=T,

¢ show that kT =1n 2. @
YA S
P
R
ol 1 X

This graph shows part of the curve C with parametric equations
x=({t+1)2y=33+3,t=—1.

P is the point on the curve where t = 2. The line § is the normal to C at P.

a Find an equation of S.

The shaded region R is bounded by C, §, the x-axis and the line with equation x = 1.

b Using integration and showing all your working, find the area of R. 9




28

29

30

31

32

A,

0 N X

Shown is part of the curve C with parametric equations

x=1t,y=sin2t, t=0.

The point A is an intersection of C with the x-axis.

a Find, in terms of =, the x-coordinate of A.
b Find gx—y in terms of t, t > 0.

¢ Show that an equation of the tangent to C at A is 4x + 27y = 72
The shaded region is bounded by C and the x-axis.
d Use calculus to find, in terms of 7, the area of the shaded region.

Showing your method clearly in each case, find
a J’sinzx cosx dx,
b |[xInxdx.

Using the substitution ## =x + 1, where x > -1, t >0,
¢ Find dex
Ve+1

3 X
d Hence evaluate f ﬁdx
o Vx

a Using the substitution u = 1 + 2x?, find J’ x(1 + 2x?)° dx.
b Given thaty = g at x = 0, solve the differential equation

dy
——=x(1 + 2x%)° cos* 2y.
x( )> COs* 2y

Find |x%1n 2x dx.

Obtain the solution of
dy
xx+2)—=y,y>0,x>0,
(: )dx Yy

for which y = 2 at x = 2, giving your answer in the form y? = f(x).

Integration

Fh 2




33

34

a Use integration by parts to show that 4
f4xsec2xdx =1lr—1n2.
0

The finite region R, bounded by the curve

1 T
with equation y = x2 secx, the line x = 1 and R

the x-axis is shown. The region R is rotated 0
through 2 radians about the x-axis.

INE

b Find the volume of the solid of revolution
generated.

1
¢ Find the gradient of the curve with equation y = x2 secx at the point where x = g

Part of the design of a stained glass window is shown. The A

QY

o

:

)

y
two loops enclose an area of blue glass. The remaining area
within the rectangle ABCD is red glass.
The loops are described by the curve with parametric 6
equations \
x=3cost,y=9sin2t, 0<t<2m.

D
a Find the Cartesian equation of the curve in the form y? = f(x).

b Show that the shaded area enclosed by the curve and the positive x-axis, is given by
f ZA sin 2tsin tdt, stating the value of the constant A.

¢ Find the value of this integral.

The sides of the rectangle ABCD are the tangents to the curve that are parallel to the
coordinate axes. Given that 1 unit on each axis represents 1 cm,

d find the total area of the red glass.

xY



Integration

Summary of key points

1 You should be familiar with the following integrals.

fx”= 3’:11 + C
fex=ex+C
f%=1n|x| + C

fcosx =sinx + C

fsinx = —cosx + C

fseczx =tanx + C

cosecx cotx = —cosecx + C
cosec’x = —cotx + C

secxtanx = secx + C

2 Using the chain rule in reverse you can obtain generalisations of the above formulae.
1
[fr(ax + b)dx=—f(ax+b)+ C

+bn+1
[@x+pyrax - L ELD
a n+1

+C
fax+b 1

e®thdx =—e®*h + C

a

f—l—dx=lln|ax+b|+c

ax +b a

1

fcos(ax+b)dx=gsin(ax+b)+c

. 1
fsm(ax+b)dx=—acos(ax+b)+C
fsecz(ax+b)dx=%tan(ax+b)+c
fcosec(ax+b) cot (ax + b)dx = —%cosec (ax +b) + C

fcosecz(aerb)dx: —%cot(ax+b) +C

1
fsec(ax+b)tan(ax+b)dx=Esec(ax+b)+C




_1,' I

10

11

12

Sometimes trigonometric identities can be useful to help change the expression into
one you know how to integrate.
e.g. To integrate sin®x or cos?x use formulae for cos 2x, so

fsinzxdx=J(%—%c052x)dx

x—395
You can use partial fractions to integrate expressions of the e .
p 8 p typ @+ 1)@ —2)

You should remember the following general patterns:

f'(x)
[=2 dx =In|f@)| +C

f(x)

’ n = n+1. —
Jretien de = —— [ n e -1

Sometimes you can simplify an integral by changing the variable. This process is similar
to using the chain rule in differentiation and is called integration by substitution.

Integration by parts:

Ju%dx=uv—fv%dx

ftanxdx=1n|secx| +C
fsecxdx=ln|secx+tanx| +C
fcotxdx=ln|sinx| +C

fcosecxdx = —In|cosecx + cotx|+ C

Remember: the trapezium rule is

b
Lydx%%h[yo T2yt Y2t o Yuo1) TVl

—da

where h = and y; = f(a + ih)

Area of region between y = f(x), the x-axis and x = a and x = b is given by:
b
Area = f ydx
Volume of revolution formed by rotating y about the x-axis between x =a and x = b is
given by:
b
Volume = = J’ y?dx

d
When S f(x)g(y) you can write
dx This is called separating the variables.

f$ y = [fer) dx



\

Review EXxercise

k_{\ ' LA

3

2x —1

Express(x )% = 3)

in partial fractions.

_ 3x +7

(x+ D+ 2)x + 3)
Express f(x) as the sum of three partial
fractions.

It is given that f(x)

2
(2 —x)(1 +x)2’
express f(x) in the form

Given that f(x) =

A B C
C-n d+tx) T+27 o
1462 + 13x + 2 _
(x + 1)(2x + 1)?

A B C
x+1+2x+1+(2x+1)2'

Find the values of the constants A, B
and C.

o oxt+e6x+7

)

x € R.

B C
T+ @+t3)

find the values of A, B and C.

Given that f(x) = A +

. _ 11 — 5x2
0 Given that f(x) = ERT L find
constants A and B such that
_ A B
(0 =5+ A5t g (E]
_ 9 —3x — 12x2
) ==+ 20
. B C
=A+ +
Given that f(x) = A i-n T+

find the values of the constants A, B and C.

Use the Binomial theorem to expand

4 - ), x| < g, in ascending powers of
x, as far as the term in x3, simplifying each
term.

fx) = (2 - 50)72 x| < 2.

Find the binomial expansion of f(x),
in ascending powers of x, as far as the
term in x3, giving each coefficient as a
simplified fraction.

(0 f(x) = 3 + 22)73, | < 3.

Find the binomial expansion of f(x), in
ascending powers of x, as far as the term
in 3. Give each coefficient as a simplified
fraction.




1+x),-1<x<1

_ 1
Dw-m7=
Find the series expansion of f(x) in
ascending powers of x up to and
including the term in x3. 9
Given that
3+ _ A , B
1+3x)1-x) 1+3x) (1-x'

a find the values of the constants A and B.

b Hence or otherwise find the series
expansion, in ascending powers of x, up
to and including the term in x?, of

3+ S5x
(1 +3x)(1 —x)

c State, with a reason, whether your series

expansion in part b is valid for x = %

o

(5 f) =

Given that, for x # %,
k-1 __ A B
(1-2x)2 (1-2x) (1-2x)?’
where A and B are constants,
a find the values of A and B.
b Hence or otherwise find the series
expansion of f(x), in ascending powers

of x, up to and including the term in x3,
simplifying each term.
3x% + 16

f(x) =
@ 1= 32)(2 + x)?
A B C 1
= <=,
=30 @rn @rap M3
a Find the values of A and C and show
that B = 0.

b Hence, or otherwise, find the series
expansion of f(x), in ascending powers
of x, up to and including the term in x.
Simplify each term.

B =5 50—

a Express f(x) as a sum of partial fractions.

b Find the series expansion of f(x) in
ascending powers of x up to and
including the term in x2. Give each
coefficient as a simplified fraction.

(19 When (1 + ax)" is expanded as a series in
ascending powers of x, the coefficients of x
and x? are —6 and 45 respectively.

a Find the value of a and the value of n.
b Find the coefficient of x3.

¢ Find the set of values of x for which the
expansion is valid.

Q [adapted]

a Find the binomial expansion of

J(1 = x), in ascending powers of x up to
and including the term in x°.

b By substituting a suitable value for x in
this expansion, find an approximation
to /0.9, giving your answer to 6 decimal
places.

@ In the binomial expansion, in ascending
powers of x, of (1 + ax)", where a and n
are constants, the coefficient of x is 15.
The coefficients of x? and of x3 are equal.
a Find the value of a and the value of n.

b Find the coefficient of x3.

The vectors uw and v are given by
u=5—-4+sk,v=2i+tj-3k

a Given that the vectors u and v are
perpendicular, find a relation between
the scalars s and t.

b Given instead that the vectors u and
v are parallel, find the values of the
scalars s and t.

Find the angle between the vectors a and
b given that |a| =4, |b| =4 and |a — b| = 7.

e [adapted]



The position vectors of the points A and B

relative to an origin O are 3i + 2j — k and
3i + 6j + 5k respectively. Find the
position vector of the point P which lies
on AB produced such that AP = 3BP.

e [adapted]

@ The points A and B have coordinates

(2t, 10, 1) and (3t, 2t, 5) respectively.
a Find |AB|.

b By differentiating |AB’, find the value of
t for which |AB| is a minimum.

¢ Find the minimum value of |AB)|.

The line /; has vector equation

r=11i + 5j + 6k + A(4i + 2j + 4K) and
the line I, has vector equation
r=24i+ 4j + 13k + u(7i + j + SKk),
where A and p are parameters.

a Show that the lines /; and [, intersect.

b Find the coordinates of their point of
intersection.

Given that #is the acute angle between /,
and /,

¢ find the value of cos 6. Give your
answer in the form kv/'3, where k is a
simplified fraction.

1 1
@ The line [, has equationr =| 0|+ Al 1
-1
and the line I, has equation
1 2
r=(3|+tum 1]
6 -1

a Show that /, and I, do not meet.

A is the point on /; where A =1 and B is
the point on I, where u = 2.

b Find the cosine of the acute angle
between AB and /.

@ The line [; has vector equation

r=28i+ 12j + 14k + A + j — K).
The points A, with coordinates (4, 8, a), and
B, with coordinates (b, 13, 13), lie on this line.

a Find the values of g and b.

Given that the point O is the origin, and
that the point P lies on [; such that OP is
perpendicular to [;,

b find the coordinates of P,

¢ Hence find the distance OP, giving
your answer as a simplified surd.

3 1
@ The line [; has equationr = |1| +A 1)
2 4
and the line [, has equation
0 1
r= 4|+ ul =11
-2 0

Find, by calculation,

a the coordinates of B, the point of
intersection of /; and /,,

b the value of cos 6, where 0 is the acute
angle between /, and /,. (Give your
answer as a simplified fraction.)

The point A, which lies on [, has position

vector a = 3i + j + 2k. The point C,

which lies on /,, has position vector

¢ = 5i — j — 2K. The point D lies in the

plane ABC and ABCD is a parallelogram .

¢ Show that |AB| = |BC|.

d Find the position vector of the
point D.

The points A and B have position vectors

5j + 11k and ci + dj + 21K respectively,
where ¢ and d are constants.

The line AB has vector equation
r=5j+ 11k + A(2i + j + SK).

a Find the value of ¢ and the value of d.

The point P lies on the line AB, and OP is
perpendicular to the line AB, where O is
the origin.
b Find the position vector of P.
¢ Find the area of triangle OAB,
giving your answer to 3 significant
figures.




The points A and B have position vectors

i —j + 3kand 4i + 3j — 2Kk respectively.

a Find |AB|.

b Find a vector equation for the line /;
which passes through the points A and B.

A second line /, has vector equation

r=06i+4j—- 3K+ u2i+j-K).

¢ Show that the line I, also passes
through B.

d Find the size of the acute angle between
I, and I,.

e Hence, or otherwise, find the shortest
distance from A to [,.

@ The point A, with coordinates (0, a, b) lies

on the line /;, which has equation
r=06i+ 195 — Kk + A{d + 4j — 2K).
a Find the values of a and b.

The point P lies on [; and is such that OP is
perpendicular to /;, where O is the origin.

b Find the position vector of point P.
Given that B has coordinates (5, 15, 1),

¢ show that the points A, P and B are
collinear and find the ratio AP: PB.

The point A has position vector

a = 2i + 2j + Kk and the point B has
position vector b = i + j — 4K, relative to
an origin O.

a Find the position vector of the point C,
with position vector ¢, given by
c=a+b.

b Show that OACB is a rectangle, and find
its exact area.

The diagonals of the rectangle, AB and OC

meet at the point D.

¢ Write down the position vector of the
point D.

d Find the size of the angle ADC. 9

Relative to a fixed origin O, the point A

has position vector 5§ + 5k and the point
B has position vector 3i + 2j — k.

a Find a vector equation of the line L
which passes through A and B.

The point C lies on the line L and OC is
perpendicular to L.

b Find the position vector of C.

The points O, B and A together with the
point D lie at the vertices of parallelogram
OBAD.

¢ Find the position vector of D.

d Find the area of the parallelogram
OBAD.

Find the gradient of the curve

3x3 — 2%y + y* =17
at the point with coordinates (2, 1). 9

A curve has equation

x?+ 2xy — 3y>+ 16 = 0.
Find the coordinates of the points on the
dy

curve where ax = 0. e

A curve C is described by the equation

32— 292+ 2x -3y +5=0.
Find an equation of the normal to C at
the point (0, 1), giving your answer in
the form ax + by + ¢ = 0, where a, b
and c are integers.

A curve C is described by the equation

3x% + 4y2 — 2x + 6xy — 5 = 0.
Find an equation of the tangent to C at
the point (1, —2), giving your answer in
the form ax + by + ¢ = 0, where a, b
and c are integers.

A set of curves is given by the equation

sinx + cosy = 0.5.

a Use implicit differentiation to find an

expression for g—i/

For —m<x<mand —w<y<m

b find the coordinates of the points

dy
where ax 0. e



b Vo oy,

a Given that y = 2%, and using the result dt
2% = e*n2, or otherwise, show that Given that V = 8 when ¢ = 0,
dy _ . ¢ solve the differential equation in part b,
- =2%]n 2.
dx and find the value of t when V = 16/2.

b Find the gradient of the curve with
equation y = 2* at the point with

coordinates (2, 16). 9 @ Liquid is poured into a container at
a constant rate of 30cm?3s~!. At time
Find the coordinates of the minimum t seconds liquid is leaking from the
point on the curve with equation y = x2*. container at a rate of = Vem®s ™!, where

Vem? is the volume of liquid in the

container at that time.
The value £V of a car t years after the

o a Show that
1st January 2001 is given by the formula av
V = 10000 x (1.5)7% —ISE = 2V — 450.
a Find the value of the car on 1st January Given that V = 1000 when ¢ = 0
2
905 dv b find the solution of the differential
b Find the value of dar when t = 4. 9 equation, in the form V = ().

@ A spherical balloon is being inflated in ¢ Find the limiting value of V'as £ — oc.

such a way that the rate of increase of its

volume, Vcm?3, with respect to time s o .
o P Liquid is pouring into a container at a
t seconds is given by

av K constant rate of 20cm3s~! and is leaking
—- = 1» where k is a positive constant. out at a rate proportional to the volume of

dte VvV
the liquid already in th tainer.
Given that the radius of the balloon is ¢ fquid already in the containet

_4_.3 a Explain why, at time t seconds,
rem, and that V = 4773, p Yy

that r satisfies the diff ial the volume, Vcm?, of liquid in the
a prove. at T satisties the ditterentia container satisfies the differential
equation i
equation
dr _ B

T where B is a constant. av_ 20 — kV,

b Find a general solution of the

where k is a positive constant.
differential equation obtained in part a.

The container is initial empty.

b By solving the differential equation,
m show that

V=A+ Be X,
giving the values of A and B in terms of k.

At time ¢ seconds the length of the side of a
cube is x cm, the surface area of the cube is Given also that &V = 10 when ¢ = 5,

Scm?, and the volume of the cube is Vcm?. dt
¢ find the volume of liquid in the

The surface area of the cube is increasing container at 10's after the start

at a constant rate of 8cm?s .
Show that €7} a Express @ 22— 1 partial

dx _ k “1)(2x - 3)

A x fractions.

where K is a constant to be found,




b Given that x = 2, find the general
solution of the differential equation

2x —3)x—1) g—i’ = (2x — 1)y.

¢ Hence find the particular solution of
this differential equation that satisfies
y =10 atx = 2, giving your answer in
the form y = f(x).

@ The rate of decrease of the concentration

of a drug in the blood stream is
proportional to the concentration C of
that drug which is present at that time.
The time ¢ is measured in hours from
the administration of the drug and C is
measured in micrograms per litre.

a Show that this process is described by

the differential equation ((11—? = —kC,

explaining why k is a positive constant.

b Find the general solution of the
differential equation, in the form
C = 1.
After 4 hours, the concentration of the
drug in the bloodstream is reduced to 10%
of its starting value C,.

¢ Find the exact value of k. 9

m A radioactive isotope decays in such a way

that the rate of change of the number, N,
of radioactive atoms present after t days, is
proportional to N.

a Write down a differential equation
relating N and t.

b Show that the general solution may be
written as N = Ae X where A and k are
positive constants.

Initially the number of radioactive atoms
present is 7 X 10'® and 8 days later the
number present is 3 X 107,

¢ Find the value of k.

d Find the number of radioactive atoms
present after a further 8 days.

The volume of a spherical balloon of

radius rcm is Vem?, where V = 3773,

dv

dr’

The volume of the balloon increases with
time t seconds according to the formula

dv _ 1000
dt (2t + 1)?’

b Using the chain rule, or otherwise, find
an expression in terms of r and f for g—;
¢ Given that V = 0 when t = 0, solve the

dv _ 1000
dt  (2t+ 1)?’
obtain Vin terms of t.

a Find

t=0.

differential equation to

d Hence, at time t = 5,
i find the radius of the balloon, giving
your answer to 3 significant figures,
ii show that the rate of increase
of the radius of the balloon is
approximately 2.90 X 10~2cms 1.

@ A population growth is modelled by the

differential equation ar _ kP, where P is

dt
the population, ¢ is the time measured in
days and k is a positive constant.

Given that the initial population is P,

a solve the differential equation, giving P
in terms of P, k and t.

Given also that k = 2.5,

b find the time taken, to the nearest
minute, for the population to reach 2P,

In an improved model the differential

equation is given as ap _ AP cos At, where

dt
P is the population, t is the time measured
in days and A is a positive constant.
Given, again, that the initial population is
P, and that time is measured in days,
¢ solve the second differential equation,
giving P in terms of P, A and t. Given
also that A = 2.5,



d find the time taken, to the nearest Show all the steps of your working and

minute, for the population to reach 2P, give your answer to 4 decimal places.
for the first time, using the improved o
model. The exact value of fo secxdxisIn(1 + V2).
¢ Calculate the % error in using the
(49 I y estimate you obtained in part b.

I=fse‘/(3x”)dx.

0
R

a Given thaty = ¢/®* " complete the
table with the values of y corresponding
tox = 2,3 and 4.

0 02 04 06 08 1%

The diagram shows the graph of the curve
with equation x | 0 1 2 |3 4 | 5

y =xe%, x = 0. y | e | e? et

The finite region R bounded by the lines
x = 1, the x-axis and the curve is shown
shaded in the diagram.

b Use the trapezium rule, with all the
values of y in the completed table,
to obtain an estimate for the original

a Use integration to find the exact value integral I, giving your answer to
of the area for R. 4 significant figures.
b Complete the table with the values of y ¢ Use the substitution t = (3x + 1) to
corresponding to x = 0.4 and 0.8. show that I may be expressed as
b
x 0] 02 |04] 06 |08 1 f kte'dt, giving the values of a, b and k.
a
= 2x
y=xe™ | 0 ]0.29836 1.99207 738906 d Use integration by parts to evaluate

this integral, and hence find the value
of I correct to 4 significant figures,
showing all the steps in your working.

¢ Use the trapezium rule with all
the values in the table to find an
approximate value for this area,
giving your answer to 4 significant
figures.

@ The following is a table of values for

@ a Given thaty = seC X, Complete the table y = 1 + Sin X), Where X is in radianS.
with the values of y corresponding to

x 0 0.5 1 1.5 2

_ T T m
X = 168 and T
y 1 [1.216| p |1.413| ¢
x 0 ol ki 37 ki
16 8 16 4 a Find the value of p and the value of q.
y 1 1.20269 b Use the trapezium rule and all the

values of y in the completed table to

b Use the trapezium rule, with all the . .
obtain an estimate of I, where

values for y in the completed table, to

™

2
obtain an estimate for fo " secx dx. 1= fo W1 + sinx) dx Q




QY

g 1

The figure shows a sketch of the curve
with equationy = (x — 1)Inx, x > 0.
a Copy and complete the table with the

values of y corresponding tox = 1.5
and x = 2.5.

x 1 1.5 2 2.5 3

y 0 In 2 2In3

3
Given that [ = j; (x — 1) Inxdx,
b use the trapezium rule
i withvaluesofyatx =1,2and 3 to
find an approximate value for I to
4 significant figures,
ii with valuesof yatx =1, 1.5, 2, 2.5
and 3 to find another approximate
value for I to 4 significant figures.

¢ Explain, with reference to the figure,
why an increase in the number of
values improves the accuracy of the
approximation.

d Show, by integration, that the exact
3
value off1 (® — 1) Inxdx is 3 In 3. G

BZ

e

P
4
The figure shows part of the curve with
equation (tan x). The finite region R, which
is bounded by the curve, the x-axis and the

line x = g, is shown shaded in the figure.

a Given thaty = (tan x), copy and

complete the table with the values of y

T T 37
16’8 and 16
giving your answers to 5 decimal
places.

corresponding to x =

m | 7 | 37w | m
X O 116 | 8 | 16| 1
1

y 0

b Use the trapezium rule with all the
values of y in the completed table to
obtain an estimate for the area of the
shaded region R, giving your answer to
4 decimal places.

The region R is rotated through 2 radians
around the x-axis to generate a solid of
revolution.

¢ Use integration to find an exact value
for the volume of the solid generated.

@ Using the substitution u?> = 2x — 1, or

otherwise, find the exact value of

5
3x
fl — dx. ()

8Z

0] 1 3 X

The figure shows the finite region R, which
is bounded by the curve y = xe*, the line
x = 1, the line x = 3 and the x-axis.

The region R is rotated through
360 degrees about the x-axis.

Use integration by parts to find an
exact value for the volume of the solid
generated.



0 o X
The curve with equationy = 3 sin %C,

0 < x < 2, is shown in the figure. The
finite region enclosed by the curve and the
x-axis is shaded.

a Find, by integration, the area of the
shaded region.

This region is rotated through 27 radians
about the x-axis.

b Find the volume of the solid generated.

Ef) Use integration by parts to find the exact
3
2
value off1 x*1In x dx. e

@ Use the substitution z = 1 — x? to find the
exact value of

[ =
0

(1 - x?2

Sx+3 . -
@ a Express CECE) in partial

fractions.

b Hence find the exact value of

f6 5¢ + 3
> (26 — 3)(x + 2)

answer as a single logarithm.

dx, giving your

(3) a Use integration by parts to find
f x cos 2x dx.

b Prove that the answer to part a may be
expressed as

2sinx (2x cosx — sinx) + C,

o

where C is an arbitrary constant.

() Use the substitution u = 2* to find the
exact value of

1
7%
[ etpe

® A

0] x

The figure shows a graph of y = xvsin x,
O<x<m

The finite region enclosed by the curve
and the x-axis is shaded as shown in the
figure. A solid body § is generated by
rotating this region through 2= radians
about the x-axis. Find the exact value of
the volume of S.

@a Findfxcostdx.

b Hence, using the identity
cos 2x = 2 cos?x — 1, deduce

fx cos? x dx. Q
2
@ 2(436 + 1) — At B n C .
2x+ 1)(2x - 1) 2x+1) (2x—1)
a Find the values of the constants A, B
and C.

b Hence show that the exact value of
f 2 2(4x%+1)

1 (2x+ 1)(2x — 1)

giving the value of the constant k. G

dx is 2+ Ink,

(@ fx) = @2+ 1) Inx.
Find the exact value of f1 f(x) dx.

o

The curve C is described by the parametric

equations
x =3 cost,y = cos 2t, Ostsm

Find a Cartesian equation of the curve C.




@ The point P(a, 4) lies on a curve C.
C has parametric equations x = 3t sin f,

y=2sect0=<t< g Find the exact value
of a.

@ A curve has parametric equations

x=2cott,y=2sin%t, 0<t<7§7.
. . dy .
a Find an expression for 3 I terms of

the parameter t.

b Find an equation of the tangent to the
curve at the point where t = g

¢ Find a Cartesian equation of the curve
in the form y = f(x). State the domain

on which the curve is defined.

A curve has parametric equations
x =7 cost— cos 7t

y=7sint—sin7t, T<t<Z

"8 3
. . dy .
a Find an expression for a0 terms of t.

You need not simplify your answer.

b Find an equation of the normal to the

curve at the point where t = g Give

your answer in its simplest exact form.

o

A curve has parametric equations

x =tan?t,y = sint, O<t<g.

d
a Find an expression for d—i/ in terms of t.

You need not simplify your answer.

b Find an equation of the tangent to the
curve at the point where t = 7,
Give your answer in the form
y = ax + b, where a and b are constants
to be determined.

¢ Find a Cartesian equation of the curve
in the form y? = f(x).

J;/ﬁj 0 05 1

The curve shown in the figure has
parametric equations

KRY

x=sint,y:sin(t+g), —§<f<7§7-

a Find an equation of the tangent to the

curve at the point where t = g

b Show that a Cartesian equation of the
curve is

y=\/7§x+%w/(1—x2, -1<x<1.

The curve C has parametric equations

1

1
= - = — - < < .
Y=g Yoiop Tletsl

The line / is a tangent to C at the point
where f = %
a Find an equation for the line /.

b Show that a Cartesian equation for the
X
curve Cisy T

1

The curve shown has parametric equations

x = t+%,y= t—1fort>0.
a Find the value of the parameter t at
each of the points where x = 2..

b Find the gradient of the curve at each of
these points.

¢ Find the area of the finite region
enclosed between the curve and the line
x =21



/ x

The curve shown in the figure has
parametric equations
x=1t-2sint,
y=1—-2cost,0<t=<2m.
a Show that the curve crosses the x-axis
where t = 7gTand t= 5?77
The finite region R is enclosed by the
curve and the x-axis, as shown shaded in
the figure
b Show that the area R is given by the
integral

S7

f (1 — 2 cos H)2dt.

¢ Use this integral to find the exact value
of the shaded area.

yl\
05_\
—0.51

— 11

The curve shown in the figure has
parametric equations

x=acos3t,y=asint, ——<t=<

w
6
The curve meets the axes at points
and C, as shown.

7_7
z.
A B

The straight lines shown are tangents to
the curve at the points A and C and meet
the x-axis at point D. Find, in terms of a

a the equation of the tangent at A,

b the area of the finite region between the
curve, the tangent at A and the x-axis,
shown shaded in the figure.

Given that the total area of the finite
region between the two tangents and the
curve is 10 cm?

c¢ find the value of a.

A table top, in the shape of a
parallelogram, is made from two types of
wood. The design is shown in the figure.
The area inside the ellipse is made from
one type of wood, and the surrounding
area is made from a second type of wood.

The ellipse has parametric equations,
x=5cosf,y=4sinh, 0<6=<2m.

The parallelogram consists of four line

segments, which are tangents to the ellipse

at the points where

0=a,0=—-ab=7—a 6=—7+ .

a Find an equation of the tangent to the
ellipse at (5 cos q, 4 sin a), and show
that it can be written in the form

Sy sin a + 4x cos a = 20.

b Find by integration the area enclosed by
the ellipse.

¢ Hence show that the area enclosed
between the ellipse and the
parallelogram is

80
sin 2«

o

— 20m7.




Practice paper

1 Use the binomial theorem to expand |x| <2, in ascending powers of x,

2 +x)?’
as far as the term in x3, giving each coefficient as a simplified fraction. (6)
2 The curve C has equation
x2+2y?—4x - 6yx +3=0
Find the gradient of C at the point (1, 3). (7)

3 Use the substitution u = 5x + 3, to find an exact value for

3 10x
—— 9)
o(5x +3)
4 a Find the values of A and B for which
1 A B
= + 3)
2x+1Dx—-2) 2x+1 x-2
1
b Hence find f dx, giving your answer in the form In f(x). (4)
2x + 1)(x — 2)
¢ Hence, or otherwise, obtain the solution of
dy
(2x + 1)(x—2)a= 10y, y>0,x>2
for which y = 1 at x = 3, giving your answer in the form y = f(x). (5)

5 A population grows in such a way that the rate of change of the population P at time ¢
in days is proportional to P.

a Write down a differential equation relating P and t. (2)

b Show, by solving this equation or by differentiation, that the general solution of this
equation may be written as P = Ak!, where A and k are positive constants. (5)

Initially the population is 8 million and 7 days later it has grown to 8.5 million.

¢ Find the size of the population after a further 28 days. (5)

6 Referred to an origin O the points A and B have position vectors i — 5j — 7k and
101 + 10j + Sk respectively. P is a point on the line AB.

a Find a vector equation for the line passing through A and B. 3)
b Find the position vector of point P such that OP is perpendicular to AB. (5)
¢ Find the area of triangle OAB. (4)

d Find the ratio in which P divides the line AB. (2)




Practice paper

w4
RY

The curve C, shown has parametric equations

x=1—-3cost,y=3t—2sin2t, 0<t< .
a Find the gradient of the curve at the point P where t = g (4)

b Show that the area of the finite region beneath the curve, between the lines x = -1
x =1 and the x-axis, shown shaded in the diagram, is given by the integral

2 2
L9t sin tdt — le sin? tcos t dt. (4)
3 3

¢ Hence, by integration, find an exact value for this area. (7)




Examination
style paper

1 Use the binomial theorem to expand

1
—, -15<x<1.5
V9 — 6x
in ascending powers of x, up to and including the term in x3, simplifying each term. (5)

2 A curve has equation
y3 — 4x%y + 2x% = 8.

Find the equation of the normal to the curve at the point (2, 4). (7)

3 Use the substitution x = sec 6 and integration to find the value of
3 1
o
> 1y
giving your answer to 3 decimal places. (8)

4 A curve has parametric equations

x=2cos’t,y=2sint, Ostsg

The curve has Cartesian equation y = f(x) with domain a <x <b.
a Find an expression for f(x) and state the values of a and b. (4)

The finite area between the curve and the x-axis is rotated through 27 radians about
the x-axis to form a solid of volume V.

b Show that V is given by
3
V=g wf sin? t cos tdt
0

where p and g are positive integers to be found. (5)

¢ Hence find the exact value of V. 3)




Examination style paper

x—3
(2x + 1)(3x — 2)

5 a Express in partial fractions. (3)

b Given that x =1, find the general solution of the differential equation
dy
(2x+1)3x—2) P 6y —3)x—3)

giving your answer in the form y = f(x). (7)
Given thaty =12 whenx =1,
c find the value of y when x = 3. 4)

6 Relative to a fixed origin O, the 3 points A, B and C have position vectors
a=2i+ 6j— 5k, b=4i+ 10j — 9k and ¢ = 8j — 7K respectively.

a Find the angle ABC giving your answer to the nearest degree. (6)
The point D lies on the line through A and C and OD is perpendicular to AC.
b Find the position vector of D. (6)

¢ Hence find the exact value of the area of triangle OAC. (2)

4
7 I:fxe\@dx
0

a Given thaty = xe'*, complete the table with the value of y corresponding to
x=2andx = 3.

X 0 1 2 3 4
y 0 2.718 29.556 (2)

b Use the trapezium rule with all the values from the completed table to obtain an
estimate for the value of I, giving your answer to 3 significant figures. (3)

¢ Use the substitution u? = x to show that I may be expressed in the form
b
I= f qure" du
a

where a, b, p and q are integers to be determined. 4)

d Use integration by parts to find the exact value of I showing all the steps
in your working. (6)




Formulae you
need to remember

This appendix lists formulae that candidates are expected to remember and that may not be
included in formulae booklets.

Integration
function integral
1
cos kx X sinkx + ¢
1
ekx ?ekx +c
1
— In|x|+¢x#0
x
f'(x) +g'(x) fx) +gx) +c

f'(g(x))g' () f(gx)) +c

Vectors

x\ [a
yl|\b|=xa+yb+ zc
z/ \c




List of symbols
and notation

The following notation will be used in all Edexcel mathematics examinations:
€ is an element of

& is not an element of
{xq, X5, ...} the set with elements x,, x,, ..
e ..} the set of all x such that ...
n(A) the number of elements in set A
% the empty set
S the universal set
A’ the complement of the set A
N the set of natural numbers, {1, 2, 3, ...}
VA the set of integers, {0, *1, +2, 3, ...}
7t the set of positive integers, {1, 2, 3, ...}
Z, the set of integers modulo n, {1, 2, 3, ..., n — 1}
Q the set of rational numbers, {% PEZ,q€E Z+}
QF the set of positive rational numbers, {x € Q: x > 0}
Qo* the set of positive rational numbers and zero, {x € Q: x =0}
R the set of real numbers
R* the set of positive real numbers, {x € R: x > 0}
Ro* the set of positive real numbers and zero, {x € R: x = 0}
C the set of complex numbers
(x, y) the ordered pair x, y
AXB the Cartesian products of sets A and B,
i.e. AXB=1{(a,b):ac€ A, beE B}
- is a subset of
- is a proper subset of
U union
N intersection
[a, b] the closed interval, {x € R: a <x < b}
[a, b), [a, b  theinterval, {x € R:a<x <b}
(a, b, ]a, b] the interval, {x € R: a<x < b}
(a, b), la, bl  the open interval, {x € R: a <x <b}
yRx y is related to x by the relation R
y~x y is equivalent to x, in the context of some equivalence relation
= is equal to
# is not equal to

is identical to or is congruent to




List of symbols and notation

U

8 WV AARD
)vL

axb,ab, a.b

a+b,%,a/b

E S l:': 1M3

(0, F'), -
Jy as

is approximately equal to

is isomorphic to

is proportional to

is less than

is less than or equal to, is not greater than
is greater than

is greater than or equal to, is not less than
infinity

pand g

p or g (or both)

not p

p implies g (if p then q)

p is implied by ¢ (if g then p)

p implies and is implied by g (p is equivalent to q)
there exists

for all

aplus b

a minus b

a multiplied by b

a divided by b

a,+ad,+ ... +a,

a, Xa, X...Xda,

the positive square root of a
the modulus of a
n factorial

n!

the binomial coefficient ————

+
=7 forn € 7

nn-1) ..

.'(n—r+ D forn € Q
r!

the value of the function f at x

f is a function under which each element of set A has an image in set B

the function f maps the element x to the element y
the inverse function of the function f

the composite function of f and g which is defined by (g , f)(x) or gf(x) = g(f(x))

the limit of f(x) as x tends to a

an increment of x

the derivative of y with respect to x

the nth derivative of y with respect to x

., f™(x) the first, second, ..., nth derivatives of f(x) with respect to x

the indefinite integral of y with respect to x



List of symbols and notation

a

f y dx the definite integral of y with respect to x between the limits
b

A% . N .

P the partial derivative of V with respect to x
X

XX, ... the first, second, ... derivatives of x with respect to t

e base of natural logarithms

e', exp x exponential function of x

log, x logarithm to the base a of x

In x, log. x natural logarithm of x

lg x, log,ox  logarithm of x to base 10
sin, cos, tan,

cosec, sec, cot

arcsin, arccos, arctan,
arccosec, arcsec, arccot
sinh, cosh, tanh,
cosech, sech, coth
arsinh, arcosh, artanh,
arcosech, arsech, arcoth

the circular functions
} the inverse circular functions
the hyperbolic functions

the inverse hyperbolic functions

i j square root of —1

z a complex number, z =x + iy

Re z the real part of z, Re z=x

Im z the imaginary part of z, Im z=y

| z| the modulus of z, | z| = V(x? + y?)

arg z the argument of z, arg z=6, —w< <=

z* the complex conjugate of z, x — iy

M a matrix M

M! the inverse of the matrix M

M! the transpose of the matrix M

det M or |[M| the determinant of the square matrix M

a the vector a

AB the vector represented in magnitude and direction by the directed line segment AB
a a unit vector in the direction of a

ij K unit vectors in the direction of the Cartesian coordinate axes
lal, a the magnitude of a

Lﬁ | the magnitude of AB

a.b the scalar product of a and b

axb the vector product of a and b
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1% 2 % ®+2) @+2)7?
x+3 Sx +1
3 X+ 1) 4 @x—-—Dx+2) ! + ! !
x+2) @+2)?2 (x+2)?°
s 8x — 2 p 5% + 34
2x+ D —1) (x—3)x+4)
; -9x -3 8 6x2+ 14x + 6 E ise 1E
2x(x — 1) x@x+ 1D +2) xercise 1
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2 16 64
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2 4 8
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€ 16732 25 " 256
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3aa-1 by V=13 e
4 (0,0) and (-2, —4) 13 2
2e¥ —x
3, 3,
Exercise 4B 14 (1{ 1) and (-=V=3, V-3).
1 2x b > x+3 15 —; )
a —— -— c -2~
3y? Sy 45y 16 a i —zy
4 - 6xy P o o oy - _7’“ Y
2 2 _ —
3x%+ 3y 6y +2x -2 2tx 5+2\/_ 4+V13) (5-2V3 4-Vi3
4x -y -1 e’ —yer _ @Vxy +y) c 3 )an A
1+4@—-y)?* e* — xeY (dyVxy + x) 90 L1307
2 9y +7x=23 2‘ln2 ¢ n
3 y=2x-2 InP—1InP,
4 (3,1)and (3, 3) 21 a n1.09 b 8.04 years c 0.172P,
Exercise 4C Exercise 5A
1 a 3In3 b 3)'In() 1 X:
S 2%(x1n2 - 1)
¢ a*(l1+xlna) e a
2 4y=15In2(x —2)+ 17 a b
3 —9.07 millicuries/day
4 P=37000kfwherek=loo/%
1178 people per year 2 25
Rate of increase of population during the year 2000. 3 V569 ~23.9
4 a d-a b a+b+c
Exercise 4D c atb-d d atb+c-d
1 2 2 67 3 15e? 4 -3 Exercise 5B
97 1 a 2a+2b b a+b c b-a
_1 _
Exercise 4E 2 ab-z b b-3a
dM c 2a-b d 2a-b
1 —=-kM 3 a Yes(A=2) b Yes (A=4)
dr ¢ No d Yes(A=-1)
4 d_Q__kQ e Yes(A=-3) f No
de 4 a \=}u=-3 b A=-2pu=1
5%_% ¢ A=hu=5 d x=-2,pu=-1
- x e A=dp= 8}
6 L w_q 5§ ab-aib-a,ta+tib b —fa+(\-)b
“ ¢ —pa+t(u-Ab d A=bu=}
7 %—— 6 ai-a+tb idia-’b
r
de b Gr-wa+(G—iA+wb=0
8 = k(O—60) d s
1q Gh__18 e a+sb
ar e £ 13



7 a —a+b b ja+ib Exercise 5G
c la+ib d —Sa+ib 13
e —a+kb f 5:3,k=3 2a2 b 17 c —6
8 a ia d 20 e 0
b latib 3 a 555° b 94.8° c 87.4° d 79.0°
L 4+§b e 100.9° f 53.7° g 132.2° h 70.5°
¢ —npaty 4a -10 b 5 c 22
d 2b 1
_latlp d -2; e —5o0r2
¢ Taty 5 a 32.9° b 117.8°
f —satib 6 a 20.5° b 109.9°
8 1:13 - 2V2
h —3a+b, —a+3b, AG=3EB .. parallel 7 3
9 a 2ab+ac b 13+2ab c 2lal2- b2
Exercise 5C 10 a i+2j+k b 3i+2j+3k ¢ 3i+2j+4k
1 Sa+lb 11 64.7°, 64.7°, 50.6°
2 —la—lb+c 123 V33,V173 b 29.1°
—> —> — 13 3
3 0C=-2a+2b,0D=-3a+2b,OE=-2a+b
Exercise 5H
Exercise 5D 6 2 2 1
1 12 b -1 -21 1 ar= 51+ -3 b r=(5]+f1
als 16 € \-29 -1 -1 0 1
2 a ?i—i, 4i+5i, _2i+6i -7 3 2 -3
"“;,617, cr=| 6|]+41 dr=(0|+4 2
€ 1T/ 2 2 4 1
d V40 =2V10
e V37 6 0
f V74 e r=|-11]+¢4 5
1 4) 1( 5) 2 -2
3 a - b —
5(3 13\—12 2 a 344 b 28 c 204
1/(-7 1 1 4 0
c — d — _
25\ 24 V10\-3 3 r=|-3|+40
4 —7or—-23 8 1

(2 2 -3 10
Exercise 5E 4 a r=(1]|+1-2 b r=| 5|+4-3
1 V84=~9.17 9 -1 0 2

2 V147 =121 1 4 -2 14
3 a V14=3.74 b 15 c r=| 11 -2 dr=(-3|+4 7

¢ V50=~7.07 d V30~5.48 —4 6 —7 4
‘; 52r910 5 ap=14qg=10
or b p=-65q=-21
. c p=-19,g=-15
Exercise 5F a P 1
1 a V35 b V20=2V5 ¢ V3 .
d V170 e V75=5V3 Exercise 5l
7 -5 14 1 Yes, (8,7,2)
2 a 1 b 5 c | -3 2 No
-1 -5 1 3 Yes, (16, 2, —14)
g g 4 Yes, (3,1,7)
5 No
d (4) e (—6) £ 10V2
4 10 .
3 7i-3j+2Kk Exercise 5]
4 6o0r—6 1 79'5:
5 V3or-V3 2 407
3 81.6°
2t-2 - 4 72.7°
6 a -4 b V8r2—8t+20 5 769°
2t 6 b 'Q
=3 d 3V2 2
c t=;3 c (10,7,2)o0r (-8, 1,2)
—t
7 a (4-t b V22-8t+17 . .
(_1 ) Mixed exercise 5K
b+ L
c t=2 d 3 1 a 3i+4j+5k,i+j+4k

2 -7i-2j-5k




(<)Y

10

11

12

13

14

AD: r = (6i + 8j) + t(4i — 3j)
BC: r = (9i + 12j) + s(i + 3j)
Zi + 75

1,1, 2), 70.5°

4+ 7j - 5Kk

-i+3j+k

1 0
r=(-1]+1 3| i+j+ik
3 -1

sTyeoTe

(¢}

c
d
b

%orl
—3i+3j+8k
82°

5

3i+4j+2k

aKE I
(34
343
MER

1
Si—k d

=%

3i - 3j+ 3k

=2

p=6q=11

d %i+3+4k

1.5km

Exercise 6A

2
1 a 3tanx + 5Inlx| —;+C

=2

6 T OB = ogy M 6 a6

- e e

x4
5ex+4cosx+?+C

—2cosx —2sinx + x>+ C
3secx —2Inlx| +C

2
S5e*+4sinx +—+C
X

fInlx| — 2 cotx + C

mlel - 1--L ¢
x  2x2

e* —cosx +sinx + C
—2cosecx —tanx + C
e* +Inlx| + cotx + C

1
tanx ——+C
X
secx +2e*+ C
1
—cotx — cosecx — — + Inlx| + C
X

—cotx + Inlx| + C
—cosx +secx + C

sinx — cosecx + C g
tanx + cotx + C i
tanx + secx +sinx + C

—cotx + tanx + C
tanx +e* + C

Exercise 6B

1 a —%Cos(Zx +1)+C

C
e
4

i

32+ C

—3sin(1 — 2x) + C
isec4x + C

—tan(2 —x) + C
(sin 3x + cos 3x) + C

b
4e*+54+C d
—lcot3x+C f
—6cos(zx+1)+C h
—1cosec2x + C j

¢ —icot2x+ilml1+2x| -——— +¢C
2(1 + 2x)
(3x +2)3 1
- +C
9 3(3x +2)
Exercise 6C

1 a —-cotx—x+C

3% +isin2x + C
—4§cosdx + C

3y —2cosx —isin2x + C
ttan3x —x + C

—2cotx —x + 2cosecx + C
x—%cost+C
ix—sindx + C
—2cot2x +C

3x + $sindx —sin2x + C
tanx —secx + C

—cotx — cosecx + C

2x —tanx + C

—cotx —x+C

—2cotx —x — 2cosecx + C
2tanx —x +2secx + C
—cotx —4x +tanx + C

X +3cos2x +C

—3x + isin2x + tanx + C
—%cosec2x+C
Lsin3x + isinx + C
—4cos8x —3cos 2x + C
—1cos8x +4cos2x + C
—Lsin7x +3sin3x + C
1sin 10x + 3sin4x + C
X+ssin8x+C
—éc058x+C

X —ssin8x + C

=2

SR e Q0 g e TSR T e 6

Exercise 6D
1 a Inlx+12x+2)+C
b Inlx-2)V2x+1l +C

(x +3)3

In

2 a ¥ +jicos(2x—1)+C
b e +2e*+x+C
c jtan2x +3sec2x + C
d -6 cot(%x) +4 cosec(%x) +C
e —e3 " *4+cos(3—x)—sinB—-x)+C
1
3 a 3lnl2x+1l+C -——— +C
2(2x + 1)
2x + 1) s
¢ —5— +C d ilnl4x -1l +C
3 3
e —ilnl1-4x|+C f ———+C
4(1 — 4x)
Gt ¢ h——+c
& 18 4(1 - 2x)?
. 1 . 5
i ——+cC j —3Inl3-2x|+cC
3 - 2x)*
4 a —3cos@x+ 1) +2mnl2x+1l+C
1-x)5
b -Sl-esx—% +C



Exercise 6G

2+x
d In “ +C 1 a —xcosx +sinx +C
b xe*—e*+C
e ln‘ 2x+1‘+c ¢ xtanx —In|secx| + C
1-2x d xsecx —In|secx + tanx| + C
L Bx—1)2 e —xcotx+Inlsinx| +C
f sln|—— x3 23
3x+1 2 a ?lnx—?+c
(2 - 3x)
8 IHW +C b 3xlnx-3x+C
Inx 1
2 c ————-——+C
h Inl2+x| + +C 22 4x?
x+1 d x(Inx)? - 2xInx + 2% + C
{1 x+1’ 2 +C X3 X3
1 n - — - — —
x+2 x+1 e 3lnx 9+xlnx x+C
- 3+ 2x 1 c 3 a —e*x2-2xe*—-2e%+C
Vo * 2—x+ b x?sinx + 2xcosx — 2sinx + C
2 a x+Inl@+12V2x-11+C ¢ x2(3+ 20— x(3 + 2x)’ . (3 + 2x)® e
x2 2 7 112
b S +x+ln @+ 1)3 +C d —x2cos2x +xsin2x + 5cos2x + C
B e x2sec?x — 2xtanx + 2Inlsecx| + C
c x+In +C 4 a 2In2-3 b 1
o
3 +x)? c ;-1 d 3(1-1n2)
d —x+1 _
1-x e 9.8 f 2V27+8V2-16
3 31-1n2
e = -mlx+2l+cC 8 )
* Exercise 6H
1 a 342 b 1.34 c 1.04
Exercise 6E d 242 - o e L4l
1 a linlx2+4l+cC b linle* +1|+C 2 asindoy
1g 72 1, 2% 5 b i 7.45 ii 7.37
c —ix*+4)2+C d —3e*+1)72+C c i 1.6% ii 0.4%
e ;Inl3+sin2x|+C £ {3 +cos2x)2+C 3 a i 1.509 ii 1.329 i 1.282
g e +C h (1 +sin2x)5+C b Halving h reduces Qifferences by ()
i ltandx+C j tanx + Ltandx + C A (1)6.1;3—>0.05ep0551b1y 0.02 suggests 1.25-1.27
a 16
2 a {@?+2x+3)5+C b —jcot?2x +C 15 .
T e inx b i 1.34 ii 1.42
¢ msin®3x+C d ent+C c i114%  ii 6.1%
1 1 3
e gln|e”‘+3|3+C f 52+ 1) +§ Increasing the number of strips improves accuracy.
g @*+x+52+C h 2(x2+x+52+C .
o 1 1 Exercise 6l
i —3(cos2x+3)2+C j —ilnlcos2x+3|+C 1 aiz2n? i o

b i In(2+V3) ii V3n

. c i2In2-1 ii[2(In2)?2-4In2+2]=w
Exercise 6F diviel i
€

a

3
1 a {(1+x2-31+x2+C

s 8 ss 64
3 13 11 73
b 3(1+x7 -2VTix+C 2 a In4 b15717n3—-§; c 1
¢ —Inl1-sinx| +C
2V2 -1
g Br207  @raoe d (—3—) (1 -1n2)
28 8 g
cos3x 3a ¥ b ¥
e 3 —cosx + C 4 aj b i
2o s o d s Exercise 6]
2 a 5(2\/3—?)_2 @+ +C 1 a y=Ae" ¥-1 b y=ksecx
b ln—‘+C -1
+ c y= d y=In(2e*+C
Vx Zi 3 Y tanx —x + C Y ( )
¢ 1 +tanx)> —31 + tanx)2 + C —Axe T
Ve a2 AN
d Vx2+4+1n - ‘+C 2 a siny=ksecx
Va2 +4+2 b Inlsecy| =xtanx — In|secx| + C
e tanx +j3tandx + C 1+y )
3 a ¥or33.73 b - 2V3o0r1.87 ¢ 7o, kE
c 2+2Injor1.19 d 2-2In2or0.614 d cos2y=2cotx +C
e 9.7 f lInZor0.294 e In[2+e¥=-xe*—e*+C




3 a Inlyl=e*+C 5
Y x2 15 a —5 b y—2\/§=—f§-(x—T)
b —e?V=—+C 2
2 c (5V2,0) d 10-25x
— qj — sin x 1 x2
c Iny smx+Coryx2Ae 16 a ——=?+C c 1
_r y
d Inlsecy +tany| = 5 +C e (-2, -2)
e Inlsecy +tany| =x +3sin2x + C 17 a dy _ —asint -1
f jtany=sinx + C dx  2asintcost 2cost
cosdx b v+x=2
4 a 211— ‘}i r=aa
3 d gemad
b sin2y+2y=4tanx — 4 1
¢ tany—lsin2c+x+1 18 a 1n|1+2x|+1+2x+C
3
dy= b 2y —sin2y=Inl1+2xl +——+ 2 2
1-x Y y = 1nl Tt 2
e LTY _1+x T S
1-y 2 1537 50 A=
. 20 e *(—x*—-2x—-2)+C
Exer4C|se 6K le® e ¥(x2+2x +2) 3
; iei ) 21 a lin7
R 22a A=1,B=}C=-}
3 a M= b x+3lnlx -1/ -3Inlx+ 1] =2t—3In3
b 2 23 a y=—3x+11
¢ M approaches 1 b 74
4 235 B o
5 463
2 R
6 -
k
74 \
. . 0 X
Mixed exercise 6L
1ax=4y=20 c 2+48In4 c 1867
2ay=2x-8 c 162 24 je2+e1-11
3
3 b 7w(im+2) 25 b i(x —sinxcosx) + C,
1t 1 c $(2x%— 4xsinx cosx — cos 2x) + C,, where C; and
4 a e
x? C, are arbitrary constants of integration.
b £(1.05) = —0.06, f'(1.10) = +0.04; 26 by,
change of sign, .. root A
1
c 22" +Inlx| +¢
d 10.03 Ver—kt
S a —xe*—-e* bcos2y=2xe*+te*—-1)
6 207
5
a Inlx| —Inlx+ 1] +k 0 !
b Ine*—In(e* + 1) + k,, where k; and k, are 27 a x+y=16 b 58.9
arbitrary constants. 2 cos 2t -
¢ —x2cosx + 2xsinx + 2cosx + C 28 a b — a 5
8 a —3xcos2x +§sin2x 2
b tany = —3xcos2x +3sin2x — 1 29 a isindx+C b ?lnx—%x2+c
77.2
9 i xsin2x+jcos2x+c i ﬂ<?+1) c 2c-2Vx+1+C d ¢
1+ 2x%)°
10 a f(x) =3e* —3x? - 30 a o b tan2y = (1 + 2x2)° + 11
1a; 3 3 3
b ¥x2-21Inlx|+C 31 %IHZX—%-}-C
c % -2In4
12 118.47 5 8x
13 a H@2+3)5+C 82y =112
_1 p_ - _
14 a A=3B8=2C=-1 33 b 138 ¢ 205
b ilnlx| +2Infx -1/ + +C 34 a y* =420 —x7) b A=27
x—1 c 18 d 36cm?




Review exercise

1

10

11

12

13

14

15

16

17

18

x-1 -1, 4
x-1H2x—-3) x—-1 2x-3
36 + 7 2 1 1
E+DE+2)x+3) @+1) @E+2) @+3)
2 2 2 .2
2-x1+x?%* 92-x) 91 +x) 31 +x)?
14x2 + 13x +2 3 N 1 2
x+1D2x+1)2 x+1 2x + 1 (2x + 1)?
fx) =1 — 1 + 2
x+2) x+3)
2 3
f) =5+ —— - ——
) +1 2—-x
2
f(x) =6 — S
1-x 1+ 2x
9 81 729
P __2__3+
e TR ST
1 5 75 125
- —_ _x2+_ 3+
4 4 16 8
L S
27 27 81 729
1
Ex2+—x*+
5 4
—_——==A A=
a 3 373 =

b 3-x+ 11x? — ...
¢ Not valid when x = %, as expansion of (1 + 3x)!
is valid for |3x| < 1 only.

3x -1
. 3
(1 - 202

b -1 —x+4x3+ ...

= —%(1 —2x) 1+ %(1 - 2x)2

a 16=12+2B+4=B=0

b 4+8x+%x2+%x3+...

25 1 2 10

a = + +
B+2x2%(1-x) (1-x) @+2x) 3+ 2x)?

25 25 25

— - —=x+—x2+..
by yprto?
I _36_ 2

n 54 3
b -360
c —l<x<l
9 9
1 1 1

T — a2 A3
al 2x Sx 16x
b 0.948688 (6 d.p.)

15 5
a a=6 n—?—z
b 67.5

19

20
21

22
23

24
25

26

27

28

29

30

31

32
33
34
35

36 a

37

38

a 3s+ 4t=10
b t=-1.6
0= 122° (3 s.f)
6i + 8j + 8k
a V5 — 40t + 116 b t=4 c 6

a As this solution satisfies all three equations, the
lines do meet.

s=-7.5

b (3, 1, —2) is point of intersection.
c 5V3
a The lines do not meet. b %
a a=18 b=9
b (6,10, 16) c 14V2
a (2,2 -2 b j
— —
¢ |28| = |8 d 6i - 2j + 2k
a c=4d=7

-4
b P has position vector ( 3)
1
c Area =279 (3s.f)
V50 or 5V2 or 7.07
r=i-j+3Kk+AE3i+4j- 5K)
=4i+3j— 2K+ u(3i+4j-—5K)
¢ As u = —1 satisfies all three equations, the line
passes through B as required.
6 = 30°
3V2or3.54 3s.f)
b=11

s e

a= -5

(=20~ I I -V

H
OP = 2i + 3j + 7k

ﬁ
c AP= %PB = vectors are in the same direction,
and as they have a point in common they are
collinear.

2:3
a 3i+ 3j -3k
b OACB is a parallelogram with all of its angles

right angles i.e. it is a rectangle.
area = 9V2

c d=3i+3j-3k

d 109.5° (1d.p.)
0 1 3 1
ar=|5|+Al-1]orr= 2|+ !l -1
5 -2 -1 -2

b c —3i+3j+ 6k d 26.0 (3s.f.)

O v Nl

3

55

(=2, 2)and (2, -2)
X+2y—-2=0
4 +5+6=0

dy _ cosx

dx siny
b Stationary points at (— 2m and (= 27 onl
ry p (2, 3 ) (2, 3 ) y
in the given range.

dy

a —=2"In2 b 64In2
dx

. . -1 -1
Minimum point is at (ln > eln 2)




39 a £1975.31 (2d.p.) b —-800.92 (2d.p.) 53 a
3 x |1 1.5 2 2.5 3
40 a —3% b r:[g—:zt+A’]6
167ér 8 y|0]05n15] 2 |1525| 2In3
k
41 a —where k = 5-2 b i 1.792 (4sf) i 1.684 (4s.f)
1 c¢ The trapezia are
b 2v: ct=3 closer to the
5 dv 5 required area when
42 a _1SE =2V -450 there are more
b V=225+775 Bt ¢ 225 strips.
\% 2 2
43ad—:20—kV bA:—OandB:——O 3
dt K k d 3In3
¢ 108cm?3 (3 s.f.) 54 a
440 2L L 1 x|o| = z 37 2
@-12x -3 x-1 2x-3 16 8 16 4
¥y | 0| 0.44600 | 0.64360 |0.81742 1
b oo AGE =32 . Y=10@r -3y
@ -1 @-1 b 0.4726 ¢ wInV2 or 37wIn2
dc 55 16
45 a —— = —kC, because k is the constant of 13 T
dt 56 T et — Zez
proportionality. )
The negative sign and k > 0 indicates rate of 57 a 12 b 97
decrease. 58 9In3 — %
b C=AeX ¢ k=1%In10 2 3V3
dN 3773
46 a —— = —kN, where k is a positive constant
dt 60 a 5% +3 _ 3 4 1
b N=Ae* ¢ k=3In[3] =0.394 3s.f) (2x=3)x+2) 2x-3 x+2
d 1.286 X 106 (4 s.f.) b In54
61 a 3xsin2x + jcos2x + C
472 Y yqp b I 20 ’ !
dr ac w2t + 1)°r b isinx (2xcosx — sinx) + C'
500
- _ oYY 1 3
c V=500 2+ 1) 62 1n21n§
dir=477@3sf)ii % = 0.0289 ... =~ 2.90 X 102 63 m — 4w
t 64 a jxsin2x + cos2x + ¢
— ki 0
48 a i_ leoesitmt 2 ?E ;? m?nutes b (%x sin 2x + %COS 2x) + %xz +c
cl_oe i 65a A=2B--2C=2
1
49 a ze*+y b 2+1In?
b 66 % (2¢* + 10)
x| 0 0.2 0.4 0.6 0.8 1 x\2
67 y = 2(—) -1
y | 0]0.29836|0.89022|1.99207 | 3.96243 | 7.38906 3
c 2.168 (4 s.f) 68 a = WT@
50 69 a —2sin’tcost b y=—3x+2
T T 37 T 8
1] 76 8 | 16 4 ¢ Y=o
4 + x?
y | 1| 1.01959 | 1.08239 |1.20269 | 1.41421 x = 0is the domain of the function.
b 0.8859 (4 d.p.) ¢ 0.5136% (4 d.p.) 70 a W _ 7COSL=7cosTL
51 a dx —7sint + 7sin7t
x[o|1]| 2 3 4 |s b y\3—x
y | e | €| 14.094 | 23.624 | 36.802 | e* dy cost
71 a — = >
b 110.6 (4 d.p.) 1,b=4andk =2 e 2tantsect
. .p. c a=1,b=4andk =3
d 1092 (4s.f) b yzggﬁis@ ¢ o2
52 a p=1357(3dp.) I 1+x
g =1.382 (3 d.p.) ..
b 2.589 (4 s.f) 728 y=grty




b y-= LEPg (1 -x?) Examination style paper

2 2
1 x x2 5x3
—l1<sint<1l=>-1<x<1 1 g+§+E+ﬁ
X
73 =-9x +8 by=—— B
av e 2 7y + 4x = 36
74 a t=30r2 3 8V3 — 9V2
12
b t=l, radient = —% _
”8 ’ 4 a y=V22 -x)

t = 2, gradient = = % domain 0 <sx <2

c 15— 2In2 = 0.4887 z
b 1677f sin®t cos t dt
(0]

T S
75 a t=§or? c 4
B 1 1
3 5 a -—
b |- (1 - 2cost)dt c 47w +3V3 2+1 3x-2
3
= (2x + 1)3
V3 a 1 b y=3+k—=-
= 24+ = - 2 —_ 72)2
76 a y cr S b 16\/§a (3x — 2)
16
€ a=6.79 (4s.f) c 3 S
77 a 20 6 a 35° b o?=( 3) ¢ Vii4
b 207 -2
¢ Area = 207 7 a
. x 0 1 2 3 4
Practice paper
y 0 2718 | 8227 | 16.957 | 29.556
g 1% 3xz xd
12,22
L b1 8 b 427 (3s.f) c 2[uterdu
2 3
3 3 d 4e? + 12
4 a A=-}B=3
x—2\5
b Ink
+1
— 49 X — 2
€ <2x+1>
dp
5 a , =kP k>0

¢ 10.8 million (3 sf)

6 a r=i—5j— 7K+ 9+ 15j+ 12K)
b 4i-3k
. 752
2
d 1:2
P = 3
7 a3 c 5-3V3+ —




Index

addition
simple fractions 2-3, 2-3
vectors 53-54
angle between two straight lines
81-82
answers to exercises 131-140
area of region, integration
111-114
area under a curve, parametric
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(1+x)" nis a positive integer
24-28
(1 +x)" nisnot a positive
integer 25-26
(a+ bx)" 29-31
complex expressions 31-33
partial fractions 31-33
summary of key points 35
boundary conditions 115

cartesian equations
converting from parametric
equations 16-17
of curve from parametric
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chain rule 18, 37, 39, 42
chain rule reversed 84-86
column matrix 62, 67-68
connected rate of change 42-43,
46
cooling rate example 44
coordinate geometry, summary of
key points 22
curve, cartesian equation from
parametric 12-13

differential equations
information given in context
43-46
integration 114-118
differentiation
chain rule 37, 39, 42
gradient of a curve in
parametric coordinates
37-38
implicit 103
implicit equations 39-40
power function a* 41
product rule 39, 40
rate of change of growth or of
decay 41-43
summary of key points 50

equating coefficients to create
partial fractions 3-4
examination style paper 129-130,

fractions

improper 7-8

mixed number 7-8

simple 2-3

splitting into partial fractions
3-4,4-5,6

with more than two linear
factors 4-5

with repeated linear terms 6

with two linear factors 3-4

gradient of a curve, parametric
coordinates 37-38

hemisphere area and volume 42

implicit equations, differentiation
39-40
improper fractions into partial
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information given in context
43-46
integration
area of region 111-114
boundary conditions 115
by parts 105-108
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chain rule reversed 90-92
changing the variable 101-105
differential equations 114-118
general pattern of expressions
99
implicit differentiation 103
linear transformations of some
functions 90-92
modulus sign 88, 97
numerical 108-110
partial fractions 95-98
quotient rule 91
separation of variables
114-116
standard functions 88-89
standard functions families
98-100
standard functions generalised
91
standard trigonometric
functions 108
summary of key points
127-128

trapezium rule 108-110
trigonometric functions 108
trigonometric identities 92-95
volume of revolution 111-114
intersection of two straight lines
79-81

lowest common multiple 2

mixed number fraction into
partial fractions 7-8
modulus of vectors 62, 67-68

Newton'’s Law of Cooling 44
notation
letters for scalar parameters
79
modulus of vector 54-55
modulus sign in integration
88, 97
position vector 60
scalar product 69
vectors — printing 53
vectors — writing 53
numerical integration 108-110

parametric coordinates, gradient
of a curve 37-38
parametric equations
area under a curve 18-21
conversion into cartesian
equations 16-17
introduction 11-13
point on a curve 11-13
problem solving 13-15
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binomial expansion 31-33
created by equating coefficients
3-4
created by substitution 3-4
fraction with more than two
linear factors 4-5
fraction with repeated linear

terms 6
fraction with two linear factors
3-4

integration 95-98
summary of key points 9
point on a curve parametric
equation 11-13
point, position of using vectors
60-61
population growth example 44
position vector 60-61



product rule
differentiation 39, 40
Pythagoras’ Theorem 3-D version
65-66
quotient rule 91

rate of change of growth or of

decay 41-43
rate of change, connected 42-43,
46

scalar parameter 76, 77
scalar product 69-75
scalar product in Cartesian
component form 71-72
scalar quantity 52
separation of variables 114-116
simple fractions
addition 2-3
subtraction 2-3
straight line equations 75-79
substitution to create partial
fractions 3-4
subtraction
simple fractions 2-3
vectors 56
summaries of key points
binomial expansion 35
coordinate geometry 22

differentiation 50
integration 127-128
partial fractions 9
vectors 85-86

surds, use for exactness 63

trapezium rule 108-110
triangle law 53-54
trigonometric functions,
integration 108
trigonometric identities,
integration 92-95

unit vector 56-57, 67-68

vector quantity 52
vectors
addition 53-54
algebra of scalar products 70
angle between two 69-75
angle between two straight
lines 81-82
arithmetic 56-59
Cartesian components in 2-D
61-64
Cartesian coordinates in 3-D
64-66
column matrix 62, 67-68

equal 53

intersection of two straight
lines 79-81

modulus 54-55, 62, 67-68

non-zero, non-parallel 57

notation 53, 54, 69, 79

parallel 56

perpendicular non-zero 70, 73

position of a point 60-61

scalar parameter 76, 77

scalar product 69-75

scalar product in Cartesian
component form 71-72

scalar quantity 52

straight line equations 75-79

subtraction 56

summary of key points 85-86

3-D usage 67-68

triangle law 53-54

unit 56-57, 67-68

vector quantity 52

zero 54

volume loss by evaporation
example 44-45
volume of revolution, integration

111-114

zero vector 54
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